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For a many-atom battery coupled with a common thermal bath, the useful energy is maximized at an optimal number
of the atoms for a fixed harmonic driving field, i.e., the so-called optimal building block [see Chang et al. New J. Phys.
23 103026 (2021)]. Here we consider the useful energy defined by the ergotropy and a continuous-wave driving field. For
the single-atom case, we present analytical results of the increased energy and the ergotropy in the long-time limit (i.e.,
the steady-state ergotropy). It is found that there exists an optimal value of the driving-field strength. Such an observation
holds for many-atom cases. Numerically, we show that the optimal strength increases linearly with the number N of the
atoms. Using the optimal strength for each N, both the increased energy and the ergotropy increase monotonically with N.

Keywords: quantum mechanics, thermodynamics

PACS: 03.65.—w, 05.70.—a

1. Introduction

Quantum batteries (QBs) are the simplest quantum sys-
tems that store and provide energy using quantum coherence
and quantum entanglement in charging processes.!' ! Starting
from original ideas developed in Refs. [6,7], various quantum
systems have been considered as candidates of QBs, includ-

8.9] g 110,11

ing collective spins,®°! interacting spin chain I collision

16,17] Recently, Fer-

model,['>"15) and mechanical flywheels.!
raro et al.!'® proposed a charging model of finite-N two-level
atoms via collectively interacting with a single cavity mode
(known as the so-called Dicke QB). Many-body entanglement
created by the common cavity model leads to the quantum
advantage in the charging power in comparison with that of
charging of each atom by each sperate cavity mode.!'3! Col-
lective charging QBs have been proposed in cavity and waveg-
uide QED setups,!'%?? and most recently demonstrated by

using fluorescent organic molecules in a microcavity. >3

6,10.24-26] and a harmonic driving

Using a static drving!
field[8-2027] a5 the charger, one can also realize a semi-
classical Dicke model (i.e., the so-called multipartite quantum
battery), where quantum correlations among the spins can be
achieved by coupling with a common thermal bath. Without
the presence of the bath, Zhang et al.!*8! have proposed finite-
N two-level atoms as a large-spin battery and the harmonic
field as a charger. Analytical solutions has been derived to
obtain the maximum stored energy in the battery.!*®! Most re-

1.2%) further investigated the collective in-

cently, Chang et a
teraction of the atoms with the common thermal bath. Due to

the presence of the harmonic driving field and the bath, they

TCorresponding author. E-mail: Icheng @zstu.edu.cn
fCorresponding author. E-mail: xgwang @zju.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/acdc12

find that the free energy variation in the steady state increases
non-monotonically and reaches the maximal value at an opti-
mal number of atoms Nop. This result is somewhat counter-
intuitive, since the stored energy should increase with N.

Here we investigate the setup of the QB similar to Chang
et al.”®! by considering a continuous-wave driving field
(equivalently, the harmonic driving field with a rotating-wave
approximation). We adopt the so-called ergotropy to quan-
tify the useful energy stored in the QB.[*"! For the single-atom
case (i.e., the conventional charging protocol with N = 1), an-
alytical result of the increased energy is derived to compare
with the ergotropy at the long-time limit (i.e., the steady-state
ergotropy). By maximizing the steady-state ergotropy, we ob-
tain an optimal value of the driving-field strength, dependent
on the temperature of the bath. Such an observation holds for
the finite-N case. With a fixed driving strength, there exists the
optimal number of atoms Nop. Similar to Chang ez al.,!*! it
implies that there exists an optimal building block for the mul-
tipartite quantum battery. However, if we adopt the optimal
driving field for each N, we can show that both the increased
energy and the ergotropy increase monotonically with N, as is
expected.

2. Quantum battery system

Following Chang et al.,’”°! we consider a multipartite bat-
tery consisting of N identical two-level atoms, which is driven
by a continuous-wave driving field with the frequency . The
total Hamiltonian is described by a semi-classical Dicke model

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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as follows:
H:ﬁs+‘77
y 2 A a —iwt ;o iot
= ook, V=2 (e e, (1)

where @y is the transition frequency of the atoms and A de-
notes the driving-field strength. The atoms are described by
the collective atomic operators J, = Zﬁvzl Gz(i) /2 and S =
YV leYilg] = (J_)*, with the Pauli operator 61" = |e);;(e] —
|g)ii{g|. For brevity, we consider the resonance case, i.e., the
driving frequency @ = @y. The battery state can be described
by the Dicke states {|J,m)}, with J = N/2 and m = —/J,
—J+1,..,+J.

Next, we consider all the QBs (or the spins) weakly cou-
pled with a common thermal bath, which provides an average
number of excitations 7i(@y) = 1/(eP® — 1). For simplicity,
we adopt the short-hand notation 7 = 7i(@y). After the long-
time interactions, all the spins will be prepared in the Gibbs
thermal state Py, i.e.,
< ;HS | Z="Tr[e Phs), @)

p(0)=po=

where B = 1/(kgT) is the inverse temperature, kg is the Boltz-
mann constant, and the Z denotes the partition function. At
the zero temperature (7' = 0), we have the mean number of
excitations 77 = 0, the initial state corresponds to all the spins
in the ground state |g), and therefore E(0) = —Nay /2. With a
finite temperature (T # 0), we obtain

P _ N 1+N
E(0) = Tr(pofls) = @i~ 5 +

— . @
2 1—(1+1/a) )

For the single-atom case (N = 1), it reduces to E(0) =
—an/(2x), with x =2+ 1.

To quantify the total energy stored in the QBs, we define
the increased energy

AE(tr) = E(r) — E(0), 4)

where E(t) = Tr(pHs), with p = p(t). According to Ref. [30],
not all the energy can be extracted by unitary operations. The
useful energy stored in the QBs is measured by the so-called
ergotrogy (301

W (t) = E(r) — Tr(6pHs), Q)

with 6, = Y., €| W) (Wim| being the so-called passive state.
Here {|y,)} denotes the eigenvectors of Hs and {g,} repre-
sents the eigenvalues of p sorted in ascending order €, | > &,,.
Note that the free energy F = E — S/f3 has been used to quan-
tify the useful energy stored in the battery (see e.g., Chang
et al.'®1), where S is the entropy and f is the inverse tem-
perature. Both of them obey the relation F > W,3% with the

equality holding for N — oo,[7:30]

3. Conventional charging protocol

Here, we first investigate the conventional charging proto-
col (i.e., the case of N = 1).1?°! For this case, the spin operators
in the Hamiltonians become J/, — &, = |¢)(g| and J, — 6, /2.
In the interaction picture, dynamics of the battery can be de-
scribed by a Lindblad master equation (see Appendix A)

o A . . (A oaat Lo
a——IE[Gx,P]-FFn(O}P 7—§{P70— +})
foaat Loa o
+I(i+1)(6-p6] — 5{p.6:6-}), ©)

where I" denotes the damping rate, [A,B] = AB — BA, and
{A,B} = AB + BA. Analytical expression of the energy is
given by (see Appendix B)

E(t) = ap{ai + e_%xn[bl cos(Qt) +cysin(Q0)]}, (D

where

I’y A2
al=——55, bi=——5

242" x A2

A= /202 4+T2y2, yx=2i+1.

Other parameters can be found in Appendix B. Note that
E(0) = ap(a; +b1) = —mp/(2x), as mentioned above. In
Fig. 1(a), we show the increase energy AE () against ¢ by tak-
ing a fixed driving-field strength A = 6I" (the open circles), in
exact agreement with the numerical results for 7 = 0 (the red
solid line), and 1 (the dashed line).
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Fig. 1. (a)-(d) Time evolution of the increased energy AE /(wyN) and
the ergotropy W for N =1 (top) and N = 10 (middle) with a fixed
driving-field strength A = 6I". (e) and (f) The dynamics for a relatively
larger driving field A = 10I" and N = 10. Different curves correspond to
different values of 7, i.e., 7 = 0 (red solid line) and 7 = 1 (black dashed
line). The open circles in (a) represent the analytical result given by
Eq. (7). The other parameters are I' = 1 and ® = @y = 1000I".
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From Fig. 1(a), one can see that the increase energy AE (t)
shows damped oscillations and approaches to its associated
steady-state value AE(e)/my = [E(e0) — E(0)]/my — —by,
where E (o) = @yaj, as expressed by Eq. (7). Note that AE ()
increases monotonically with the increase of A. Hereafter,
we focus on the steady-state values of the energy and the er-
gotropy and adopt the short-hand notations AE = AE(e0) and
W = W(e0).

In Fig. 1(b), we show the ergotrogy W (r) against ¢ by tak-
ing a fixed driving-field strength A = 6I" for 72 = O (the red
solid line), 1 (the dashed line). At ¢ = 0, the initial Gibbs state
Po is indeed the passive state, and thereby W(0) = 0. With
the time evolution, the role of the driving field results in the
damped oscillations of W (¢), which is smaller than AE(¢) at
each t. As t — oo, one can obtain analytical result of p(eo),
which in turn gives (see Appendix B)

W VX + QAT -1

o 2(A/T)? ’

where ¥ and A have been defined in Eq. (7) and below. For a

®)

fixed A = 61", our numerical results show that the steady state
appears at the time I't 2> 8, with W/wy ~ 0.09 (7 = 0) and
0.063 (77 = 1), as shown in Fig. 1(b).

Maximizing Eq. (8) with respect to A, we obtain

1+v2
Aopt =xI' 5 ©)]
and therefore, the optimal value of the ergotropy
Wopt = W(oo) |}L:Aopt _ \/Q -1 , (10)
@y @y 2

which is independent of the damping rate I and decreases with
the increase of y (also 77). In Fig. 2(a), we show W /wy as
a function of A/I" for 7i = 0 (the red solid), 1 (the dashed),
and 2 (the green dot-dashed). From top to bottom, our nu-
merical results show Wy /oy = 0.207, 0.069, and 0.041, at
lopt /T = 1.099, 3.296, and 5.493, respectively, in good agree-
ment with our analytic results (open circles).

4. Quantum advantage of a collective charging
protocol

For the finite-N case, we consider the collective charging
protocol, where dynamics of the QBs is given by the Lindblad
master equation (see Appendix A)

dp RPN VS U
d—’t) = —iAlpl+ T |a(fip] - E{p,J_J+})
PN 1 . 4~ 4
(a4 D)pL = 3PS (11

The permutation symmetry of the atoms leads to a reduction
of the dimension of Hilbert space from 2V to N + 1, where the

QB state p is a mixture of the Dicke states {|j,m)}. For the
atoms initially prepared in the Gibbs thermal state, the internal
energy is described by Eq. (3). As N — oo, the mean energy
per atom becomes E(0)/(wpN) — —1/2, similar to Ref. [29].
In Figs. 1(c) and (d), we take N = 10 and show the time evolu-
tion of AE(¢)/(@oN) and W(t)/(awpN). Both of them increase
to their associated steady-state values as I't 2 4, more quickly
than that of the single-atom case. However, it is also neces-
sary to show how the observable damps to the steady state for
a large value of driving filed strength. In Figs. 1(e) and (f),
we show the dynamics for a relatively larger driving strength
(e.g., A = 10I'). One can see that the evolution time to the
steady state becomes larger (i.e., I't 2 8). To obtain reason-
able steady-states solutions for different values of (N, A/I'),
we adopt the steady-state solver of the QuTip, which has been
widely used in the field of quantum optics.!!

0.3 (a) 0.3l (P)

1 20 40 60 1 20 40 60
N N

Fig. 2. The ergotropy per atom, W /(wyN), for different atom numbers
N =1 (a), N =10 (b), and driving-field strength A = 4I" (¢), A = 10"
(d). (a) The hollow circles given by Eq. (8), the horizontal lines are the
upper bound with the conventional charging protocol, which is given by
Eq. (10). (c) and (d) The markers are numerical results and the lines are
the fitting results. Different colors correspond to different values of 7,
i.e., =0 (red), 7 = 1 (black), and 77 = 2 (green). Parameters are I = 1
and @ = @y = 1000I".

For the finite-N case, the ergotropy in the steady state de-
pends on the driving-field strength (i.e., A/I") and the mean
thermal excitation number 7, ie., W = W(N,A/I',ii). In
Fig. 2(b), we take N = 10 and show the ergotropy per atom
W /(wpN) as a function of A/I" for different values of 7. It
yields non-monotonic relations between W /(wyN) variation
and A/I". A peak with the maximal value of Wop/(@oN) is
observed at an optimal driving-field strength A,,. We show
that with the increase of the mean thermal excitation number 7,
the ergotropy per atom W /(@wyN) and the maximal ergotropy
per atom Wy, /(@oN) decease. One can see that there exists
the optimal value of driving-field strengths, Ao /I", which in-
creases with 7. For example, Aoy /I" ~ 5.564 (7 = 0), 6.541
(i=1), and 7.894 (7 = 2), respectively. Compared Figs. 2(a)
and (b), the maximal ergotropy per atom, Woy, is better than
the maximal ergotropy of the conventional charging case for
n=20,1and 2.
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In Figs. 2(c) and (d), we take two fixed driving-field
strengths A = 4I" and A = 10I" to show W /(ayN) as a func-
tion of N for different values of 7. One can see that there ex-
ists an optimal value of the number of the atoms Nopy, similar
to Chang et al.”?! This result is somewhat counter-intuitive,
it implies that there exists an optimal building block for the
multipartite quantum battery. As depicted by Fig. 2(c), one
can see that W /(@oN) increases with N and then decreases
after Nopy =7 (for i =0), 8 @ = 1), and 9 (7 = 2). For a
larger driving-field strength (e.g., A = 10I"), Fig. 2(d) shows
that W/(woN) reaches its maximum at N = 19, 19, and 20,
respectively. Better than the single-atom case, the collective
charging protocol shows an advantage within the quantum-
enhancement region 1 < N < 2N, Such an observation can
be bypassed if one adopts the optimal driving field for each N.

0.5 ——0.50z + 0.54
— e n=1
23: v n=0
<02
B
N .
0.1 v
(b)
100 2 5 10! 102 108
N

=0

()

100 10 102 108 100 10! 102 108
N N

Fig. 3. (a) The maximal ergotropy per atom Wop/(@oN), (b) the op-
timal driving-field strength Aoy, (c) the increased energy per atom
AE/(moN), and (d) the charging efficiency 1 varies over the number
of atoms N. Different colors correspond to different values of 7, 7 = 0
(red), and i1 = 1 (black). (b) The green line is the fitting result of 7 = 0.
(d) The horizontal line indicates n =2 — /2. Parameters are I" = 1 and
o = wy = 1000I".

In Fig. 3(a), we show Wyp/(@oN) as a function of N
at the optimal driving-field strength Ay,. One can see that
Wopt/ (@pN) monotonically increases with N to its asymptotic
value 1/2, therefore the quantum enhancement is no longer
constrained in an “optimal regime” as shown in Figs. 2(c) and
(d). When N is small, the values of 7 have a great impact
on the Wop/(wpN), while such an effect of 7 is very weak
when N > 10°. In Fig. 3(b), we show Aoy against N for
different values of 7. Our numerical results show the linear
relation Aope < N and vanishing influence of 7. In Fig. 3(c),
we show the increased energy AE(Aqp)/(woN) against N.
For the single-atom case, according to Eqs. (4) and (9), we
can obtain the analytical relation between AE (Ao )/ @y and
ii, i.e., AE(Aopt)/@o = 1/(2v/2), which supports our nu-
merical results AE (Aop) /@ =~ 0.354 (i =0) and 0.118 (7 =
1). For multi-atom cases, AE (Aop)/ (@) increases monoton-
ically with N and tends to 1/2, similar to the behavior of

Wopt/(@oN).

In Fig. 3(d), we calculate the charging efficiency 1 =
W /AE at the optimal driving-field strength, which measures
the ratio of the useful energy to the total stored energy in the
battery. Both the curves in Fig. (d) show the same efficiency
(n =2—+/2~0.586) in the single-atom case (N = 1), which
indicates that the charging efficiency 7 is not affected by the
mean thermal excitation number 7. For multi-atom cases,
the charging efficiency 17 monotonically increases with N and
tends to 1 for different 7. Moreover, comparing the different
colored curves, we find that the red curves (7 = 0) are always
above the black ones (77 = 1) in Figs. 3(a), 3(c) and 3(d), there-
fore the mean thermal excitation number 7 has detrimental ef-

fects on Wopi/ (0oN), AE(Aopt)/ (@), and 7.

5. Conclusion

To summarize, we have investigated the multipartite
quantum battery by considering a continuous-wave driving
field and a common thermal bath. Different from Chang et
al.,'*! we adopt the so-called ergotropy to quantify the useful
energy stored in the QB. For the single-atom case (i.e., the con-
ventional charging protocol), we present analytical results of
the increased energy and the ergotropy at the long-time limit
(i.e., the steady-state ergotropy). By maximizing the steady-
state ergotropy, we obtain an optimal value of the driving-field
strength, which is dependent on the temperature of the bath (or
equivalently, the mean thermal excitation number 7). Such an
observation holds for the finite-N case. With a fixed driving
strength, we find that there exists the optimal number of atoms
Nopt, similar to Chang et al. (291 This implies that there exists an
optimal building block for the multipartite quantum battery. If
we adopt the optimal driving field with its strength dependent
linearly with N, our numerical results indicate that both the in-
creased energy and the ergotropy increase monotonically with
N. Finally, we investigate the ratio of the useful energy and
the total increased energy, which also depends on the temper-
ature and the driving field. Using the optimal value of strength
for each N, we find that the ratio also increases monotonically
with N.

Appendix A: Lindblad master equation for the
system

In the rotating frame with respect to ®, the total Hamilto-
nian is
Ao :%Z@U) + %Z&E”
J J
+Y bl +1Y g4 (6Vble @ —He), (AD
k Jik
where 6 = wp — @, g« is the coupling coefficient between the

Jjth atom and the kth mode of the bath. Considering the res-
onant case, i.e., ® = @y and hence § = 0, the Hamiltonian
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becomes Hot = Hp + Vsg, where

Azgzquywpb

' ~

Vg = 1Zg/k >b —ior fH.c.).
J.k

(A2)

In the interaction picture, we obtain

Vir (1) = 0! e~ iAot — iZgj’k(C?Ej)lAJze_iA“’k’ —H.c.),

ik
where Aw, = Wy — @y and
6-(]) — eiHot&(j)e—il:lot (AS)
+ = + .

Similarly, the reduced density matrix of the battery is given by

ﬁs :ﬁs( ) 1H0tpe 1f10t. (A4)

Following the standard method in quantum optics (see, e.g.,
Ref. [32]), we obtain the Lindblad master equation

3 1 oo (e -1 2020)

ik
)

o) +1)(6"ps6Y) — L (75,6
+1ZAZ,{ (o) + 1][ps, 6 ” &t

—m@m&ﬂﬁﬁm (AS)
where
B 1
(o) = o L= 2Re[l;j], Aij =Im[l;j],  (A6)
with
:/ Z lkgjkeimwkt t')
3
1
; né(Awy) £ iP . (A7)
St £17( 5]

Note that I7; oc Y, g 810 (@ — @) generally depends on the
distance between atoms.*?! Considering I;/; = I" and A;; = 0
(i.e., the collective spontaneous emissions), we obtain the mas-
ter equation

where we introduce

i(wp) =

il

Finally, we return to the original rotating frame

4 _d

0 e =

R o dPs in
7i[H0,ﬁ}+e_lH0t%elHot

(A10)

which can be rewritten as Eq. (11) in the main text. For the
case N = 1, it becomes Eq. (6) in main text.

Appendix B: Analytical results for the single-
atom case

For the case N = 1, we first consider a thermal bath, by
taking the density matrix p as

 (z+1L x+i
p:<x—i2 1—y>’
)

where we use short-hand notations x(f) = x, y(t) =y, and

(BI)

z(t) =z, with x, y, z € R. Considering the initial state py =
p(0)= e BHs /7 we have x(0) = y(0) =0, and z(0) = a| + b,
where

'’y A?

e N

A=/2A24+T2y2 y=2a+1.

Substituting Eq. (B2) into Eq. (6), we obtain the differential
equations

a) = —

(B2)

__Ix
=-
r
y= ——xy+/'tz,
2
r
i=—5—Ixz=2y, (B3)
we obtain
x=0,
y=ar+ e 3xlt [b2 cos(2t) + 2 sin(021)],
z=ay+e il [b1 cos(Qr) + ¢y sin(Q1)], (B4)
where
30T —4A3 A%y
Cl=—7>575,0=—"F——5
4QA? 4y QA2
AT
@=h="0
1
Q= \/1602 - 2. (BS)
Note that
E(r) = Te[p (1) Hs] = oz
= wp{a + e by cos(Qt) + ¢y sin(Q1)]}.  (B6)
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In the limit r — oo, the system approaches to a steady state

A (o0) — al—i—% ian
pe)= (57 ) ). ®7)
We diagonalize p (o) and obtain the passive state
A 1. 2 2 A
6p = 51— \/aj +a;6;
1, [\A4AZ+x21?
=—]-——-"=—256 B8
2 4A2 ral ( )

where [ is the identity matrix and 6, is the Pauli-z matrix.
Hence, we obtain the ergotropy W, as Eq. (8) in the main text.
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