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Analytical three-periodic solutions of
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Based on the direct method of calculating the periodic wave solution proposed by Nakamura, we give an approximate
analytical three-periodic solutions of Korteweg–de Vries (KdV)-type equations by perturbation method for the first time.
Limit methods have been used to establish the asymptotic relationships between the three-periodic solution separately and
another three solutions, the soliton solution, the one- and the two-periodic solutions. Furthermore, it is found that the
asymptotic three-soliton solution presents the same repulsive phenomenon as the asymptotic three-soliton solution during
the interaction.
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1. Introduction
There are many methods to study analytical solutions

of nonlinear partial differential equations (NLPDEs), such as
inverse scattering transform,[1,2] Painlevé analysis,[3,4] Dar-
boux transformation,[5–9] deep learning method,[10] Hirota bi-
linear method, and so on,[11–15] among which Hirota bilinear
method is an important method to obtain the exact solution of
NLPDEs. In particular, Hirota bilinear method is extended to
construct periodic solutions of some NLPDEs.

The periodic solution of NLPDEs is one of the hot top-
ics in soliton theory. The quasi-periodic solutions is first
studied by Dubrovin, Matveevet, Novikov et al., and they
can also be called finite gap solutions.[16–18] Nakamura pro-
posed a method of constructing quasi-periodic solutions based
on Hirota bilinear method[19,20] and this method can be sued
to obtain the algebraic relations among frequencies, phase
shifts, amplitudes, and wave numbers. The existence con-
dition for N-periodic solution of partial differential equa-
tions has been given, and when N ≥ 3, this existence condi-
tion is an over-determined system. A few decades later, the
two-periodic solutions of the Toda lattice equation, Nizhnik–
Novikov–Veselov equation, the Fokas equation, the nonlocal
Boussinesq equation, and KdV equation are obtained.[21–25]

Recently, some three-periodic solutions of NLPDEs have been
proved to exist, such as KdV-type equations and Tzitzeica
equation,[26,27] but no one has yet given analytical expressions
of their three-periodic solutions. We will construct the three-
periodic solutions of two KdV-type equations in this article.

We called KdV-type equations when the equation

L(u,ut ,uxx, . . .) = 0

can be transformed into bilinear form

F(Dt ,Dx, . . . ,C) f · f = 0

by dependent variable transformation

u = 2(ln f )xx,

where F is an even function of Dt , Dx, . . ., and C is an in-
tegration constant. The standard identities for the Hirota D-
operators:

Dm
x Dk

t f (x, t) ·g(x, t)
= (∂x −∂x′)

m(∂t −∂t ′)
k f (x, t)g(x′, t ′)|x′=x,t ′=t .

The three-periodic solutions of the KdV and the Hietarinta
equations, have been shown to exist, and their bilinear equa-
tions are as follows:[27]

ℋKdV := (DxDt +D4
x +C) f · f = 0, (1)

ℋHie := (D3
xDt +

√
3D2

xD2
t +aD2

x +bDxDt +C) f · f = 0. (2)

In this paper, we construct the three-periodic solutions of
the KdV and the Hietarinta equations and analyze the asymp-
totic relations between the periodic solutions and the soliton
solutions. In addition, we also analyze the interactions of the
three-periodic solutions. In Section 2, 8 algebraic equations
satisfying the three-periodic solutions of the Hietarinta and the
KdV equations are respectively obtained based on Riemann
theta function and Hirota bilinear method. In Section 3, we
construct the three-periodic solution of KdV equation, and the
asymptotic relationship between the three-periodic solution
and the three soliton solution is constructed. In Section 4, the

†Corresponding author. E-mail: wangzmath@163.com
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

090504-1

https://doi.org/10.1088/1674-1056/acd9c4
mailto:wangzmath@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 090504 (2023)

three-periodic solution of Hietarinta equation and its asymp-
totic three soliton are constructed, then we find the periodic
solutions and their asymptotic solitons can exhibit the same
characteristic during the nonlinear interaction, namely, repul-
sive phenomenon. In Section 5, a summary is given.

2. The three-periodic solutions of KdV-type
equations

2.1. Condition for N-periodic solutions

Based on the following multi-periodic Riemann theta
function in genus N, we consider the multi-periodic solutions
of the KdV and the Hietarinta equations:

u = 2(lnϑ)xx,

with

ϑ = ϑ(𝜉,𝜏 ) = ∑
𝑛∈ZN

e−π⟨𝜏𝑛,𝑛⟩+2π i⟨𝜉,𝑛⟩, (3)

where 𝑛 = (n1,n2, . . .nN)
T ∈ ZN , 𝜉 = (ξ1,ξ2, . . .ξN)

T ∈ C2,
ξi = αix+ωit +ξ 0

i , i = 1,2, . . . ,N,

𝜏 =


τ11 τ12 · · · τ1N
τ21 τ22 · · · τ23
...

...
...

...
τN1 τN2 · · · τNN

 , τii > 0, τi j = τ ji, |τ|> 0.

𝜏 is a positive definite real valued symmetric N ×N matrix.
When we substitute Eq. (3) into Eq. (1) or Eq. (2), we can get

ℋ f · f = ℋ(Dx,Dt) f · f

= ℋ(Dx,Dt) ∑
𝑛∈ZN

e−π⟨𝜏𝑛,𝑛⟩+2π i⟨𝜉,𝑛⟩ · ∑
𝑚∈ZN

e−π⟨𝜏𝑚,𝑚⟩+2π i⟨𝜉,𝑚⟩

= ∑
𝑛,𝑚∈ZN

ℋ[2π i⟨𝑛−𝑚,𝛼⟩,2π i⟨𝑛−𝑚,𝜔⟩]e2π i⟨𝜉,𝑛+𝑚⟩−π(⟨𝜏𝑛,𝑛⟩+⟨𝜏𝑚,𝑚⟩)

𝑚=𝑙−𝑛
= ∑

𝑛,𝑙∈ZN

ℋ[2π i⟨2𝑛− 𝑙,𝛼⟩,2π i⟨2𝑛− 𝑙,𝜔⟩]e2π i⟨𝜉,𝑙⟩−π(⟨𝜏𝑛,𝑛⟩+⟨𝜏 (𝑛−𝑙),𝑛−𝑙⟩)

= ∑
𝑙∈ZN

ℋ̃(l1, l2, · · · , lN)e2π i⟨𝜉,𝑙⟩ = 0, (4)

where

ℋ̃(l1, l2, . . . , lN) =
∞

∑
n j=−∞

ℋ[2π i
N

∑
j=1

(2n j − l j)α j,2π i
N

∑
j=1

(2n j − l j)ω j]exp
[
−π

N

∑
j,k=1

(n j − l j)τ jk(nk − lk)+n jτ jknk

]
n j=n j+δ jz

=
∞

∑
n j=−∞

ℋ[2π i
N

∑
j=1

(2n j − (l j −2δ jz))α j,2π i
N

∑
j=1

(2n j − (l j −2δ jz))ω j]

× exp
[
−π

N

∑
j,k=1

(n j − (l j −2δ jz))τ jk(nk − (lk −2δkz))+n jτ jknk

]
, (5)

ℋ̃ = ℋ̃KdV or ℋ̃Hie, 𝛼 = (α1, . . . ,αN)
T, 𝜔 = (ω1, . . . ,ωN)

T,
𝑚 = (m1, . . . ,mN)

T, and 𝑙 = (l1, . . . , lN)T, z = 1,2, . . . ,N. δ jz

is the Kronecker’s symbol, which denotes that

δ jz =

{
1, z = j,
0, z ̸= j.

From Eq. (5) we can obtain

ℋ̃(l1, l2, . . . , l j, . . . , lN) = ℋ̃(l1, l2, . . . , l j −2, . . . , lN),z = j.

By inductive analysis, we can get

ℋ̃ (0,0, . . . ,0)︸ ︷︷ ︸
N

= ℋ̃(1,0, . . . ,0) = ℋ̃(0,1, . . . ,0) = ℋ̃(0,0,1, . . . ,0)

= · · ·= ℋ̃(1,1, . . . ,1) = 0. (6)

From Eq. (6), when n = N we have has 2N equations. The
wave numbers (α1,α2, . . . ,αN) and the amplitude parameters
(τ11,τ22, . . . ,τNN) of the Riemann theta function of genus N

are taken as arbitrarily given parameters, then the number of
unknown parameters (ω1,ω2, . . . ,ωN), τi j (1≤ i, j ≤N, i ̸= j),
and C is (N2 +N +2)/2. So when N ≥ 3, equation (6) is an
over determined system.

2.2. The three-periodic wave solutions of KdV-type equa-
tions

Based on Eq. (3), the three-periodic solution of the KdV
equation or the Hietarinta equation is

u3 = 2(lnϑ3)xx, (7)

090504-2



Chin. Phys. B 32, 090504 (2023)

with

ϑ3 = ϑ3(ξ1,ξ2,ξ3,𝜏 ) = ∑
𝑛∈Z3

e−π⟨𝜏𝑛,𝑛⟩+2π i⟨𝜉,𝑛⟩, (8)

where 𝑛 = (n1,n2,n3)
T ∈ Z3, 𝜉 = (ξ1,ξ2,ξ3)

T ∈ C3, ξi =

αix+ωit +ξ 0
i , (i = 1,2,3),

𝜏 =

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 , τ11 > 0, τ22 > 0,

τ33 > 0, τ21 = τ12, τ31 = τ13, τ23 = τ32, |τ|> 0.

𝜏 is a positive-definite real valued symmetric 3 × 3 matrix,
which we name the periodic matrix of the Riemann theta func-
tion. The three-periodic solution exhibits the interaction of
three periodic waves. τii represents the amplitude of the i-th
wave, and τi j (i ̸= j) represents the phase shift of the interac-
tion between the i-th wave and the j-th wave. Based on Eq. (6),
we can obtain 8 equations,

ℋ̃(0,0,0) = ℋ̃(1,0,0) = ℋ̃(0,1,0) = ℋ̃(0,0,1) = ℋ̃(0,1,1)

= ℋ̃(1,0,1) = ℋ̃(1,1,0) = ℋ̃(1,1,1) = 0,

where ℋ̃ = ℋ̃KdV or ℋ̃Hie. Next we will use perturba-
tion method to obtain the unknown parameters of the three-
periodic solution of the KdV equation or the Hietarinta equa-
tion.

3. KdV equation
3.1. The three-periodic solution of KdV equation

In order to make the Riemann ϑ3 function (8) satisfy the
bilinear Eq. (1), that is,

ℋKdV(Dx,Dt)ϑ3 ·ϑ3

= ∑
𝑛∈Z3

∑
𝑚∈Z3

ℋKdV(Dx,Dt)e−π⟨𝜏𝑛,𝑛⟩+2π i⟨𝜉,𝑛⟩

×e−π⟨𝜏𝑚,𝑚⟩+2π i⟨𝜉,𝑚⟩ = 0,

the following 8 equations are obtained

∑
𝑛∈Z3

ℋKdV[2π i⟨2𝑛−𝑠 j,𝛼⟩,2π i⟨2𝑛−𝑠 j,𝜔⟩]ε j(𝑛) = 0, (9)

where 𝛼 = (α1,α2,α3)
T, 𝜔 = (ω1,ω2,ω3)

T, 𝑠1 = (0,0,0)T,
𝑠2 = (1,0,0)T, 𝑠3 = (0,1,0)T, 𝑠4 = (0,0,1)T, 𝑠5 = (1,1,0)T,
𝑠6 = (0,1,1)T, 𝑠7 = (1,0,1)T, 𝑠8 = (1,1,1)T, ε j(𝑛) =

e−π[⟨(𝑠 j−𝑛)𝜏 ,𝑠 j−𝑛⟩+⟨𝜏𝑛,𝑛⟩], 𝑠 j =(s j
1,s

j
2,s

j
3)

T, j = 1,2,3, . . . ,8.
Suppose λ1 = e−πτ11 , λ2 = e−πτ22 , λ3 = e−πτ33 , λ4 = e−2πτ12 ,
λ5 = e−2πτ13 , and λ6 = e−2πτ23 , then

ε j(𝑛) = λ
n2

1+(n1−s j
1)

2

1 λ
n2

2+(n2−s j
2)

2

2 λ
n2

3+(n3−s j
3)

2

3

×λ
n1n2+(n1−s j

1)(n2−s j
2)

4 λ
n1n3+(n1−s j

1)(n3−s j
3)

5

×λ
n2n3+(n2−s j

2)(n3−s j
3)

6 . (10)

λ1, λ2, and λ3, can be regarded as small parameters, and then
we denote ωi, C as the series of λ1, λ2, and λ3,

ω1 = ∑
i, j,k≥0

ω1,i, j,kλ
i
1λ

j
2 λ

k
3 ,

ω2 = ∑
i, j,k≥0

ω2,i, j,kλ
i
1λ

j
2 λ

k
3 ,

ω3 = ∑
i, j,k≥0

ω3,i, j,kλ
i
1λ

j
2 λ

k
3 ,

C = ∑
i, j,k≥0

Ci, j,kλ
i
1λ

j
2 λ

k
3 . (11)

By substitute Eqs. (10) and (11) into Eq. (9), and the nonlinear
equations can be transformed into linear equations. Then we
collect all the coefficients of λ i

1λ
j

2 λ k
3 in the linear equations

and set the coefficients to zero one by one, then we can obtain
some coefficient equations about ωa,i, j,k, Ci, j,k, λ4, λ5, and λ6,
(a = 1,2,3), (i, j,k = 0,1,2, . . .). By solving these coefficient
equations, we can obtain the following results:

ωi = 4π
2
αi

3 −96π
2
αi

3
λi

2 + · · · , (i = 1,2,3),

C = 384π
4
(

λ1
2
α1

4 +λ2
2
α2

4 +λ3
2
α3

4
)
+ · · · ,

λi+k+1 =
αi

2 −2αiαk +αk
2

αi2 +2αiαk +αk
2 , (1 ≤ i,k ≤ 3, i ̸= j). (12)

Substituting Eq. (12) into Eq. (7), the three-periodic solution
of the KdV equation is obtained.

3.2. The asymptotic soliton of the periodic solution

When C = 0 in Eq. (1), the three-soliton solution of KdV
equation can be obtained[28]

U = 2(ln f )xx (13)

with

f = 1+ eη1 + eη2 + eη3 +A12 eη1+η2 +A23 eη2+η3

+A13 eη1+η3 +A123 eη1+η2+η3 , (14)

where ηi = κix + µit + η0
i , µi = −κ3

i (i = 1,2,3), A jk =
κ j

2−2κ jκk+κk
2

κ j2+2κ jκk+κk
2 (1 ≤ i, j ≤ 3, i ̸= j), A123 = A12A13A23. Now we

will prove that the three-periodic solution of the KdV equation
can be reduced to its three-soliton solution when λ1 = e−πτ11 ,
λ2 = e−πτ22 , λ3 = e−πτ33 → 0. We rewrite Riemann theta
function ϑ3 (8),

ϑ3 = 1+(e2π iξ1 + e−2π iξ1)e−πτ11 +(e2π iξ2 + e−2π iξ2)

×e−πτ22 +(e−2π iξ3 + e2π iξ3)e−πτ33

+(e−2π i(ξ1+ξ2)+ e2π i(ξ1+ξ2))e−π(τ11+τ22+2τ12)

+(e−2π i(ξ1+ξ3)+ e2π i(ξ1+ξ3))e−π(τ11+τ33+2τ13)

+(e−2π i(ξ2+ξ3)+ e2π i(ξ2+ξ3))e−π(τ22+τ33+2τ23)

+(e−2π i(ξ1+ξ2+ξ3)+ e2π i(ξ1+ξ2+ξ3))

×e−π(τ11+τ22+τ33+2τ12+2τ13+2τ23)+ · · · . (15)

090504-3
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If we denote

βi = 2π iαi, γi = 2π iωi =−β
3
i , θ

0
i = 2π iξ 0

i −πτii,

ai j = λi+ j+1 =
αi

2 −2αiαk +αk
2

αi2 +2αiαk +αk
2

=
βi

2 −2βiβk +βk
2

βi
2 +2βiβk +βk

2 ,

τ12 = − lna12

2π
, τ13 =− lna13

2π
,

τ23 = − lna23

2π
, a123 = a12a13a23, (1 ≤ i < j ≤ 3).

Suppose θi = βix + γit + θ 0
i and C = 0 then equation (15)

changes into

ϑ(ξ ,τ) = 1+ eθ1 + eθ2 + eθ3 +a12(eθ1+θ2)

+a13(eθ1+θ3)+a23(eθ2+θ3)

+a123(eθ1+θ2+θ3) (16)

at λ1 = e−πτ11 , λ2 = e−πτ22 , λ3 = e−πτ33 → 0. Equations (16)
and (14) are identical, so we can conclude that the three-
periodic solution (7) of KdV equation can be reduced to its
three-soliton solution.

We choose appropriate parameters to ensure that the three
waves of the three-periodic solution have the same velocity
direction. We find that during the interaction, the asymp-
totic three-soliton solution presents the same repulsive phe-
nomenon as the three-periodic solution. The interactions of
the three-periodic solution and its asymptotic three-soliton
soulition are shown in Figs. 1(a) and 1(b) respectively. As
can be seen from Fig. 1, When the three branches of the three-
periodic solution approach to each other, the tall branch jumps
forward and the other low branches jump back, forming a re-
pulsion phenomenon. The three branches of the asymptotic
three-soliton solution also present repulsion phenomenon dur-
ing the interaction.
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Fig. 1. Choosing α1 = 0.01, α2 = 0.02, α3 = 0.03, C = 0.1, and ξ 0
1 = ξ 0

2 = ξ 0
3 = 0. (a) The three-periodic soulition with parameters τ1,1 = 0.6,

τ2,2 = 0.7, τ3,3 = 0.8. (b) The three-periodic solution in panel (a) degenerates into the three-soliton solution with τii →+∞ (i = 1,2,3). (c) The
three-periodic soulition of the KdV equation with parameters τ1,1 = 0.6, τ2,2 = 17, τ3,3 = 0.8. (d) The three-periodic soulition of the KdV
equation with parameters τ1,1 = 16, τ2,2 = 17, τ3,3 = 0.8.

The three-periodic solution degenerates to the two-
periodic solution when any one of τ11, τ22, and τ33 is large
enough, and the one-periodic solution when any two of them
are large enough. Next, we give two examples. If τ22 is large
enough, that is λ2 ≪ λ1, λ3, then equation (15) has the follow-
ing form:

ϑ3 ≈ 1+(e2π iξ1 + e−2π iξ1)λ1 +(e−2π iξ3 + e2π iξ3)λ3

+(e−2π i(ξ1+ξ3)+ e2π i(ξ1+ξ3))λ1λ3λ5 + · · · . (17)

So equation (17) is the Riemann theta function of genus N = 2,
and the approximate two-periodic solution of KdV equation
can be obtained by Eqs. (7) and (17) (see Fig. 1(c)). When τ11

and τ33 are large enough, that is λ1, λ3 ≪ λ2,

ϑ3 ≈ 1+(e−2π iξ2 + e2π iξ2)λ2 + · · · . (18)

Similarly, we can obtain an approximate one-periodic solution
of the KdV equation from Eqs. (7) and (18) (see Fig.1(d)).
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4. Hietarinta equation
4.1. The three-periodic solution of Hietarinta equation

In order to make the Riemann ϑ3 function (8) satisfy the
bilinear equation (2), that is,

ℋHie(Dx,Dt)ϑ3 ·ϑ3

= ∑
𝑛∈Z3

∑
𝑚∈Z3

ℋHie(Dx,Dt)e−π⟨𝜏𝑛,𝑛⟩+2π i⟨𝜉,𝑛⟩

×e−π⟨𝜏𝑚,𝑚⟩+2π i⟨𝜉,𝑚⟩ = 0,

the following 8 equations are obtained

∑
𝑛∈Z3

ℋHie[2π i⟨2𝑛−𝑃 j,𝛼⟩,2π i⟨2𝑛−𝑃 j,𝜔⟩]ε j(𝑛) = 0,

(19)

where 𝛼 = (α1,α2,α3)
T, 𝜔 = (ω1,ω2,ω3)

T 𝑃 1 = (0,0,0)T,
𝑃 2 = (1,0,0)T, 𝑃 3 = (0,1,0)T, 𝑃 4 = (0,0,1)T, 𝑃 5 =

(1,1,0)T, 𝑃 6 = (0,1,1)T, 𝑃 7 = (1,0,1)T, 𝑃 8 = (1,1,1)T,
ε j(𝑛) = e−π[⟨(𝑃 j−𝑛)𝜏 ,𝑃 j−𝑛⟩+⟨𝜏𝑛,𝑛⟩], 𝑃 j = (P j

1 ,P
j

2 ,P
j

3 )
T,

( j = 1,2,3, . . . ,8). We use the same way as the method to get
the solution of KdV equation to obtain the unknown parame-
ters ω1, ω2, ω3, C, τ12, τ23, τ13, of the three-periodic solution
of Hietarinta equation by using the perturbation method. We
assume

Ai =
√

−π2αi2 +b,

Ti j = π
2
αi

2 +2π
2
α j

2 − 9
4

C2,

αi j =

(
π

2
αi

2 − 3
4

b
)(

π
2
α j

2 − b
4

)(
π

2
α j

2 −b
)
,

Ki j = π
4
αi

4
α j

2 − 5
4

(
π

2
α j

2 − b
20

)
bαi

2 +
3

16
b2

α j
2,

Bi j = π
2
(

π
2
α j

2 − b
2

)
αi

4

+
1
4

b
(

π
2
α j

2 +
3
4

b
)

αi
2 − 3

16
b2

α j
2,

Ri j =

(
π

4
α j

4 − 1
2

π
2bα j

2 − 1
8

b2
)

αi
4

− 3
4

b
(

π
2
α j

2 − 7b
12

)
α j

2
αi

2 − 1
16

b2
α j

4,

Qi j =
1
2

(
π

2
α j

2 +
b
4

)
π

2
αi

4

+

(
π

4
α j

4 −
9π2bα j

2

8
− 3b2

32

)
αi

2

− 1
2

(
π

2
α j

2 − 3
4

b
)

bα j
2,

Li j = π
2
(

π
4
αi

4 −π
2bαi

2 +
1
8

b2
)

α j
4

− 1
4

(
π

4
αi

4 − 9
4

π
2bαi

2 +
3
4

b2
)

bα j
2

−
7b2αi

2
(
π2αi

2 − 3
7 b
)

16
, (20)

and then the unknown parameters are expressed as follows:

λi+ j+1 =−
(αi −α j)

(
π (αi −α j)

(
−2π2αiα j −2AiA j +b

)√
3−2 (αi +α j)(−A2αi +Aiα j)π2 +3b(Ai −A j)

)(
π (αi +α j)(2π2αiα j +2AiA j +b)

√
3+2 (αi −α j)(Aiα j −A jαi)π2 +3b(Ai +A j)

)
(αi +α j)

, (21)

ω1 =
−π

√
3α1 −A1

2π
+

6b
(
π
√

3α1 +A1
)

λ1
2

π
(
π2α12 −π

√
3A1α1 −b

)
+

24
(
π2α2

2 −b/4
)

α2
((

B21
√

3α1A1 +3R21π
)

A2 +α2
(
−3K21α1π A1 +L21

√
3
))

λ2
2

(α1 −α2)α1
(
−α2

(
−T21α1π A1 (π2α12 −b/4)+

√
3α21

)
A2 +α12

√
3α1A1 +Q21π (π2α12 −b)

)
π (α1 +α2)

+
24
((

B31
√

3α1A1 +3R31π
)

A3 +α3
(
−3K31α1π A1 +L31

√
3
))(

π2α3
2 −b/4

)
α3λ3

2(
−
(
−T31α1π A1 (π2α12 −b/4)+

√
3α31

)
α3A3 +α13

√
3α1A1 +Q31π (π2α12 −b)

)
(α1 −α3)α1π (α1 +α3)

+ · · · ,

(22)

ω2 =
−π

√
3α2 −A2

2π
+

6b
(
π
√

3α2 +A2
)

λ2
2

π
(
π2α22 −π

√
3A2α2 −b

)
−

24
((

α2B12
√

3A2 +3R12π
)

A1 +
(
−3α2K12π A2 +

√
3L12

)
α1
)

α1
(
π2α1

2 −b/4
)

λ1
2

α2 (α1 −α2)π (α1 +α2)
((
(π2α22 −b/4)α2π T12A2 −α12

√
3
)

α1A1 +α2
√

3α21A2 +2Q12 (π2α22 −b)π
)

+
24
(
π2α3

2 −b/4
)

α3
((

B32
√

3α2A2 +3R32π
)

A3 +
(
−3α2π K32A2 +L32

√
3
)

α3
)

λ3
2(

α3
(
α2π T32A2 (π2α22 −b/4)−α32

√
3
)

A3 +α23
√

3α2A2 +Q32π (π2α22 −b)
)
(α2 −α3)α2π (α2 +α3)

+ · · · ,

(23)

ω3 =
−π

√
3α3 −A3

2π
+

6b
(
π
√

3α3 +A3
)

λ3
2

π
(
π2α32 −π

√
3A3α3 −b

)
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−
24
((

α3B13
√

3A3 +3R13π
)

A1 +α1
(
−3K13α3π A3 +

√
3L13

))
α1
(
π2α1

2 −b/4
)

λ1
2

α3
((
(π2α32 −b/4)T13α3π A3 −α13

√
3
)

α1A1 +
√

3α31α3A3 +2Q13 (π2α32 −b)π
)
(α1 −α3)π (α1 +α3)

−
24
((

α3B23
√

3A3 +3R23π
)

A2 +α2
(
−3α3K23π A3 +

√
3L23

))
α2
(
π2α2

2 −b/4
)

λ2
2

α3 (α2 −α3)
(
α2
(
(π2α32 −b/4)α3T23π A3 −α23

√
3
)

A2 +α3
√

3α32A3 +2 (π2α32 −b)Q23π
)

π (α2 +α3)
+· · · ,

(24)

C = 48
(

π
√

3α1
2 +A1α1

)
π bλ1

2

+48
(

π
√

3α2
2 +A2α2

)
π bλ2

2

+48
(

π
√

3α3
2 +A3α3

)
π bλ3

2 + · · · .

Equations (22)–(24) show the algebraic relationships among
the free constant b, frequencies and wave numbers. It can
be seen from the expression that the frequency ω j not only
is related to the j-th wave number but also to the other two

wave numbers, in other words, the dispersion relationship of
the waves has changed. By substituting Eq. (24) into Eq. (8),
the three-periodic solution of Hietarinta equation is obtained.

The three-periodic solution is shown in Fig. 2, and it has
the following two characteristics: (i) The three-periodic solu-
tion is symmetric about the x and t axes (see Figs. 2(c) and
2(d)). (ii) It has 2N fundamental periods {𝜁i, i = 1,2, . . . ,N}
and {τi, i = 1,2, . . . ,N} in (ξ1,ξ2,ξ3) with 𝜁1 = (1,0, . . . ,0)T,

. . . , 𝜁N = (0,0, . . . ,1)T.

U
U

x

t

(a) (b)

Fig. 2. The three-periodic solution of the Hietarinta equation with parameters α1 = 0.03, α2 = 0.06, α3 = 0.09, τ1,1 = 0.85, τ2,2 = 1.05,
τ3,3 = 1.25, λ1 = 0.06922773125, λ2 = 0.03693217019, λ3 = 0.01970287297, C = 0.1, and ξ 0

1 = ξ 0
2 = ξ 0

3 = 0. (a) The three-periodic solution
of the Hietarinta equation at t = 0. (b) The three-periodic solution of the Hietarinta equation at x = 0.

4.2. The asymptotic soliton of the periodic solution

When C = 0 in the bilinear equation (2), the three soli-
ton solution of Hietarinta equation can be obtained by using
Hirota bilinear method

UH = 2(ln f )xx, (25)

with

f = 1+ eψ1 + eψ2 + eψ3 +m12 eψ1+ψ2

+m23 eψ2+ψ3 +m13 eψ1+ψ3 +m123 eψ1+ψ2+ψ3 , (26)

where ψi = ιix+νit +ψ0
i , νi =

√
3ιi/2+

√
−ι2

i −4b/2 and

mi j = −
(ιi − ι j)

(ιi + ι j)

×
((
√

3(ιi − ι j)
√
−ι j2 −4b+ ιiι j + ι j

2 +6b)
√
−ιi2 −4b− (ιi

2 + ιiι j +6b)
√

−ι j2 −4b+
√

3(ιi − ι j)(ιiι j +2b))

((−
√

3(ιi + ι j)
√
−ι j2 −4b− ιiι j + ι j2 +6b)

√
−ιi2 −4b+(ιi2 − ιiι j +6b)

√
−ι j2 −4b+

√
3(−ιiι j +2b)(ιi + ι j))

(1 ≤ i, j ≤ 3) and m123 = m12m13m23. Now we will prove that the three-periodic wave solution of the Hietarinta equation can be
reduced to its three-soliton solution at λ1 = e−πτ11 , λ2 = e−πτ22 , λ3 = e−πτ33 → 0. We rewrite ϑ3 as

ϑ3 = 1+(e2π iξ1 + e−2π iξ1)λ1 +(e2π iξ2 + e−2π iξ2)λ2 +(e−2π iξ3 + e2π iξ3)λ3 +(e−2π i(ξ1+ξ2)

+ e2π i(ξ1+ξ2))λ1λ2λ4 +(e−2π i(ξ1+ξ3)+ e2π i(ξ1+ξ3))λ1λ3λ5 +(e−2π i(ξ2+ξ3)+ e2π i(ξ2+ξ3))λ2λ3λ6

+(e−2π i(ξ1+ξ2+ξ3)+ e2π i(ξ1+ξ2+ξ3))λ1λ2λ3λ4λ5λ6 + · · · . (27)
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If we denote

ιi = 2π iαi, νi = 2π iωi =−1
2

√
−α12 −4b− 1

2

√
3α1,

θ
0
i = 2π iξ 0

i −πτii,

then

λi+ j+1 = mi j, τ12 =− lnm12

2π
, τ13 =− lnm13

2π
,

τ23 =− lnm23

2π
, m123 = m12m13m23, (1 ≤ i < j ≤ 3).

Suppose θi = ιix + νit + θ 0
i and C = 0 then equation (27)

changes into

ϑ(ξ ,τ) = 1+ eθ1 + eθ2 + eθ3 +m12(eθ1+θ2)+m13(eθ1+θ3)

+m23(eθ2+θ3)+m123(eθ1+θ2+θ3) (28)

at λ1 = e−πτ11 , λ2 = e−πτ22 , λ3 = e−πτ33 → 0. Therefore,
the equation (28) shows that the three-periodic solution (27)

of Hietarinta equation can be reduced to its three-soliton solu-
tion (26).

It can be seen from Fig. 3(a) that the three branches of
the three-periodic solution of the Hietrinta equation, and they
move in the same direction. The three-periodic solution of
Hietrinta equation degenerates into its three-soliton solution
as λ1,λ2,λ3,→ 0 (see Fig. 3(b)). Similar to the periodic and
soliton solutions of the KdV equation, it can be seen from
Figs. 3(a) and 3(b) that when the three branches of the three-
periodic solution or the three-soltion solution of the Hietrinta
equation approach to each other, the high beanch jumps for-
ward and the other low branches jump backward, forming a
repulsive phenomenon. As can be seen from Figs. 3(a), 3(c),
and 3(d), when any two or one of τ11, τ22, and τ33 are large
enough, the three-periodic soulition can degenerate to two- or
one-periodic soulitions.
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Fig. 3. (a) The three-periodic soulition of the Hietrinta equation with parameters p1 = 0.03, p2 = 0.06, p3 = 0.09, τ1,1 = 0.85, τ2,2 = 1.05,
τ3,3 = 1.25, λ1 = 0.06922773125, λ2 = 0.03693217019, λ3 = 0.01970287297, C = 0.1, and ξ 0

1 = ξ 0
2 = ξ 0

3 = 0. (b) As λ1, λ2, λ3 → 0,
the three-periodic solution degenerates into the three-soliton. (c) The parameter τ2,2 = 25 and other parameters remain the same, the three-
periodic solution degenerates to a two-periodic solution. (d) The parameters τ1,1 = 85, τ3,3 = 25 and other parameters remain the same, the
three-periodic solution degenerates to a one-periodic solution.

5. Conclusion

We gave the approximate analytical three-periodic solu-
tions of the KdV equation and the Hietarinta equation for
the first time by using the perturbation method. We obtained
the algebraic relations among phase shift, wave numbers, fre-
quency, and amplitudes after tedious calculations. By a limit
method, that is, τ1,1, τ2,2, τ3,3 → +∞, the three-periodic so-
lutions of the KdV equation and the Hietarinta equation de-
generate into three-soliton solutions. We find that the three-

periodic solution presents the same repulsive phenomenon as
the asymptotic three-soliton solution during the interaction.
Moreover, we find that when one or two of τ1,1, τ2,2, τ3,3 are
large enough, the three-periodic solution can degenerate into
the one- or two-periodic solution.
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