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Based on the direct method of calculating the periodic wave solution proposed by Nakamura, we give an approximate
analytical three-periodic solutions of Korteweg—de Vries (KdV)-type equations by perturbation method for the first time.
Limit methods have been used to establish the asymptotic relationships between the three-periodic solution separately and
another three solutions, the soliton solution, the one- and the two-periodic solutions. Furthermore, it is found that the
asymptotic three-soliton solution presents the same repulsive phenomenon as the asymptotic three-soliton solution during

the interaction.
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1. Introduction

There are many methods to study analytical solutions
of nonlinear partial differential equations (NLPDEs), such as
inverse scattering transform, 2! Painlevé analysis,[3’4] Dar-
boux transformation,>~! deep learning method,!'°! Hirota bi-
linear method, and so on,[!1-15] among which Hirota bilinear
method is an important method to obtain the exact solution of
NLPDEs. In particular, Hirota bilinear method is extended to
construct periodic solutions of some NLPDE:s.

The periodic solution of NLPDEs is one of the hot top-
ics in soliton theory. The quasi-periodic solutions is first
studied by Dubrovin, Matveevet, Novikov et al., and they
can also be called finite gap solutions.!'~'8] Nakamura pro-
posed a method of constructing quasi-periodic solutions based

19.201 and this method can be sued

on Hirota bilinear method!
to obtain the algebraic relations among frequencies, phase
shifts, amplitudes, and wave numbers. The existence con-
dition for N-periodic solution of partial differential equa-
tions has been given, and when N > 3, this existence condi-
tion is an over-determined system. A few decades later, the
two-periodic solutions of the Toda lattice equation, Nizhnik—
Novikov—Veselov equation, the Fokas equation, the nonlocal
Boussinesq equation, and KdV equation are obtained.[?!-%]
Recently, some three-periodic solutions of NLPDEs have been
proved to exist, such as KdV-type equations and Tzitzeica
equation,?®?7! but no one has yet given analytical expressions
of their three-periodic solutions. We will construct the three-
periodic solutions of two KdV-type equations in this article.

We called KdV-type equations when the equation

L(u,up,thyy,...) =0
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can be transformed into bilinear form

F(Dlanv"'aC)f'f:O

by dependent variable transformation

u=2(Inf)yy,

where F' is an even function of Dy, Dy, ..., and C is an in-
tegration constant. The standard identities for the Hirota D-

operators:

DIDEf(x,1) - g5, 1)
— (3= 00)™ (O — ) F ()W) s

The three-periodic solutions of the KdV and the Hietarinta
equations, have been shown to exist, and their bilinear equa-
tions are as follows: [27]

Hiav 1= (DD, +D{+C)f - f =0, (1)

Hptie : = (D2D; +V/3D>D? +aD? +bD,D; +C)f - f = 0. (2)

In this paper, we construct the three-periodic solutions of
the KdV and the Hietarinta equations and analyze the asymp-
totic relations between the periodic solutions and the soliton
solutions. In addition, we also analyze the interactions of the
three-periodic solutions. In Section 2, 8 algebraic equations
satisfying the three-periodic solutions of the Hietarinta and the
KdV equations are respectively obtained based on Riemann
theta function and Hirota bilinear method. In Section 3, we
construct the three-periodic solution of KdV equation, and the
asymptotic relationship between the three-periodic solution
and the three soliton solution is constructed. In Section 4, the
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three-periodic solution of Hietarinta equation and its asymp-
totic three soliton are constructed, then we find the periodic
solutions and their asymptotic solitons can exhibit the same
characteristic during the nonlinear interaction, namely, repul-
sive phenomenon. In Section 5, a summary is given.

2. The three-periodic solutions of KdV-type
equations

2.1. Condition for N-periodic solutions

Based on the following multi-periodic Riemann theta
function in genus N, we consider the multi-periodic solutions
of the KdV and the Hietarinta equations:

=2(In )y,

Hf-f = ( )f'f

Z e —n(tn,n)+2ri(€n)

neZN

with
9= Z e —m{Tn.n +27‘l:1<£n>7 3)
nezN
where n = (nl,ng,...nN)T € zV, &= (&1,52,...5N)T € C?,
é,’:(xix-‘r(x),’l—‘réio,i:1,2,...7N
Tir Tiz - TN
T1 T2 -+ T3
T = s Tl','>0, Tij = Tji, |T‘>0.

N1 TN2 -+ TNN
T is a positive definite real valued symmetric N X N matrix.
When we substitute Eq. (3) into Eq. (1) or Eq. (2), we can get

Z e —m{Tm,m)+2ni(€,m)

mezZN

Y, H[2ri(n—m,a),27i(n—m,w)] i@ ntm)=a((rnn)+{rmm))

n,mezN
=Y HRrin— 1 o), 271 (20 — L w)] 2T &N AT Hr(n=l)n=1)
n,lezZN
= Y H(lib, - ly) e =0, €
1ezN
where
~ N N N
H(ll,lz,...,l]v) = Z 7‘[27‘512 2}1] aj,ZEiZ(znjflj)(Dj}eXp |:7'E Z (nj*lj)Tjk(nk*lk)JF”jTjk”k
nj=—eo Jj=1 j=1 Jok=1
njfn +6j, N . N
Z H[2mi Y (2n;— (1, —28;.)) ;.27 Y (2n; — (I — 25).)) )]
nj=—c° Jj=1 J=1
N
X exp|—7 Z (nj — (lj — 25jz))1f,-k(nk — (lk — 28](1)) +l1j17jknk:| , 5)
k=1
o _ |
H = Hxav or Huies @ = (a1,...,0n)T, w = (oy,...,0y)T,  From Eq. (6), when n = N we have has 2V equations. The
m=(my,...,my)", and L = (I,...,Iy)", z=1,2,...,N. 8;;  wave numbers (q,0p,...,0y) and the amplitude parameters

is the Kronecker’s symbol, which denotes that

1, z=,
6]'1: ]
0, z#]J.

From Eq. (5) we can obtain

H(l, byl ) = H (o Dy =2, D), 2=
By inductive analysis, we can get
#(0,0,...,0)
——
N
= H(1,0,...,0) = H(0,1,...,0) = H(0,0,1,...,0)
= . =H(1,1,...,1)=0. (6)

(T11,T22,...,Tyn) of the Riemann theta function of genus N

are taken as arbitrarily given parameters, then the number of
;0n), T (11, j<N,i# j),
and C is (N? +N+2)/2. So when N > 3, equation (6) is an

over determined system.

unknown parameters (@;, @, . . .

2.2. The three-periodic wave solutions of KdV-type equa-
tions

Based on Eq. (3), the three-periodic solution of the KdV
equation or the Hietarinta equation is

=2(In%3)x, (N
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with

Z e —m{Tn,n)+2ri(g, 'n>7 (8)

nez3

E=(£,6.86)TeC, &=

=%(81,62,6,7)

where n = (nl,nz,ng)T e 73,
ax+ ot + &, (i=1,2,3),

11 Tiz2 T3

T=| T1 T2 T3 |, T1n>0, >0,
31 132 133
733 >0, T =T, W =T3 T3=7"Tn, |7|>0.

T is a positive-definite real valued symmetric 3 x 3 matrix,
which we name the periodic matrix of the Riemann theta func-
tion. The three-periodic solution exhibits the interaction of
three periodic waves. T; represents the amplitude of the i-th
wave, and 7;; (i # j) represents the phase shift of the interac-
tion between the i-th wave and the j-th wave. Based on Eq. (6),
we can obtain 8 equations,

#H(0,1,1)
0,

—ﬁ(o 0,1)=
=7H(1,1,1)

where H = ﬁKdy or ﬁ]—[ie. Next we will use perturba-
tion method to obtain the unknown parameters of the three-
periodic solution of the KdV equation or the Hietarinta equa-

tion.

3. KdV equation
3.1. The three-periodic solution of KdV equation

In order to make the Riemann 3 function (8) satisfy the
bilinear Eq. (1), that is,

Hiav (Dx, Dy) 03 - O3
_ Z Z HKdV(DMDt)efﬂ(rn,n>+2ﬂ?i(§,n>

neZ3 meZz3

« efn<7'm7m>+27ri(§,m> -0

the following 8 equations are obtained

Y Hxav[2mi(2n— s/,

neZz’3

a),2mi(2n — s/ w)le;(n) =0, (9)

= (0,0,0)T,
=(0,0,1)", 8 = (1,1,0)7,

where o = (al,az,(xg)T = (wl,a)z,wg)T,

:(1,0,0) s3 *(0,1,0)
6 = (0,1,1)T, s7 = (1,0, 1) s = (LD, g(n) =
e llsl—m)rsln)tirnm)] gi — (o] YT j—1,23,...8,
Suppose A; = e T Ly =e T2 A3 =T Ay = 6_2’”12,

As = e 2773 and Ag = e 273, then

n2+(n ﬁv'i)z n2+(n ﬁs'j)2 n2+(n —sj)2
_ 1 175 2T\n—5 33T
gj(n) = 4 ) A
nn-‘rn—sjn—sj nin3+(np—sy)(n3—s
></1412 (ny—s1)(n2 2)1513 (n— )(3 3)

—s)(n3—s
X/'Lélznff(”z 2)( 3 3>. (10)

A1, A2, and A3, can be regarded as small parameters, and then
we denote m;, C as the series of A1, A, and A3,

N

o =), oA AL,
i.j k=0

N

=Y oMM,
/20

0 ink

Z ab,i,j,klfﬂz%,
/20

C= Y GMMAk. (11)

i,j:k=0

3

By substitute Egs. (10) and (11) into Eq. (9), and the nonlinear
equations can be transformed into linear equations. Then we
collect all the coefficients of lf XQJ /'Lé‘ in the linear equations
and set the coefficients to zero one by one, then we can obtain
Cijk» A4, As, and A,

.). By solving these coefficient

some coefficient equations about @, ; .
(a=1,2,3), (i,j,k=0,1,2,..
equations, we can obtain the following results:

— 9620 A+, (i=1,2,3),
C=384r* (1120614 + 2wt + ?L3za34) e

=4n’a’

Ol,'z —20404 + (Xk2
o +2 004+ oy’

Aipirt = (1<ik<3,i#j). (12)

Substituting Eq. (12) into Eq. (7), the three-periodic solution
of the KdV equation is obtained.

3.2. The asymptotic soliton of the periodic solution

When C = 0 in Eq. (1), the three-soliton solution of KdV
equation can be obtained %!

=2(In f)xx 13)
with

f=1+eMtePye® FApeMTM 4 Ayye '

+ApeMTB LA y3eM Tt (14)

where 1; = Kix + it + 17, W = —1; (i =1,2,3), Ay =
K'272K'-K'k+1(k2 .. . .

K;2+2K_j/Kk+Kk2 (1<0,j<3,i# ), A3 = AnA13Az;. Now we
will prove that the three-periodic solution of the KdV equation
can be reduced to its three-soliton solution when A; = e "1,
A= e ™2 A3 = e ™ (0. We rewrite Riemann theta

function 93 (8),

,’53 — 1+(62ni§1 727[ié1) —TT) _~_(e275i§2+672ﬂ.’ié2)
xe T2 4 (e

271153“"62”153)9 133
_|_( —27mi(&1+&) + e277:1 (&1+&) )e
)

7(T11+T22+2712)
+(e —2mi(61483) 4 o2mi(81483) ) o~ (71 +T3342713)
_|_(e*27“ (&+&3) 4+ e2mi (&+&3) )efn(rzz+r33+2123)
+ (e*ZEi(51+§2+§3) + 62”i(§1+§2+53))

% e77[(1'11+122+T33+2‘512+2‘L'13+2‘L‘23) 4 (15)
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If we denote

Bi = 2rmicy, ¥ =2miey=—-PB>, 6 =2mi& —n1y,
b s o2 —2 0500 + o2
VT T a2 L oion + o2
_ B —2BiBi+ B’
B’ +2BiB+ B
Ty = _1116112, T3 = _11‘16113’
2r 2r
T3 = _lna23, aip =apapay, (1<i<j<3).

2r

Suppose 6; = Bix + vt + 91‘0 and C = 0 then equation (15)
changes into

B(8,7) =

1+e? +e® 1 e% fap(e®t®)

+ar3(eh7%) fax(e®%)

+aps(eftotss) (16)
(a) 3000 % 0.015
2000 0.010
1000 0.005

-~

0
0
—1000 0.005
—2000
—0.010
—3000 &

(c) 3000 0.015
2000 0.010
1000 A V'%

0.005

-

0
—1000}
—0.005
—2000}
—3000 3 ' —0.010
—300 —200 —100 0 100 200
xT

Fig. 1. Choosing o) = 0.01, 0p =0.02, o3 = 0.03, C =0.1, and 5{) =

§=5=

atdy = e " A = e 22, )3 = e B3 — (. Equations (16)
and (14) are identical, so we can conclude that the three-
periodic solution (7) of KdV equation can be reduced to its
three-soliton solution.

‘We choose appropriate parameters to ensure that the three
waves of the three-periodic solution have the same velocity
direction. We find that during the interaction, the asymp-
totic three-soliton solution presents the same repulsive phe-
nomenon as the three-periodic solution. The interactions of
the three-periodic solution and its asymptotic three-soliton
soulition are shown in Figs. 1(a) and 1(b) respectively. As
can be seen from Fig. 1, When the three branches of the three-
periodic solution approach to each other, the tall branch jumps
forward and the other low branches jump back, forming a re-
pulsion phenomenon. The three branches of the asymptotic
three-soliton solution also present repulsion phenomenon dur-
ing the interaction.

X103

16
14
12
10
8
6
4
2
—5000

—300

5000

(d) 3000
2000 |

1000

0. (a) The three-periodic soulition with parameters 7; 1 = 0.6,

72 =0.7, 133 = 0.8. (b) The three-periodic solution in panel (a) degenerates into the three-soliton solution with 7;; — +oo (i =1,2,3). (c) The
three-periodic soulition of the KdV equation with parameters 711 = 0.6, 722 = 17, 733 = 0.8. (d) The three-periodic soulition of the KdV

equation with parameters 7y | = 16, T2, = 17, 733 = 0.8.

The three-periodic solution degenerates to the two-
periodic solution when any one of 7j1, 72, and 733 is large
enough, and the one-periodic solution when any two of them
are large enough. Next, we give two examples. If 7y, is large
enough, that is A, < A1, A3, then equation (15) has the follow-
ing form:

O~ 1+ (e2n:i§1 + efzmél)ll + (ef2ni§3 + e2ni§3)}‘3

+ (e 2miE1H+8) 4 o271 (E1+8)) 2 A3 ds o+ - - (17)

So equation (17) is the Riemann theta function of genus N = 2,
and the approximate two-periodic solution of KdV equation
can be obtained by Eqs. (7) and (17) (see Fig. 1(c)). When 7y
and 733 are large enough, that is A1, A3 < 4,,
03~ 1+(e_2”i§2+62”i§2)12+m . (18)

Similarly, we can obtain an approximate one-periodic solution
of the KdV equation from Eqgs. (7) and (18) (see Fig.1(d)).
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. . . 3 b
4. Hietarinta equation aU::(ﬁaﬂ—4b><ﬁqf—4)(ﬁqf—by
4.1. The three-periodic solution of Hietarinta equation

5 b 3
In order to make the Riemann %3 function (8) satisfy the K;; = 7174051'4%2 2 (752%‘2 - 20) bO‘i2 + 16 bz%'z,
bilinear equation (2), that is, b
B;j = n? (7:2002 > ot
] '] 2 1
HHie(DX7Dt)193 . 193
= Y Y Huie(Dy,Dy)e Hrmmmiten) 41 <7r2aj2 +3b> o — ibzocjz,
nezZ3 meZz3 4 4 16
—n{rm,m)+2ri(€m) __ 1 1
xe 7'E< >+ ﬂl<£ > _O) le — <n.4aj4_2n.2baj2_8b2> ai4
the following 8 equations are obtained 3 7b 1
) ) —4b(7f2aj2 12) (XJZ 12 szaﬁ,
Y Huiel27i(2n — P/ ), 271 (2n — P/, w)]ej(n) =0, | )
nez’ 2,2 2,4
j == (e +- |0,
(19) @i 2( ’ 4) ’
9m’ba>  3b*
where o = (a1, 00,05)", w = (01, 0y, 03)" P! = (0,0,0)T, + <7r4ocj4— 2 L 32> 2
P2 = (1,0,0)T, P? = (0,1,0)T, P* = (0,0,1)T, P> = ] 3
(1,1,0)T, P° = (0,1,1)T, P7 = (1,0,1)T, P = (1,1,1)7, -3 (nzaj2—4b> ba?,
ej(n) _ e7ﬂ[((Pf7n)T,Pj7n>+<1'n,n>]’ P/ = (P{,sz,P?’])T, |
(j=1,2,3,...,8). We use the same way as the method to get L = n’ (7[4%4 — 1?bo” + 3 b2> (xj4
the solution of KdV equation to obtain the unknown parame- | 9 3
ters @y, @y, 3, C, T12, T3, T13, of the three-periodic solution 1 (717406,-4 2 nzbaiz + 1 b2> baj2
of Hietarinta equation by using the perturbation method. We
q y gthep 70 (no? — %b)
assume — T , (20)
A; = /—m2a2+b,
9
I; = o + 2ﬂ20€j2 2 G, and then the unknown parameters are expressed as follows:
|
2 (a,-—ocj) (7'[ (oz,-—ocj) (—27t2ai(xj—2A,-Aj+b)\@—2(ocl-—i—ocj) (—AzOl,'—‘rA,'OCJ')7F2+3b(A,'—Aj)) @
i+jrl = — )
A (7 (04 o)) 220+ 2A:A ;4 b) V3+2 (0 — &) (Aiot; — Ajoy) T +3b (A +A))) (a4 + o))
o — —71'\@061—141 n 6b(717\/§061+A1)),12
! 2w T (n2a12—n\@A1a1—b)
. 24 (7‘(20622 —b/4> (073 ((321\/§(X1A1 +3R2175) Ar+ o (—3K21(X17L'A1 +L21\/§)> 122
(061 — (Xz) o (—062 (—Tzl(Xl TA, (7[20612 — b/4) + \/50621)142 + (X]z\/§061A1 +0nrm (7'[20612 —b)) b4 (051 + 062)
. 24 ((B31\/§061A1 +3R31717) Az 403 (—3K310617‘CA1 +L31\/§)) (7‘[20632 — b/4) 063),32
(= (-TroumA; (2002 —b/4) +V3as1) 03A3 + a13V300A1 + 0317 (22 — b)) (g — o) ay 70 (@ + 03) ’
(22)
0 — —n\30n — Ay N 6b (1300 +A2) Ao
2r T (7172 wr-—x \/§A2(X2 — b)
B 24 (((X2312\/§A2 +3R127‘L’)A1 + (*3 0wKipmAr + \/§L12) 061) o (7‘520612 — b/4) 7L]2
o (o — )7 (o + ) (22 — b/4) aw TinAr — ai2V/3) 04A| + 0V/3001A2 +2 Q1 (T2 002 — b) )
24 (71'20632 —b/4) o3 ((332\6062142 —|—3R327L’) Az + (—3 o0t KA, —|—L32\ﬁ) Ot3) /132
((X3 ((X27'ET32A2 (m2op2 —b/4) — 0632\/§) A3z + 003V/300Ar + On7 (722 — b)) (o — o) opm (0 + 03)
(23)
o — *ﬂ'\@O@*Ag n 619(717\/?063-"-143)132

2 m (2o — mv/3A305 — b)
090504-5
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24 ((063313\/§A3 +3R137‘L’)A1 + o (73K13(X37'CA3 + \5[43)) o (71720612 — b/4) 7L]2
o (((m2es? — b/4) TizosmwAs — ai3V/3) uA; + V30310343 + 2013 (12032 — b) ) (o — 03) @ (04 + 0t3)

24 (((X3Bz3 \BA3 + 3R237‘E) Ar+ 0 (73 o3 Kr3mA3 + \/§L23)) (0% (77.'20622 — b/4) )Lzz
o3 (062 — 063) (062 ((77520632 - b/4) o3TH3mA; — 0623\@) Ar+ OC3\/§OC32A3 +2 (71720632 - b) Q237l') T (062 + 063)

(24)

\
C = 48 (77; V3o 2+ A, 051) T bllz wave numbers, in other words, the dispersion relationship of

5 the waves has changed. By substituting Eq. (24) into Eq. (8),

+48 (717 \/§a22 +A2(X2) nbhl,

148 (” V3as? +As oc3) A2 +--- . The three-periodic solution is shown in Fig. 2, and it has
the following two characteristics: (i) The three-periodic solu-

the three-periodic solution of Hietarinta equation is obtained.

Equations (22)—(24) show the algebraic relationships among tion is symmetric about the x and ¢ axes (see Figs. 2(c) and
the free constant b, frequencies and wave numbers. It can 2(d)). (ii) It has 2N fundamental periods {{;,i = 1,2,...,N}
be seen from the expression that the frequency ; not only  and {7;,i =1,2,...,N}in (§1,&,&3) with ¢; = (1,0, ... 0T

is related to the j-th wave number but also to the other two < v =10(0,0,...,D)T.
081
(a)
0106
U
olo
op2

Fig. 2. The three-periodic solution of the Hietarinta equation with parameters o = 0.03, ap = 0.06, a3 = 0.09, 71,1 = 0.85, 7> = 1.05,
1733 = 1.25, 4} = 0.06922773125, A, = 0.03693217019, A3 = 0.01970287297, C = 0.1, and é? = §20 = 530 = 0. (a) The three-periodic solution
of the Hietarinta equation at ¢t = 0. (b) The three-periodic solution of the Hietarinta equation at x = 0.

4.2. The asymptotic soliton of the periodic solution with

When C = 0 in the bilinear equation (2), the three soli-

. o . . . =1+eV+eV+eV+mpe ™V
ton solution of Hietarinta equation can be obtained by using f 12

Hirota bilinear method +mp3eV? Vs 4+ mpz eV fmypze V1TV (26)

Ug = 2(lnf)xx, 25) where Vi =1x+ Vit + l,l/lo, VvV, = \/51,-/2—1— \/ —ll-z —4b/2 and
|

(Li—1)
M — — :
Y (L+1)
« ((\/?:(l, — lj)\/ —lj2 —4b+ Litj+ ljz —|—6b) —l,‘z —4b— (l,’z + 11 +6b)\/ —lj2 —4b+ \E(li — lj)(l,'lj +2b))
(V3 (u+1) /=12 =4b— 11+ 1,2+ 6b)\/— 12 —4b+ (12 — 11+ 6b)\/—1,2 —4b+V/3(—11; +2b) (L + 1))
(1 <i,j<3)and myps = mppmyzmp3. Now we will prove that the three-periodic wave solution of the Hietarinta equation can be
reduced to its three-soliton solution at A = e 771, Ay = e 7™2, A3 = ¢ 7% — (). We rewrite 3 as

193 _ 1+(e2”l§1+672ﬂl§1))&1+(ezn]§2+6727.“‘:2)12"‘(672”153+e2n153))~3+(672n1(§1+52)
+ 2GR 4 Ao Ay + (e ZFHE1H8) | o271 (EH8)) 4 2345 + (e 271 (82H8) 4 o271(82+83)) 25 236
+ (e 2 E+atE) | 27 EH+0HE)) ) A A3 AudsAg + - - - 27)
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If we denote
1, =2miq;,

1 1
Vv, =27iw; = —5\/—0512—4 —5\/5051,

0 : 20
01» =277.71€l- — T,

then
lnmn lnm13
Aigjr1 =mij, Tio=— T13 = —
1+ j+ i 7 ) m )
lnm23 . .
T3 =— mi3 = mpmizmys, (1 <i<j<3).

2’

Suppose 6; = ;x4 Vit + 02 and C = 0 then equation (27)

changes into

V(E,T) = 1+e +e® e fmp(e® %) fmys(e7%)
+m23<692+93> +m123(e91+92+93) (28)

at Ay = e T L) = e T2, A3 = e "3 — (0. Therefore,

the equation (28) shows that the three-periodic solution (27)

(a) 100
80 0.08
60
0.04
+ 40
0
20
—0.04
0
_o0 —0.08
Z60 —40 —20 0 20 40 60
xT
(c) 50 0.08
40
0.04
30
-~
20 0
10 ~0.04

10 20 30 40 50
T

of Hietarinta equation can be reduced to its three-soliton solu-
tion (26).

It can be seen from Fig. 3(a) that the three branches of
the three-periodic solution of the Hietrinta equation, and they
move in the same direction. The three-periodic solution of
Hietrinta equation degenerates into its three-soliton solution
as A1,A2,A3,— O (see Fig. 3(b)). Similar to the periodic and
soliton solutions of the KdV equation, it can be seen from
Figs. 3(a) and 3(b) that when the three branches of the three-
periodic solution or the three-soltion solution of the Hietrinta
equation approach to each other, the high beanch jumps for-
ward and the other low branches jump backward, forming a
repulsive phenomenon. As can be seen from Figs. 3(a), 3(c),
and 3(d), when any two or one of 71, T2, and 733 are large
enough, the three-periodic soulition can degenerate to two- or

one-periodic soulitions.

(b) 80
0.14

40
0.10

-~
0 0.06
.02
_40 0.0
—50 0 50

0.020

0.010

—0.010

Fig. 3. (a) The three-periodic soulition of the Hietrinta equation with parameters p; = 0.03, p» = 0.06, p3 = 0.09, 711 = 0.85, T2, = 1.05,
733 = 1.25, A1 = 0.06922773125, A, = 0.03693217019, A3 = 0.01970287297, C = 0.1, and 5? = 520 = é? =0. (b) As A, A, 43 — 0,
the three-periodic solution degenerates into the three-soliton. (c) The parameter 7, , = 25 and other parameters remain the same, the three-
periodic solution degenerates to a two-periodic solution. (d) The parameters 7)1 = 85, 733 = 25 and other parameters remain the same, the

three-periodic solution degenerates to a one-periodic solution.
5. Conclusion

We gave the approximate analytical three-periodic solu-
tions of the KdV equation and the Hietarinta equation for
the first time by using the perturbation method. We obtained
the algebraic relations among phase shift, wave numbers, fre-
quency, and amplitudes after tedious calculations. By a limit
method, that is, 7j 1, T2, 73,3 — oo, the three-periodic so-
lutions of the KdV equation and the Hietarinta equation de-
generate into three-soliton solutions. We find that the three-

periodic solution presents the same repulsive phenomenon as
the asymptotic three-soliton solution during the interaction.
Moreover, we find that when one or two of 71 1, T2, 733 are
large enough, the three-periodic solution can degenerate into
the one- or two-periodic solution.
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