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We investigate the influence of a noisy environment on the remote preparation of the multi-qubit equatorial state, and
specifically deduce the final states and fidelities of the remote preparation of the three-qubit and four-qubit equatorial states
under diverse types of noisy environments, namely, amplitude damping, bit flip, phase damping, phase flip, bit-phase flip,
depolarization, and non-Markov environments. The results show that when the decoherence factors of the front six noises
are equal, the influence degrees of phase damped noise, bit flip noise, phase flip noise, and bit-phase flip noise are similar,
while the information loss caused by the amplitude damped noise and depolarizing noise is less. In particular, the bit flip
noise and depolarizing noise may have more complex effects on the remote state preparation (RSP) schemes depending
on the phase information of the target states, even for the ideal cases where the fidelity values are always 1 for specific
phase relations. In the non-Markov environment, owing to the back and forth of information between the environment and
systems, fidelities exhibit oscillating behavior and the minimum value may stay greater than zero for a long evolutionary
time. These results are expected to have potential applications for understanding and avoiding the influence of noise on

remote quantum communication and quantum networks.

Keywords: remote state preparation, dissipative channel, equatorial state, fidelity

PACS: 03.67.—a, 03.67.Hk, 03.65.Ud

1. Introduction

Quantum communication and quantum information tech-
nology demonstrate prominent advantages in many modern in-
formation processing tasks with enhanced security, fast speed,
and high transmission efficiency. As a unique resource, quan-
tum entanglement has been widely used in many quantum
information processing protocols, such as quantum telepor-
tation (QT),1?) quantum secret sharing,>* quantum secure
direct communication (QSDC),!>8! and remote state prepara-
tion (RSP).[°~!!] Quantum teleportation is a typical quantum
process that allows one to send an unknown quantum state to
another one through local operations and classical communi-
cation (LOCC) without physically transporting particles. Re-
mote state preparation is another unique quantum process, in
contrast to QT, which is used to transmit a known state be-
tween sender and receiver. Therefore, RSP schemes consume
less qubit resources. So far, RSP has gained extensive interest
and research, such as deterministic RSP (DRSP),!'>!3 joint
RSP (JRSP), 14181 controlled RSP (CRSP),1%-231 and contin-

26,27

uous variable RSP.?%?7] Several RSP programs have been ex-

28] cay-

[32]

perimentally implemented in linear optical systems,
ity QED,[?311 and nuclear magnetic resonance systems.
However, in long-distance quantum communication, quantum
states or quantum channels inevitably interact with the exter-
nal environment, and environmental noise and noise-induced
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decoherence may lead to deviations in quantum information
processing tasks. In actual quantum communication, five types
of noise are often encountered, which are amplitude damping
noise, phase damping noise, bit flip noise, phase flip noise,
and depolarizing noise.!33! Remote state preparation schemes
in noisy environments have also been studied. 34~?]
Equatorial state is a special class of quantum states of
the Bloch sphere.

some of the equatorial state’s information is known. So they

In contrast to general quantum states,

have some special properties and are easy to prepare. These
quantum states have many specific applications in quantum

information processing, such as remote realization of uni-

g, [43.44

tary operation 1 and phase-covariant quantum cloning

45-47] In recent years, remote preparation of equa-
In 2011, Chen et al. pro-

posed probabilistic joint remote preparation of two-particle

machines.|
torial states has been proposed.

high-dimensional equatorial states.*3 Choudhury et al. pro-
posed a JRSP scheme for preparing two-qubit equatorial states
in 2015.191 In the same year, Li er al. proposed a joint re-
mote preparation scheme of multi-qubit equatorial states.>!
In 2017, Adepoju et al. proposed a JRSP scheme of two-
qubit equatorial state in noisy channels.®'l In 2018, Sun et
al. proposed an asymmetric controllable bidirectional JRSP
method for single-qubit and three-qubit equatorial states in a
noisy environment.>! In the same year, Wei et al. proposed
a DRSP scheme of arbitrary multi-qubit equatorial states. >3]

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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Later, Sun ef al. realized asymmetric synchronous bidirec-
tional transmission of equatorial states. 54351 In 2020, Zha et
al. proposed the remote deterministic preparation of arbitrary
n qubit equatorial states using the maximally entangled state

1.161 Very recently, Wang et al. proposed bidirectional

57]

channe
three-qubit and four-qubit CRSP schemes.!

It should be noted that there are few comprehensive stud-
ies on the remote preparation of multi-qubit equatorial states
in a noisy environment. To our knowledge, Adepoju et al.
proposed a JRSP scheme of two-qubit equatorial state for
six noisy channels in 2017.51 Subsequently, Sun et al. pro-
posed an asymmetric controllable bidirectional JRSP method
for single-qubit and three-qubit equatorial states in a noisy
environment with nine-qubit entangled state as the quantum
channel.’?) Here, we investigate the effect of diverse quan-
tum noises on the RSP of multi-qubit equatorial states with
Bell state channels. The effects of amplitude damping noise,
phase damping noise, bit flip noise, phase flip noise, bit-phase
flip noise, depolarizing noise, and non-Markov environmental
noise on the remote preparation of three-qubit and four-qubit
equatorial states are analyzed in detail. The fidelities of the
final states are quantitatively analyzed. The results show that
the fidelities are related to the noise factors and the parameters
of equatorial states. A comparative analysis shows that there
are many differences in the influence of different noises on the
state preparation. This makes it possible to better understand
the influence of ambient noise on RSP and distributed quan-
tum communication networks.

This article is organized as follows. In Section 2, we re-
view the RSP of multi-qubit equatorial states under ideal con-
ditions. Then, in Sections 3, 4, and 5, the three-qubit and four-
qubit equatorial states are taken as examples to expound the
influence of environmental noise on the remote preparation of
expected states. Finally, our discussions and conclusions are
given in Section 6.

2. Remote state preparation of general multi-
qubit equatorial states

We first introduce the RSP process without considering
noise. Suppose that there are two spatially distant participants,
Alice and Bob. Alice wants to help Bob prepare a general n-
qubit equatorial state in form of

1 2"—1

lx) = NGl Z (eie./‘an...a2a1>), Q)
=0

where a; € {0,1},0< 0, <2m, j =Y} a;-2!" ! is the cor-
responding decimal number of binary string a, - --aza;. Ini-
tially, Alice and Bob share n sets of two-qubit maximally en-
tangled Bell states as quantum channels. The channels can be

expressed as

n

1 1
Whas, = & (ﬂmom ¥ ﬁ|11>A,.B,-) o

i=1

where particles belonging to Alice have subscript A and parti-
cles belonging to Bob have subscript B. According to the con-
ventional RSP process, Alice needs to perform n-qubit pro-
jection measurement using a set of orthogonal measurement
basis {|I;), d =1,2,...,2"} to help Bob prepare the target
state. Under this set of measurement basis, the entangled state
of the entire system can be rewritten as

|II/>A1B1 ® |W>A2Bz T ® |W>Aran

1
- Z (|1—i>A] Ap |¢1>B] Bp + Tt + ‘B”>A] Ay |¢2n>Bl“‘Bn) N (3)

After Alice completes the projection measurement of the par-
ticles in her hand, she announces the measurement results
through classical channel. According to Alice’s measurement
results, Bob can perform the corresponding unitary operations
to achieve the target state to be prepared.

It should be pointed out that the form of Alice’s measure-
ment basis is not unique theoretically. For instance, the mea-
surement basis {|I;)} can take the form of >

|1—i>A1"'An = IAI ®[A2 ®IA3 ® e ®IAn |1—i>Al"'An’
|E>A1---An =0p,, ®IA2 ®IA3 [ ®IAn|1—i>AI"‘An’
|B>A1'“All = IAI ® GA2Z ®IA3 & ®IAn |1—i>Al"‘An7

|B’1>A1"'An = O-Alz ® O-AZZ ® GASZ @& O-Anz 1—i>A1"'A'l’ (4)

or the form of[>3!

2" —1 Py

|D>A1"'An = \/% JZO l:exp (21’17I]d1 — i9j> |an . -a2a1>:| . (5)
Taking the first form of measurement basis as an example, if
Alice’s measurement result is [I5n)4,...a,, then Bob’s particles
will collapse into state |¢»)g,...,. Bob can then perform ap-
propriate unitary operations op,, ® Op,, ® O;, ® -+ ® Op,, On
the particles in his hand to realize the target state |)).

However, in a practical communication process, a quan-
tum system will inevitably interact with the environment. The
environmental noise will have a certain impact on the suc-
cess or performance of the quantum communication schemes.
Therefore, it is instructive to research the effect of quantum
noise on the RSP process. Here, we first study the influence
of six common quantum noises, which are amplitude damp-
ing noise, bit flip noise, phase damping noise, phase flip noise,
bit-phase flip noise, and depolarizing noise, followed by the
analysis of non-Markovian effects on the RSP schemes. The
effects of quantum noises can be mathematically regarded as
some specific kinds of quantum operation, expressed in the
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form of corresponding operators. In addition, we can deter-
mine the information loss due to noise during RSP by calcu-
lating the fidelity of the obtained state. The formula for calcu-
lating the fidelity of the final system is

F = (X|Ppout|x)- ©)

The fidelity ranges from O to 1 and the smaller F' means more
information is lost in a noisy environment. Next, we will illus-
trate the RSP processes of three-qubit and four-qubit equato-
rial states in different kinds of noisy environment and deduce
the fidelity of the final states.

3. RSP of three-qubit equatorial states in com-
mon noisy environments

To elaborate the influence of environmental noise on the
RSP of multi-qubit equatorial states, we begin to take the
three-qubit equatorial state as an example. Here, Alice wants
to help Bob remotely prepare the three-qubit equatorial state
expressed as

%) = L
X =500
+¢1%1100) 4 e1%[101) + ei%|110) + ¢! |111)). (7)

(e'%]000) + e9]001) 4 e'®2[010) + e'%[011)

The quantum channels between Alice and Bob are three two-
qubit entangled Bell states

1
|'P>A1A2A3B1B2B3 = m(|OO>AIBI +|11>A1Bl)

®(|00) a8, +[11)a;8,)

Consider that Bob is the generator of the entangled re-
source |¥)a,A,A;B,B,B;. He keeps the particles {By, B>, B3}
and sends the particles {Aj, Ay, Az} to Alice through the
noisy channel. Therefore, in the subsequent RSP process, we
only consider the influence of noise on particles {A;, Az, As}.
For simplicity, we assume that all particles experience the
identical noise.

3.1. The amplitude damping noise

The amplitude damping noise can be used to describe the
energy dissipation effects due to energy loss in a quantum sys-
tem. In quantum optics, the spontaneous radiation of a two-
level atom from excited state to ground state and the decay of
a single photon from a micro-cavity can be described by this
noise mechanism. The general behavior of amplitude damping
noise can be represented by the following Kraus operators:

10 NG
E0:(0m>7E1:<0 0)7 (9)

where k indicates the decoherence rate of amplitude damp-

ing noise. In such a noisy transmission environment, the

density matrix of quantum system evolves as p — €(p) =
EjpEo+E|pE).

Under the influence of amplitude damping noise, the
quantum channels between Alice and Bob evolve as

EA 1 A2A3B,ByB; (P)
1

= ST g L [1000000) + (1~ )2 [001001)
+(1—K)2[010010) + (1 — x)|011011) + (1 — k)[100100)
Q)[110110)+ (1 — )} [111111)]

1

® [(000000| + (1 — &)2(001001| + (1 — k)2 (010010|

(
+(1—K)[101101) + (1 —
[
+(1=x)(011011] + (1 —x)2(100100] + (1 — k) (101101
+(1 = K)(110110] + (1 — k)2 (111111]]
+x7]000111)(000111|}. (10)

The density matrix of the final state after Alice’s measure-
ments and Bob’s unitary operations becomes

PoutB;B,B3

= m{[eieqooer(]_K)éeielmow
H(1—K)2ei®(010) + (1 —Kk)e!®%|011)
(1= k)2 e1%[100) + (1 — k) e %]101)
+(1—K)e'%[110) + (1 — k)3 ' |111)]
@[e 7 (000] + (1 k)2~ (001|+ (1~ k)2 e~ *%(010)
+(1-x)e 7193<()11|+(1_K)%e—194<100‘
+(1—x)e 1% (101|+ (1 —K)e % (110
H(1—K)Ze (1] + 11|} (11

The explicit measurement results of Alice and the correspond-
ing unitary operations of Bob are given in Appendix A.

We can then calculate the fidelity of the final state under
the influence of amplitude damping noise as

F = ! ){[1+3(1—;<)%

8(8 — 12k + 6K2
+3(1—K)+(1-x)2]2+ ). (12)

It can be seen directly from Eq. (12) that the fidelity of
state preparation depends on the decoherence rate of noise.
And when k¥ =0, F = 1, corresponding to the perfect prepa-
ration process under ideal environment. The specific relation-
ship between fidelity and decoherence rate is shown in Fig. 1.
As can be seen from the figure, the fidelity decreases as Kk in-
creases, and the decline rate is slow at first and is then fast,
which show that the amplitude damping channel has a great
influence on the results of the RSP. When k = 1, the fidelity
reached the minimum value of 1/8.
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1.0
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0.6
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0

0 0.2 04 06 08 1.0
K

Fig. 1. The fidelity of RSP of three-qubit equatorial state with decoher-
ence rate k in amplitude damping noise.

3.2. The bit flip noise

The Kraus operators of bit flip noise can be represented
as

Eozm<lo>,E1:\/I(Ol>, (13)

01 10

where A indicates the decoherence rate of bit flip noise. The
physical effect of bit flip noise is to change a qubit state as
|0) — [1) or |1) — |0) with the probability A. In such a noisy
transmission environment, the quantum channels between Al-
ice and Bob evolve into

EA,AyA3B,ByB; (P)

1 3
= (1) 8as (1 —#)?(000000) +001001)

+]010010) + 011011) +[100100)

+]101101) +]110110) 4+ |111111))

®(1 —/1)%(<000000| +(001001| + (010010| + (011011]

+(100100| + (101101| + (110110 + (111111])

+7L%(\111000> +|110001) + |101010) + |100011)

+/011100) +]010101) +{001110) +|000111))

®l%(<111000| + (110001] + (101010| + (100011

+(011100[+ (010101| +(001110| + (000111})]. 14)
As a result, the density matrix of the final state obtained

by the remote preparation of the three-qubit equatorial state
becomes

poutB1B2B3

1 . i
= s apresldmAze %|000) + ¢ 001)

+¢'%2(010) + e1%(011) + e%|100) + ¢'%|101)
+¢'%|110) + e'%111))

(1 —A)% (e 1%(000|+ e~ (001| + e~ 1®(010|
+e 103011 4 e 1% (100| 4+ e 1% (101|
+e 1% (110 + e 1 (111])

A3 ('%]000) + ¢'%|001) + e 010) + e%|011)

+¢'%]100) + e'[101) + e'9|110) 4+ e'%|111))

@A (e 197 (000]+ e 1% (001] + e 1% (010]

+e %0114 e 1% (100] + e 1% (101

+e 1 (110]+ e (111))]. (15)
The fidelity of the final state under the influence of bit flip
noise 18

1
(EVAEwEL

+c0s(60g — 6)) +cos(0s — ;) +cos(6; — 63)]°}. (16)

P (1 —l)3+%l3[cos(97—90)

As can be seen from the above formula, the fidelity of
state preparation under bit flip noise is related not only to the
noise factor but also to the phase information of the target
state. To unambiguously analyze the relationship between fi-
delity and the noise factor, we choose 687 — 8y = g — 6] = 05 —
6, = 0, — 03 = 0. Figure 2(a) gives two-dimensional diagrams
of fidelity changing with noise factor A when 6 = /4, n/2
and 7, respectively. As shown in the figure, when 6 = /4
or /2, the fidelity value has three changing stages as slow
decrease, dramatic decrease, and gentle change for the noise
factor intervals 0 < A < 0.3,03 <A <06and 0.6 <A < 1,
and gets the minimum value 0.5 or O for A = 1. But when
6 = 7 (or integer multiples of 1), no matter how the noise fac-
tor changes, the fidelity is always equal to 1, so that the remote
state preparation is not affected by the bit flip noise for target
states with this special phase relationship.

1.0 ( =

a) >
0.8 h

AN
0.6 S
04f — -O=m/4
0=m/2

0.2 — 9=

Fig. 2. (a) The fidelity of RSP of three-qubit equatorial state with deco-
herence rate A in bit flip noise for 6 = w/4, ©/2 and 7. (b) The fidelity
of RSP of three-qubit equatorial state with decoherence rate A and phase
parameter 6 in bit flip noise.

To show the relationship between decoherence rate, phase
information of equatorial state, and fidelity of final state more
visually, in Fig. 2(b), we demonstrate the three-dimensional
diagram of bit flip noise A, phase information 6, and fidelity
F. As can be seen, the remote preparation fidelity of equatorial
states with different phase relationships is not the same in the
bit flip noise environment, especially when the noise factor is
large. Furthermore, for the same A value, the fidelity curve has
arising-falling turning pointat 0 = /2 (F =0)in0 < 6 < 7.
This is due to the periodic property of the cosine function in
the fidelity Eq. (16).

110307-4



Chin. Phys. B 32, 110307 (2023)

3.3. The phase damping noise

In contrast to amplitude damping noise, phase damping
noise describes the interaction of quantum system with the sur-
rounding environment when no energy loss is involved. The
behavior of this noise can be characterized by the following
Kraus operators:

ey (1) m i (10),

00
Ezzﬁt(()l), 17

where p indicates the decoherence rate of phase damping
noise. In such a noisy transmission environment, the density
matrix of quantum system evolves as p — €(p) = Eg pEo+
ElpE\ +E]pE,.

Therefore, under the influence of phase damping noise,
the quantum channels between Alice and Bob evolve as

&A1 A2A3BByB; (P)

1 3
= oy ald—R)? 1001
8(1— 1) + 2403 [(1—1)2(]000000) 4 [001001)

+(010010) + [011011) +|100100)

+(1—p)[101101) +[110110) 4 |[111111))

®(1— )3 ({000000| + (001001 |+ (010010 + (011011]
+(100100] + (101101| + (110110| + (111111])
+13[000000) (000000| + > |111111)(111111[).  (18)

After Alice’s projection measurements, the density matrix
of the final state obtained by Bob becomes

PoutB;B,B;

- m[u—mamooowewl j001)
+¢1%[010) + ¢1%]011) + ¢%[100) + ¢'*101)
+e'%|110) + e'%[111))

@(1— 1) (e 1% (000]+ e (01| + ¢~ 1(010)
e 1050011+ e 1% (100 + e 105 (101|+ e 1% (110|

+e 19 (111]) + p3]000)(000] + w3 [T11)(111]].  (19)

We can calculate the fidelity of the final state under the influ-
ence of phase damping noise as

1 1
F=——— |8(1—u)’+-p?|. 20
S W] oo
Figure 3 shows the relationship between decoherence rate
U and fidelity in the phase damping noise environment. As can
be seen from Eq. (20) and Fig. 3, the fidelity depends on the

decoherence rate 1. When p = 0, the maximum fidelity is

1, and the fidelity gradually decreases with the increase of L.
Specifically, the fidelity decreases slowly with the increase of
W in 0 < u < 0.4, decreases rapidly in 0.4 < u < 0.8 and be-
comes less steep in 0.8 < u < 1. When u = 1, the fidelity
reaches the minimum value of 1/8.

1.0

0.8

0.6
9

0.4

0.2

% 02 04 06 08 Lo

m

Fig. 3. The fidelity of RSP of three-qubit equatorial state with decoher-
ence rate ( in phase damping noise.

3.4. The phase flip noise

The Kraus operators of phase flip noise can be repre-
sented as

10 10
E0=\/1—77<01),E1=\/ﬁ(01>7 21

where 7 indicates the decoherence rate of phase flip noise. In
the phase flip noise environment, the quantum channels be-
tween Alice and Bob evolve into

EA 1 A2A3B,ByBs (P)

1 3
= m[(l—n)z(|000000>+|001001>

+[010010) + [011011) + [100100) + [101101)

+[110110) + [111111))

®(1—1)2 ({000000| + (001001 + (010010| + (011011]
+(100100| + (101101] + (110110] + (111111])
++12(]000000) — [001001) — [010010) 4 [011011)
—[110100) + [101101) + [110110) — [111111))

®1 72 ({000000] — (001001| — (010010| + (011011]
—(100100| + (101101| + (110110| — (1T11111])].  (22)

After Alice’s measurements, the density matrix of the fi-
nal state obtained by Bob becomes

poutB 1B2B3

L o mi(eit i)
*8(1_,7)3%,73[(1 1n)2(e'%]000) + e'®001)

+¢%]010) +'®[011) + ¢'%]100) + ¢'*|101)
+ei%|110) +e'%|111))

®(1—=1)7 (e 1%(000] + 1% (001|+ e 1% (010|
+e 1 (011]+ e 1% (100 + e 1% (101

110307-5
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+e %1104+ e 1% (111])

+13 (¢'%]000) — €19 |001) — ¢%2(010) + ¢%(011)

—e'®%[100) + e'%[101) + e'%[110) — e'¥[111))

@M (e (000 — e 1 (001| — e €2(010|

+e 1050011 — e 1%(100| + e~ 1%(101]

+e 1%(110] — e 1% (111])]. (23)
The fidelity of the final state under the influence of phase flip
noise 18

(1-n)*
(T=ny+n>

Figure 4 is a two-dimensional diagram of fidelity chang-

F= (24)

ing with noise factor 1. As can be seen, the fidelity gradually
decreases with the increase of 7. When 1 = 0, the fidelity
reaches the maximum value 1. When 0 < 11 < 0.3, the fidelity
decreases slowly with the increase of 1) and changes quickly in
0.3 < n <0.7. Finally, the fidelity gradually reaches 0 when

n=1

1.0

0.8¢

0.61

0.4p

0.2}

o 02 04 06 08 10
7

Fig. 4. The fidelity of RSP of three-qubit equatorial state with decoher-
ence rate 7 in phase flip noise.

3.5. The depolarizing noise

The Kraus operators of depolarizing noise can be repre-
sented as

10 01
E:\/l— E:
0 w<01>a 1 0)/3(10),

E, = 3 0 -1\ f 3 o 25

where @ indicates the decoherence rate of depolarizing noise.
The physical effect of depolarizing noise is to keep the origi-
nal state unchanged with probability 1 — w, and to have a bit
flip, phase flip, or bit-phase flip with probability ®/3, respec-
tively. In such a noisy transmission environment, the quantum
channels between Alice and Bob evolve into

§A1A2A3313233(P)
1 3
T 31— w)+8(w)3) [(1— )2 (]000000) + [001001)

+(010010) +[011011) +[100100)

= (1

+]101101) + [110110) + |111111))

®(1— )2 ({000000| + (001001 + (010010] + (011011]
+(100100] + (101101] + (110110| + (111111])
+(@/3)7 (]111000) + |110001) + [101010) + [100011)
+]011100) +[010101) + [001110) + [000111))

® (©/3)? ({111000]+ (110001| + (101010| + (100011]
+(011100] + (010101] + (001110| + (000111)
+(@/3)? (]111000) — [110001) — [101010) + |100011)
—[011100) +[010101) 4 [001110) — [000111))

® (/3)? i({111000] — (110001| — (101010| + (100011]
—(011100] + (010101] 4 (001110| — (000111])
+(@/3)7 (J000000) — |001001) — [010010) + [100011)
—[100100) 4 [101101) +[110110) — [111111))

® (@/3)7 ((000000| — (001001| — (010010] + (011011]
—(100100] + (101101| + (110110 — (111111])].  (26)

As a result, the density matrix of the final state obtained
by the remote preparation of the three-qubit equatorial state
becomes

poutB]B2B3

1 s .
— )2 (e'%|000) + ¢i®1]001)

8(1— )3 +8(w/3)?
+¢'%(010) + e1%(011) + e%]100) + ¢%|101)
+¢1%|110) + e'¥[111))

®(1— )2 (e 1%(000| + 1 (001| + e 1%2(010]

+e (0114 e 1% (100| + e 1% (101

+e 1% (110 +- e 1% (111])

+(©/3)? (197]000) + e1%[001) + ei%]010) + ei®%|011)
+¢e'%]100) 4 e'%[101) + ¢1%[110) 4 e'®[111))
®(@/3)7 (e7197(000] + e~ 1% (001| + e~ % (010|

+e %011+ e 1% (100| + e 1% (101]

+e 19110+ e (111])

+(@/3)71(e19]000) — ei%]001) — ¢i%|010) + 1% |011)
—e1%100) 4 e'%101) + ¢'%[110) — ei%[111))

3. —ig . —ibg _ a—ibs
@ (w/3)2i(e1%(000| — e 1% (001| — e 1% (010|
+e 1% (011] — e 1% (100] + e 1%2(101]+ e (110]
—e O(111|)

1
3
2

+(0/3)2 (e'%]000) — e(001) — ¢'%2|010) + e %|011)
—ei%[100) + e'%[101) + ei%[110) — e'%|111))
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®(/3)2 (e~1%(000] — e 718 (001| — e~1%(010)|
e 1%(100] + e~ 1%(101]
e 19(111])]. (27)

+e %011 -
+e 1% (110] -

The fidelity of the final state under the influence of depolariz-
ing noise is

F =

e ey (e g @)

x [cos(67 — 69) + cos(66 — 61 ) + cos (65 — 6>)
+cos (64 — 93)]2 —
62) +sin(6s — 63)] " }. (28)

[sin(97 - 90) - Sil’l(@é — 91)

—sin(0s —

The fidelity of state preparation under depolarizing noise
is related not only to the noise factor but also to the phase in-
formation of the target state. For simplicity, we first choose
67 —6=0—60 =05—6,=0,—6; =
lationship between fidelity and the noise factor. Figure 5(a)

0 to analyze the re-

gives two-dimensional diagrams of fidelity changing with
noise factor @ when 6 = n/4, /2 and &, respectively. As
shown in the figure, when 6 = /4 or /2, the fidelity value
gradually decreases with the increase of @ and gets the mini-
mum value 0.5 or O for ® = 1. And when ® = 7 (or integer
multiples of 7), no matter how the noise factor changes, the
fidelity is always equal to 1. We show the three-dimensional
relationship between fidelity, depolarizing noise factor @, and
phase factor 8 in Fig. 5(b). The results shown in the figure are
similar to the results shown in Fig. 2(b).

Hr@ = ()
- =
0.8 N
1.0
0.6 S \\
~ - 0.5
04f — “0=m/4 N ~ /
0=m/2 06 -

02 —o=n ~

0 :

o 02 04 06 08 1.0 w

w 1 0 0

Fig. 5. (a) The fidelity of RSP of three-qubit equatorial state with deco-
herence rate @ in depolarizing noise for 8 = /4, w/2 and m. (b) The
fidelity of RSP of three-qubit equatorial state with decoherence rate @
and state parameter 6.

3.6. The bit-phase flip noise

Next, we study the influence of bit-phase flip noise on the
remote preparation of three-qubit equatorial states. The Kraus
operators of this noise can be represented as

10 0 —i
EO\“V(m)’ E, 0‘>, (29)

— /7 < _

i
where 7 indicates the decoherence rate. It is observed that the
bit-phase flip is the combination of a phase flip and a bit flip.
In bit-phase flip noisy transmission environment, the quantum

channels between Alice and Bob evolve into

EA AyA3BByBs (P)

= ;[(

8(1—7)3+8y3
+/010010) +[011011) +]100100) +[101101)
+110110) 4 [111111)) & ({(000000] + (001001 |
+(010010] 4 (011011] + (100100 4 (101101
+(110110] + (111111]) — > (—[111000) + [110001)
+]101010) — [100011) +]011100) — [010101)
—]001110) +[000111))

®((111000| — (110001| — (101010| + (100011

—(011100| + (010101| + (001110 — (0001 11])].  (30)

¥)3(/000000) 4 [001001)

The final state obtained by Bob after the measurement and re-
covery operations gives

poutBleB3

1

=80y e

+¢'%(010) +¢'%(011) + ¢ %[100) + ¢ %[ 101)
—|—ei96|110> + ei97|1 1) ® (e*ie()(OOO\ + e 710 (001|

+e 1010+ e~ (011] + e~ (100] + e~ 1% (101
e % (110 + e~ (111]) — 7 (' |000) + &'%001)

—7)3(e'%|000) + ¢'®]001)

+¢'%]010) — e'%|011) + e%]100) — e'®|101)
—e'®11110) + e'®|111)) ® (e (000| — e 1% (001]

e 1%5(010]+ e~ 1% (011 — e 1% (100|
+e 1%(101| 4 e 710 (110 — e 1% (111])]. @31

We calculate that the fidelity of the final state under the bit-
phase flip noise is

F = G (=1 + g7 in( =)

(1
—sin(0s — 6;) — sin(6s — 6) +sin(6; — 63)]%}. (32)

Obviously, the fidelity of state preparation under bit-
phase flip noise is related to both the noise factor and the
phase information of the target state. We choose 6; — 6y = 0,
and 96—61 295—
alyze the relationship among fidelity and the noise factor y

6, = 64 — 6; = 0 for simplicity, to an-

and phase factor 0 in Fig. 6. Figure 6(a) shows that the fi-
delity decreases with the increase of y but will have a slight
fluctuation with the change of 6. To exhibit the fluctuation
of the fidelity more clearly, we capture a small range illus-
tration for y € [0.8,1.0], as shown in Fig. 6(b). For a given
7, the fidelity curve has a inflection point and a small peak
value at 6 = 7/2. Another thing to note is that if we choose
6; —6p = 65 — 0 = 65 — 6, = 6, — 65 as in Subsections 3.2
and 3.5, then the fidelity under bit-phase flip noise is consistent
with the fidelity under phase flip noise.
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To facilitate the comparison of the influence of different
noise channels on the remote preparation of three-qubit equa-
torial states, the relationship between noise factors and the fi-
delities of the final states are drawn in Fig. 7 under the same
phase parameters. As can be seen, the fidelity changes under
bit flip noise, phase damping noise, depolarizing noise, phase
flip noise, and bit-phase flip noise tend to be consistent. But
when the noise factors equal 1, only the fidelities under bit
flip noise, phase flip noise, depolarizing noise, and bit-phase
flip noise equal to 0. When the noise factors are in the inter-
val 0-0.4, the fidelities of remote state preparation under the
six types of noise can almost be maintained above 0.8. More-
over, the fidelity under depolarizing noise is almost invariably
greater than that of other noise for small noise factor (0-0.7),
while the fidelity under amplitude damping noise is almost in-
variably greater than that of other noise for large noise factor
(more than 0.7).

1.0 0

Fig. 6. (a) The fidelity of RSP of three-qubit equatorial state with de-
coherence rate y and state parameter 6. (b) The fidelity of RSP with
decoherence rate y € [0.8,1.0] and 6.

1.0 e
NSNS O
0.8} . N
— ,AD V \ \‘\
06! B\ .
o4l PD SN
A pR N
D .
0.2 BPF :
~ ~ e
%9 02 04 06 08 10

Decoherence

Fig. 7. The contrastive fidelities of RSP of three-qubit equatorial state in
amplitude damping (AD) noise, phase damping (PD) noise, bit flip (BF)
noise, phase flip (PF) noise, bit-phase flip (BPF) noise, and depolariz-
ing (D) noise with decoherence rate for 6; — 6y = 6 — 0; = 65 — 6, =
0, —0;=m/2.

4. RSP of four-qubit equatorial states in com-

mon noisy environments

Next, we explore the RSP of four-qubit equatorial states
in six common noisy environments. Here, the target four-qubit
equatorial state can be expressed as

1 . . . .

) = 1(619°|0000>+e‘9'|0001>+6192\0010>+ele3\0011>
+¢1%10100) + ¢'%|0101) + ei%|0110) + e'®|0111)

+¢'%1000) + e'%]1001) + ¢'%0|1010) + e ®11]1011)

+¢192(1100) + e'®3|1101)

+e'%4]1110) 4 e'95]1111)). (33)

The quantum channels between Alice and Bob are four two-
qubit entangled Bell states

%) A1 AA3A4B,B1B3By
1

= Z(|00>A131 + |11>A131)(|00>A232 + ‘11>Asz)(‘OO>A3B3
+|11>A3B3)(‘OO>A4134+|11>A4134)' (34)

Consider that Bob is the generator of the entangled
resource |¥)A; AyA;A4B,ByB3B, - He keeps the particles
{B1, B2, B3, B4} and sends the particles {A;, Az, Az, As}
to Alice through the noisy channel. Therefore, in the subse-
quent RSP process, we only consider the influence of noise on
particles {A;, Az, A3, As}. For simplicity, we assume that
all particles experience the identical noise.

According to the similar steps in Section 3, we can calcu-
late the prepared final states of the four-qubit equatorial state
under the six types of environmental noise, i.e., amplitude
damping noise, bit flip noise, phase damping noise, phase flip
noise, depolarizing noise, and bit-phase flip noise. The final
states of RSP of four-qubit equatorial states in noisy environ-
ments are given in the Appendix B. Thus, we can obtain the
six fidelities of the final states as follows:

FAD
1+4(1—Kk)2 +6(1—K)+4(1 — k)3 + (1 — )22+ K*
N 16(16 — 32K +24K2 — 83 +2k*) ’
(35)

1
BF __ _
= 64(1—A)* +641% {e41

+cos(014 — 91) —|—COS(913 — 92) +COS(912 — 93)

A)* + A*[cos (65 — 6p)

(

“FCOS(GH — 94) +cos(619 — 65) +cos(6y — 66)
(
(

+ cos(6s — 67)]°}, (36)
po_ 128(1—p)*+p
=g ) +16u4’ 37
pe_ (o)t
Ny T o9
1
FP = 64(1 — w)*
64(1 —a))4+64(w/3)4{ (1-o)
+(@/3)* {[cos(615 — 6p) +cos(B14— )
+cos(03 — 02) 4 cos(012 — 63) +cos(6;] — 64)
JrCOS(Gl()f95)+C0S(99796)+COS(93797)]2
— [cos(815 — By) —cos(B14 — 6;) — cos(013 — 62)
+cos(02 — 03) —cos(011 — O4) +cos(619 — 6s)
+cos(By — B) — cos(63 — 67)]°}}, (39)
FBPF = ! ] {64(1—p)*

4[16(1 —y)* + 167*
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+ 7*[cos (05 — 6) — cos(B14 — ;) — cos (613 — 62)
+cos(012 — 03) — cos(611 — 04) +cos(61p — 0s)

+-cos (6 — B5) — cos(6s — 67)]*}. (40)

Therefore, we can compare the fidelities of the final four-
qubit equatorial states under different noisy channels in Fig. 8
under the same phase parameters. As can be seen, the fidelity
curves under amplitude damping noise, phase damping noise,
bit flip noise, phase flip noise, depolarizing noise, and bit-
phase flip noise are similar with the three-qubit equatorial state
preparation results in Fig. 7. Compared with the three-qubit
scheme, there are just different minimum values for fidelities
under amplitude damping noise and phase damping noise. We
also plot the fidelity diagrams of RSP of four-qubit equatorial
state with decoherence rates and phase parameter 0 in bit flip
noise and depolarizing noise in Fig. 9. The trends of fidelities
are also similar to those in Figs. 2(b) and 5(b).

1.0 T
NN )
0.8} NN
- - —-AD \ S
0.6 BF \ N
59 PD \ N
0.4' [ PF \ ' \
D \ N \
,,,,,,, . N
-2 BPF \ N
% 02 04 06 08 10
Decoherence

Fig. 8. The contrastive fidelities of RSP of four-qubit equatorial state in
amplitude damping noise, phase damping noise, bit flip noise, phase flip
noise, bit-phase flip noise, and depolarizing noise with decoherence rate
for 015 — 60 =014 — 0y =013 -0, =012 — 603 =011 — 04 = 09— 05 =
09 — 0 = 05 — 6, = 1/2.

- / o
1. 0 ~
\
3 0.5 \\
\g/ < O "
2
/ 0
0.5

lp05

0
0 5 ~__
A ) w -
1.0 0

Fig. 9. (a) The fidelity of RSP of four-qubit equatorial state with decoher-
ence rate A and state parameter 6 in bit flip noise. (b) The fidelity of RSP
of four-qubit equatorial state with decoherence rate @ and state parame-
ter 6 in depolarizing noise. Here, we have taken 65 — 6y = 014 — 0 =
03— 6, =012-03=011 -0, =010— 05 =0)— 6 =03 —6; = 6.

5. RSP process in a non-Markov environment

Next, we consider the RSP schemes of multi-qubit equa-
torial states under the influence of non-Markov environments,
which are markedly different from the the previous six noise
mechanisms. Due to the memory effect of the non-Markov en-
vironment, when an open quantum system evolves in it, part
of the information flowing from the system to the environment
will flow back from the environment to the system, which os-
cillates the decoherence process of quantum state.

Similar to the above sections, we consider that only the
particles in Alice’s hand are affected by non-Markov noise
in the remote preparation process of the three-qubit and four-
qubit equatorial states, and qubits are resonantly coupled to
their own local non-Markov environments. We assume that

the environment has a spectral density of the Lorentzian form
1 }/o)LOz
27 (@ — ap)? + g’

where @ is the transition frequency of the qubit, @; is the fre-

J(ax) = (41)

quency of the environment, 7 is the decay rate of the qubit
under the Markovian limit, and Ay is the spectral width of cou-
pling. Assume that the environment is a zero temperature en-
vironment in the vacuum state, then the Kraus operators of the
non-Markov effect can be written as8!

(1 0 [0 /1—=pu(r)
Eo(t)—<0 \/m>,E1(f)—< 0 >, (42)

0
where
1/22{)’)/0—2,21‘
w(t) = e % | cos %
210}/071%
S e (5l — ]| @
/22000 — 2§

describes the qubit decay caused by interacting with the non-

Markov environment. In such a noisy environment, the

dynamics of quantum system can be described as p(t) =

YioEi(t)p(0)E] (1).
Hence, the quantum channel between Alice and Bob un-
der the influence of non-Markov noise evolves into

EA 1 A2A3B,B,B; (P)

1 1 1
= m [(]000000) + 22 (£)|001001) 4 2 (7)|010010)

S+ (1)|011011) + w2 (£)]100100) + 1 (r)|101101)
+u(1)[110110) + p3 (1) 111111)) @ ((000000|
12 (1)(001001| + 112 (£)(010010| + p(¢) (011011]
(1){100100] -+ p(¢)(101101] + () (110110
(t —u(2))*|000111)(000111]].

u
+u2
3 (T + (1 (44)

The final state after Alice’s measurements and Bob’s unitary
operations becomes

poulB1B2B3

1 i6 3 (1) aif 11 aif

(1) e B|011) + 2 (1) e1%100) + (1) e %[ 101)
() el 110) + 13 (1) ei®[111)) @ (e 1% (000]
2 (£)e 1O (001[+ 2 (1) e 1®(010]+ p(r)e ¥ (011
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Bl—=

2 (1) e 9 (100] + w(r)e 1% (101] + p(r)e 1% (110]
R (e O (1) + (11— ()P 111) (111, (45)
And then the fidelity of the final state compared with the ideal
state is

1 ! 3
F_ m[(l +3u2(t)+3u() +Iﬂ(f))2
(- p()). (#0)

Figure 10 shows the fidelity diagram of the three-qubit
equatorial states in non-Markov environmental noise. As can
be seen, there will be an up-and-down oscillation phenomenon
with the increase of Agt. Even for long evolution time, the fi-
delity gradually approaches 0.1 rather than 0. Damping os-
cillation is a characteristic of the non-Markov process, which
reflects the information flow back and forth between the sys-
tem and the environment.

1.0

Vv — — Y =10X,
0.8f I Yo = 20,
[ R AT O Yo =100,
o COHHIE TN
HETRYIMEN
0.4f |l e
AR AR \\;‘ >
VAR NN PN
0.2 TV VNG ATy
% 1 2 3 4 5
Aot

Fig. 10. The fidelity diagram of the three-qubit equatorial states in non-
Markov environmental noise with % = 10Ag, y = 204y and 1 = 1004y.

For the RSP of four-qubit equatorial states, the effect of
non-Markov environmental noise on the process is similar to
that of the three-qubit equatorial state. Through direct calcu-
lation, the quantum channel of four-qubit scheme under the
influence of non-Markov noise gives

&A1 ArA3A4BB,B3B, (P)

: 1
1

112 (1)]00100010) + 11(£)|00110011) + 2 (£)|01000100)
3
Fu(1)[01010101) + p1(r)|01100110) + g3 (£)|01110111)
2 (£)]10001000) + (1) 10011001) + 11 (r)|10101010)
3 (1)]10111011) +
()[11101110) + (1) 11111111))
(z)<00010001|+u%(t)<00100010|

(1)[00010001)

( +
( +

N\u

u
£)|11001100) + 3 (£)|11011101)
®

({00000000|

(T[N

+u?

+u?

1 (£)(00110011] + 112 (£) (01000100 + 11(r) (01010101

(
3 l
01100110] 4 22 (£)(01110111| 4 22 (£)(10001000|

+u(r

()
()
(1) (10011001 | + u(£){10101010| + 2 (£) (10111011
()

+u(t)(11001100] + 3 (£)(11011101|

2 (1) (1T101110] + g2 () (11111111])
+(1 — p(2))*100001111) (00001 111]]. (47

The density matrix of the final state after Alice’s measure-
ments and Bob’s unitary operations becomes

poutB 1B2B3By
1

- [(e1%]0000) + 2 () 11 [0001)

24 1203 (1) + 20 (1)
1 1

+u2(r)et®]0010) + p(r)ei®]0011) + p2 (r)e1%]0100)
Je

(1) e5(0101) + (1) e % |0110) + p (1) # |0111)
102 (1)1 %[1000) + (1) ®[1001) + (1) %] 1010)
2 () e P 1011) + p(r) 02 1100) + p 3 (1) e 93 |1101)
3 (1) e 04|1110) + p2(r) e 5| 1111)) @ (e~ 1% (0000]
2 (6)e 19(0001] + pz (r)e12(0010|

ut)e” ‘93<0011|+u%(t)e <0100|+u() e1%5(0101|
() e 1% (0110] + w2 (1) e =10 (0111] + 2 (r)e 1% (1000|
) e 1% (1001] + p(r) e 00 (1010] + u? (r)e 101 (1011
() e 02(1100] + i (r)e O3(1101]

w3 (r)e 104 (1110]+ p2(r)e 5 (1111])
(1= () IL1)(1111]]. 48)

+

The fidelity of the final state under the influence of non-
Markov environmental noise is

1
~ 3201+ 6u2(0) + (1)
HP (1)) A+ (1= (). (49)

[(1+4p2 (1) + 6(1) +4p3 (1)

Figure 11 shows the fidelity diagram of the four-qubit
equatorial states in non-Markov environmental noise with Agt.
As can be seen, the fidelity also shows oscillatory variation.
With the increase of ¢, the fidelity gradually approaches 0.05
after several damping oscillations. Compared to Fig. 10, the
fidelity minimum is smaller. This happens because the target
state has a higher number of particles and more channel parti-
cles are subjected to noise, and the fidelity is affected more.

1.0
0.8 11 »
0.6}

LL ' ' I
0.4p )

0.2}

Fig. 11. The fidelity diagram of the four-qubit equatorial states in non-
Markov environmental noise with 1 = 1049, ¥ = 2049 and y = 1004¢.
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6. Discussion and conclusion

RSP schemes are significant for the construction of dis-
tributed quantum communication and quantum network. In
the actual environment, information will inevitably be affected
by different types of environmental noise in the storage and
transmission processes. In this paper, by studying the remote
preparation of multi-qubit equatorial states in noisy environ-
ments, we find that the fidelities of the schemes depend on
the decoherence rates of the environmental noises. Generally,
the fidelity decreases as the decoherence rate increases. For
the six types of common noise, i.e., amplitude damping noise,
bit flip noise, phase damping noise, phase flip noise, bit-phase
flip noise and depolarizing noise, when the noise factors are
equal, the influence of bit flip noise and phase flip noise are
similar. When the noise factors are in the small range, the
effect of depolarizing noise on RSP is minimal. The informa-
tion loss caused by amplitude damping noise is less than other
noises when the noise factors are large. In particular, when the
target state has specific phase information, the bit flip noise
and depolarizing noise may have more complex effects on our
RSP schemes, even for the ideal cases where the fidelity values
are always 1. For the non-Markov environment, owing to the
back and forth of information between the environment and
systems, fidelities exhibit oscillating behavior and the mini-
mum value may stay greater than zero for a long evolutionary
time. These results may have important implications for future
research on how to avoid the influence of noise on distributed
quantum communication.

Here, our RSP schemes mainly focus on the effects of
various types of environmental noise on multi-qubit equatorial
states. The results show that noise inevitably reduces the fi-
delities of the RSP process. In fact, we can design appropriate
operations to reduce the negative effects of noises and improve
the fidelities of state preparation schemes. For example, it has
been proven that weak measurements and quantum reversing
measurements of qubits can suppress the influence of environ-
mental noises on quantum states and improve the fidelities of
remote preparation of quantum states.>>?°! In our schemes,
performing appropriate weak measurements and quantum re-
versing measurements on transmitted particles in the quantum
channel can theoretically improve the fidelities, and the cost
of the improved fidelities may be reduced successful proba-
bilities of state preparations. Moreover, the schemes that we
considered are remote realization of states preparation by two
spatially distant participants. In fact, when it comes to the
remote preparation schemes of multi-qubit states, we can the-
oretically extend the schemes to the controlled RSP schemes
or joint RSP schemes. That is, the initial particles can be dis-
tributed in the hands of more than one sender or controller.
The final success requires the cooperation of multiple senders

or controllers. Such schemes are more valuable for the confi-
dentiality of long-distance quantum communication networks.

Appendix A: The explicit derivation procedure
from Eq. (10) to Eq. (11)

Under the influence of amplitude damping noise, the
quantum channel of participants evolves into the state of
Eq. (10). Subsequently, Alice carries out projection measure-
ment of particles in her hand, and the basis vectors of mea-
surement can be expressed as follows:

1
h -
| 1>A1A2A3 2\/§

(e~ 1% (000] + e 1% (001] + e 1% (010]
+e %0114 e 1% (100| + e 1% (101
+e 0110/ + e ¥ (111)),

AtAsA; = Oy @ Ia, @Ia;|TT) A ArAs

AtAsAy = Ia; ®0a,, @I |T1) A ArAs,

AtAsay = Ia; @I, ® Oay |T1) A ArAs,

)
)
)

IT5)A,A2A3 = OAy, @ Oay, @Ias|T1)A A A
JAIAA; = Oa;, ®Ia, ® Oay [T1) A AsAss
YAIAA; = Ia, ® Oay. @ Oay [T1)A A,
) = Oa,, ® OA,, ® OAy [T1)A  ApA;-

According to the eight different measurement results, the par-
ticles in Bob’s hand collapse into one of the following eight

states:

pr = m{[e“’ﬂlooowu—x>%ei91|om>
+(1—1<)% ©1010) + (1— k) e %[011)
+(1—%)2 e %[100) + (1 — k) %[101)
+(1—x)ei®%[110) + (1 —K)le 197|]11>]®[efi9(,<000|
+(1— K)%eﬂ@] (001]+ (1 — ) 192<010|
+(1=K)e 1B (011]+ (1 — k)2 e 1% (100]
+(1—x)e 1% (101] + (1 — k)e~ " %(110]
(=) 2 e O (1] + K111 (111},

P2 = m{[e“’wooow(l_K)%eiel|001>
+(1-x)2e'®[010) + ( —Kk)ei®011)
—(1— K)2e194|100> ~k)el%s|101)
—(1- K)e‘96\110> (I—K)% 197|111>]®[e—i90<000|
+(1— K)%e_191<001|+(1_ k)2 e_i92<010|
+(1—x)e™! (011|7(1f,()76—ie4<100‘
—(1=x)e "% (101] = (1 —x)e "% (110]
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—(1—x)3 e O[]+ 3111 (111]},

p3 = m{[eieo‘()()())-‘r(l—K)%eiel|()()1>
—(1=x)}e1®(010) — (1—K)e®|011)
+(1—- K)2e194‘1()0> (1-x)ei®|101)
~(1=K)e®[110) = (1= K)2 ¢ ¥[111)] @ [~ * (000
+(1— K‘)%e_191<001|7(17,()%6—192«)10‘
—(1—K)e " (011]+(1—K)> e 1% (100|
+(1—x)e %(101] — (1 —Kk)e 1% (110|
—(1—x)3 e 1O (111 + &3 111)(111]},

P4 = m{[ei%mom—(17;<)%ei61|001>
F(1—x)2ei®(010) — (1— K)ei®[011)
+(1- K)Zele“\lOO) (1—x)e'%|101)

(1= 1) ®110) — (1= 1) 2 ¥ [111)] @ e 1% (000)
19 T 001+ (1=t (010
~(1=K)e (011 ]+ (1 - K)2 e 1%(100]
—(1—x)e 1% (101] + (1 — k) e~ % (10|
—(1—x)3 e 1O (111 + &3 111)(111]},

Ps = g imergee {1e1000) + (1= ) e 00
~(1-x)7¢®[010) - (1 - K)e'®|011)
—(1-1)7e%[100) — (1 - k) e 101)

(1= 1) [110) + (1) ¥ [111)] @ [~ *(000
+(1— K)%e_191<001|7(171()%6—192«)10‘
—(1—x)e %011 —(1— ) ~i0(100)|
—(1—x)e %101+ (1—x)e 1% (110|

(1w 2 e (11| + T},

Po = 5w 1000) ~(1 - e oo
+(1—x)2e%|010) — (1 - Kk)e'®|011)

(1= k)2 %[100) + (1 - )| 101)
—(1-K)e!%|110) + (1 k)2 ! [111)] @ [e 1% (000)
~(1=mte P00+ (10 e % (010

—(1- K)e*103<011|_(1_ ) 164<100|

1

+(1—x) —195<101| —(1—x)e %110

+(1-x)e

L
8 — 12K + 62

1—x)2e)010) + (1

Nm I

O (1)) + &3y (1113,

pr = [e1%]000) — (1 — )2 % |001)

—K)e'%o11

1—-

_|_

)
k)2 ei%]100) — (1— x)ei®|101)
)

(

(

—(1-K)ei®%[110) + (1 — &) 3 e ®[111)] @ [e 1% (000|
—(1- %e*'91<001|—(1—K)fe*i92<010|

(
—(
(

7'\‘

1— 1% (100

+
7\‘

1050101 — (1 —x)e 1% (110|
e () 4+ ()},

1—-x)e™
3
1—x)2

—
8 — 12k + 6K2

—1—1<)%ei92|010> +(1
e1%)100) + (1 —x)e'%|101)

i9]110) — (1—x)2 e 197|111>] [e~1%(000]

e*'91<oo1|—(1— K)2e

e 1% (011] — (1—K)2 e % (100)
105 (101 + (1 —x)e 1% (110|

e () 4+ .

_|_

)
)
)
)e (011 +(1—K)2e”
)
)

ps = [¢1%]000) — (1 — k)2 ei®1(001)

—K)e'%|011)
—(1—x
1—-x

(
(1-x)?
(1-x)
—(1-x)
(1-x)
(1-x)
(1-x)

+
N

~1%20010]
1—-x

1—-x

+

e
—(1—x)?
From this, it can be seen that if Bob performs a set of cor-
responding unitary operations Iy, ® Is, ® Ip;, Op,, ® Ip, ®
Ig,, Ig, ®0oB,, ®Ip,, Ip, Q1Ig, & OBs,; OB, ® OB,, ®1Ip,, OB, ®
I, ® OB, , Ip, ® OB,, ® OB, Or OB, & OB,, ® OB, on the parti-
cles in his hand, then the final state can be obtained as Eq. (11).

For the other noisy environments, the measurement and
recovery processes of multi-qubit equatorial state RSP are
similar. The tedious derivations of the expressions are not
shown here.

Appendix B: The final states of RSP of four-qubit
equatorial states in a noisy environment

According to the Kraus operators of six types of noise in
Egs. (9), (13), (17), (21), (25), and (29), we can work out the
density matrices of the four-qubit final states obtained by Bob
after Alice’s projection measurements, respectively.

(1) The final state under amplitude damping noise

e1%]0000)

PoutB B2B3By = Te 35 oAk —

+(1—x)2ei®1(0001) +
—|—(1—K‘)%

8K3+2K4{[
(1—x)2e1%(0010) + (1 —
e'%]0100) + (1 — x

x)ei%]0011)

)e1%]0101) + (1 —K)e'%|0110)
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1—-x

+

e 910111) + (1 — )2 e'%[1000) + (1 — k) e'®|1001)
K)e19101010) + (1 — k)2 &1 [1011) + (1 — x)e1%2|1100)
03(1101) + (1 — 1) ? 1914[1110) + (1 — k)2 ®5[1111)]
e~ 1%2(0010]

1-—

+

c
3
1—x)2e

(1—x)3

(1-x)

(1-x)

[e” '90<0000|+(1—;< 267191 (0001 |+ (1 — k)2

(1—x)e 1% (0011]+ (1— )2 e % (0100|+ (1 — k)e ‘% (0101
(1-%) (1-x)7e

(1-x)

(1-x)

(1-x)

+

1

&

_|_

1—-x

+

)

(
e <0110\+(1—K)% 0111+ (1— k)2 e 185(1000]
1—-x (

e 1%(1001] + (1 — k)e1#10(1010] + (1 — k)3 e 1011 (1011
K) e 1012(1100] + (1 — x)? e 13 (1101] + (1 — k)2 e 1014 (1110|

+

1-

+

1—x)2e 0150111+ x*1111)(0111]}.

_|_

(ii) The final state under bit flip noise

poutB1B2B3B4 =

1
T6(1 = A) 7 162%

+¢'%)0011) + 1%[0100) + ¢1%]0101) 4 ¢'%|0110) + ¢'?|0111)
+¢%[1000) + ¢'®[1001) + ¢'%0[1010) + e'*1[1011)
+e'%2[1100) + ¢! [1101) + ¢'®4[1110) + '3[ 1111))
@(1—A)%(e1%(0000| + e =% (0001|+ e ~1%2(0010| + e 1% (011|
+e7%(0100] + ¢ % (0101] + ¢ % (0110] + ¢ ¥ (0111]
+e1%(1000( + e 1% (1001|+ e 110(1010| + e 101 (1011]
+e7192(1100] 4 e 713 (1101] + e M4 (1110] + e 15 (1111])
+2(&'%15]0000) + ¢%14|0001) + ¢'12[0010) + €'%2(0011)
+¢1%110100) + ¢'%°[0101) + ¢'*(0110) + ¢'*0111)

1—2)%(e'%[0000) + e'%|0001) + ¢'%2|0010)

+e19711000) + e%]1001) + % ]1010) + e'%|1011)
+e1%[1100) + e'%|1101) + e | 1110) + e'%|1111))
@A2(e~1915(0000] 4 e ~1914(0001| 4 e~ 193 (0010| + e ~1912(0011]
e 1(0100] 4 ¢ 10(0101] + e~ '*(0110] 4 e ¥ (0111]

+e 7 97(1000] + e % (1001| + e 7% (1010] + e~ (1011]

+e 1B (1100[ + e 1% (1101] + e (1110] + e (1111])].

(iii) The final state under phase damping noise

poutB1B2B3B4 =

1
16(1 - p)* +2p*
+e1%10011) + e%|0100) + ¢1%]0101) 4 ¢'%|0110) + e'®|0111)
+¢!%[1000) + ¢'®[1001) + e'%°[1010) + e'*1[1011)
+¢'%2[1100) + ¢ [1101) + ¢'4[1110) + '3[ 1111))

(1= )’ (e (0000] + e~ (0001| + ¢~ (0010| + e 1% (001 1]

[(1—u)?(e'%|0000) + ¢19]0001) + e®]0010)

+e71%(0100] + e 1% (0101] + e 1% (0110] + e~ ¥7(0111]
+e71%(1000] + e 1% (1001| 4 e 71010 (1010| + e 1 (1011
+e 102(1100[+ e 103 (1101|+ e 14 (1110| + D5 (1111])
+1*10000) (0000] + p*[1TTT) (1111 ).
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(iv) The final state under phase flip noise

1
PoutB|B,B3By = 16(1—n)*+160*

+¢'%10011) + ¢'%|0100) 4 ¢'%(0101) + ¢'%|0110) 4 e ¥|0111)

[(1—m)2(e'%|0000) + ¢'?]0001) + e®(0010)

+¢%]1000) + ¢!®|1001) + !?°[1010) + ¢'1|1011)
+¢%2[1100) + '3 [1101) + &' %14[1110) + '3[ 1111))
®(1—=1)*(e "% (0000| + ¢ 1% (0001| + ¢ (0010 + ¢~ % (001 1]
+e71%(0100] + 1% (0101| + e % (0110 + e ¥ (0111]

+e % (1000] + e~ '*(1001] + e~ (1010] + e~ 1 (1011
+e 712 (1100] + ¢ (1101] + e 194 (1110] 4 ¢ 51111
+1%(¢'%]0000) — ¢%|0001) — ¢%|0010) + ¢1|0011)
—¢'%]0100) + ¢'%]0101) + ¢'%|0110) — &'’ |0111)
—e'%[1000) + ¢'*[1001) + ¢'%°|1010) — &1 |1011)
+¢1%2]1100) — ¢1%3[1101) — e!%4[1110) + ¢'¥51111))
®@n*(e” "% (0000] — e % (0001| — e~ 1%2(0010| + % (0011
—e71%(0100] + e ™% (0101] + e "% (0110| — e 17 (0111])

— e 1% (1000] + ¢ 1% (1001| + e~ 90(1010| — e 11 (1011
e 92(1100] — e~ (1101 — e T4 (1110] + e 75 (1111])],

(v) The final state under depolarizing noise

1
16(1 — w)*+ 16 (w/3)*
+e1%0011) + ¢'%]0100) + ¢'%]0101) + e'%[0110) + e % |0111) + ¢1%[1000)
+¢'®[1001) + ¢'%0[1010) + %1 1011) + ¢'#2[1100) + &3 1101)

el 1110) + 15[ 1111)) @ (1 - @)% (e *(0000] + &% (0001

e 1%(0010] + e 1% (0011] + e 1% (0100] + & (0101] + & %(0110]

e 1011+ e 1 (1000] + e ¥ (1001] + 10 (1010] + e~ 1 (1011

[(1— @)*(e®]0000) + e®10001) 4 e'®2|0010)

poutB1B2B3B4 =

+e 2 {1100] + e M3 (1101 + e 1O (1110] + e 15 (1111])
+(/3)% (1%5]0000) + ¢'%14]0001) + ¢1913|0010) + ¢1912]0011)
+¢19110100) + ¢1%0(0101) + ¢'%[0110) + e'%[0111) + ¢'%[1000)
+¢1%]1001) + ¢1%]1010) + e1%]1011) + ¢'%|1100) 4 e!®[1101)
+e'1110) + e®[1111)) ® (0/3)* (e 15 (0000| + ¢~ 1914 (0001|
+e71%13(0010] + e 7 %2(0011] + e 7191 (0100[ + e~ 1%10(0101] + P (0110]
+e B (0111]+ e (1000] + e 1% (1001| + e 1% (1010| + e 1% (1011|
+e (1100 + e (1101 + e O (1110] + e (1111])
+(0/3)%i(e'150000) — ¢1%14|0001) — ¢93]0010) + ¢'®12|0011)
—ei9110100) + e %10[0101) + ei®[0110) — e%[0111) — e1%[1000)
+e1%]1001) + e'%[1010) — e%]1011) + e%[1100) — e'®[1101)
—e![1110) + ' ®[1111)) @ (@/3)* i(e 5 (0000] — e~ %¢(0001]
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—e 191300010 + e " 192(0011] — e 191 (0100| + e~ 1%10(0101| + e 1% (0110]

—e 1% (0111] — ™% (1000] + e 1% (1001|+ e 1% (1010] — e % {1011]

+e 1% (1100] — e 1% (1101] — e 1O (1110] + e 1% (1111])

+(@/3)* (¢'®]0000) — ¢1*1]0001) — ¢%]0010) + & *[0011) — &' |0100)
+¢'%]0101) + e%]0110) — e'%]0111) — ¢'%|1000) 4 e'%|1001)

+¢%01010) — "1 [1011) + '92[1100) — ¢'®3[1101) — ¢'%4[1110)
+e05]1111)) @ (@/3)7 (719 (0000] — ¢~ (0001| — ¢~ 1%2(0010| + =1 (011]
—e1%(0100] 4 ¢ 1% (0101] + ¢ 1% (0110] — e 17 (0111]

—e~1%(1000] + e 1% (1001] + e 110 (0010] — e 111 (1011]

+e (1100 — e 13 (1101] — e 1O (1110[+ e s (1111])].

(vi) The final state under bit-phase flip noise

1
poutBleB3B4 = 16(1—')/)4+16')/4

[(1—7)*('*]0000) + ¢'?|0001)

+¢'%0010) + ¢'%[0011) + ¢'%]0100) + e'*|0101)
+e1%|0110) + e¥]0111) + ¢'%[1000) + ¢'®[1001) + e'%°]1010)
+e!M1[1011) + e'%2[1100) + ¢!%3[1101) + e'%4|1110) + '%5[1111))

@(e 1% (0000 + e 1% (0001| + e ~1%2(0010| 4+ e 1% (0011| + ¢ ~'% (0100
+e7105(0101|+ e~ '%(0110] 4+ e 1% (0111| + e~ 1% (1000| 4+ e 1% (1001
+e7100(1010] 4 e 711 (1011]+ e~ 192(1100] + e 192 (1101| + e 1014 (1110]
+e 105 (1111]) + y*(e'915]0000) — e1914]0001) — e93]0010)

+¢1912]0011) — '%1]0100) + &%0[0101) + e'*[0110)

—e!%[0111) — e!%[1000) + e'%[1001) + e'%|1010)

—e'%]1011) + ¢'%[1100) — ¢'*[1101) — ¢'*[1110) + e'®[1111))
(e 1%15(0000] — ¢ 114(0001] — e~ 1#3(0010| 4 ¢ 12 (001 1]

—e 7 191(0100] + e~ M0 (0101] + e~ '®(0110] — e 1% (0111] — e ~1¥(1000]

+e71%(1001|+ e~ 1%(1010] — e 1% (1011| + e 1% (1100] — e ~1®2(1101]

—e 01110 + e P (1111))].

Finally, we can get the fidelities of prepared four-qubit
equatorial states in a noisy environment as shown in Egs. (35)-
(40).
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