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We investigated the dynamic evolution and interference phenomena of bubble-shaped Bose–Einstein condensates
achievable in a micro-gravity environment. Using numerical solutions of the Gross–Pitaevskii equation describing the dy-
namic evolution of the bubble-shaped Bose–Einstein condensates, we plotted the evolution of the wave function density
distribution on its two-dimensional (2D) cross-section and analysed the resulting patterns. We found that changes in the
strength of atomic interactions and initial momentum can affect the dynamic evolution of the bubble-shaped Bose–Einstein
condensates and their interference fringes. Notably, we have observed that when the initial momentum is sufficiently high,
the thickness of the bubble-shaped Bose–Einstein condensate undergoes a counterintuitive thinning, which is a counter-
intuitive result that requires further investigation. Our findings are poised to advance our comprehension of the physical
essence of bubble-shaped Bose–Einstein condensates and to facilitate the development of relevant experiments in micro-
gravity environments.
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1. Introduction

The bubble-shaped Bose–Einstein condensates with a

topological structure, that is almost unattainable through con-

ventional experiments on the Earth’s surface,[1] have been ex-

perimentally observed[2] in NASA Cold Atom Laboratory,[3]

which provides the micro-gravity environment on the In-

ternational Space Station. The seminal proposal of the

matter–wave condensate bubbles was proposed by Zobay and

Garraway,[4–6] and experimentally examined by several re-

search groups.[7–10] The quantum bubble’s zero-temperature

density distribution and free expansion have been studied[11]

by the simulation of Gross–Pitaevskii equation,[12–15] which

provides important references for the study of the bubble-

shaped Bose–Einstein condensates in micro-gravity environ-

ments.

Recently, a series of advances have been made in

the study of Bose–Einstein condensates in micro-gravity

environments.[2,3,11,16–19] The mean-field theory developed by

Bogoliubov provided an effective method for studying di-

lute Bose gas with weak repulsive interaction.[15,20] Subse-

quently, the Gross–Pitaevskii equation, which is based on this

theory, has become the fundamental paradigm for investigat-

ing Bose–Einstein condensates and their matter–wave inter-

ference phenomena.[21–24] Through the numerically solving

of the Gross–Pitaevskii equation, interesting phenomena such

as variations in the thickness of bubble-shaped Bose–Einstein
condensates and changes in interference fringes between two
bubble-shaped Bose–Einstein condensates can be studied. The
physical nature of bubble-shaped Bose–Einstein condensates
still deserves attention.

In the presented study, the dynamical evolution of the
bubble-shaped Bose–Einstein condensate has been investi-
gated by numerically solving the Gross–Pitaevskii equation.
In order to more effectively illustrate the variations in the den-
sity distribution of the condensate, we have selected a two-
dimensional (2D) cross-section of the three-dimensional (3D)
bubble-shaped Bose–Einstein condensate as the focus of our
study. Utilizing numerical solutions of the Gross–Pitaevskii
equation, we generated the temporal density evolution plots
for a singular bubble-shaped Bose–Einstein condensate, sub-
sequently delving into the impact of the atomic interaction
strength and the initial momentum on the density distribu-
tion. Employing the same methodology, we further examined
the interference effects between the two bubble-shaped Bose–
Einstein condensates.

2. Method: Gross–Pitaevskii equation

Consider the bubble-shaped Bose–Einstein condensate in
micro-gravity environment where the gravitational force from
the Earth is sufficiently weak to be negligible, under the de-
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scription of the mean-field theory,[15,20] the time-evolution of
the wave function can be described by the following Gross–
Pitaevskii equation:[12–15]

i
∂

∂τ
φ =−∇

2
ξ

φ +η |φ |2φ , (1)

where φ is the dimensionless wave function, τ is the dimen-
sionless time, and
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is the Laplace operator of the dimensionless space coordinates
characterized by ξ , and the expression

η =
8πNas

β

is a dimensionless parameter, which characterizes the atomic
interaction strength. The original variables (t, x, and ψ) are
presented by the dimensionless variables (τ , ξ , and φ ) as fol-
lows:

t = τα, x = ξ β , ψ = φγ, (2)

where α is the time unit, β is the space unit, and γ is the wave
function unit. And t, x, ψ are the original time, space, wave
function variables of the original free Gross–Pitaevskii equa-
tion

ih̄
∂

∂ t
ψ =− h̄2

2M
∇

2
ψ +

4π h̄2as

M
|ψ|2ψ, (3)

where h̄ is the reduced Planck’s constant, M and as are mass
and s-wave scattering length of the atom,

∇
2 =

∂ 2

∂x2
1
+

∂ 2

∂x2
2
+

∂ 2

∂x2
3

is the Laplace operator. Under the condition for simplification:

h̄α/2Mβ
2 = 1,

this equation can be simplified into a dimensionless form in
Eq. (1), which is convenient for calculation.

Regarding the bubble structure of the Bose–Einstein con-
densate, consider the 2D cross-section of the 3D bubble in or-
der to simplify the calculations and emphasize the key physical
issues. In this case, the 2D cross-section of a 3D bubble can
be treated as a ring. The related schematic diagram has been
presented in Fig. 1.
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Fig. 1. The schematic diagram of a bubble-shaped Bose–Einstein con-
densate. (a) The contour of a bubble-shaped Bose–Einstein condensate in
three-dimensional (3D) space. (b) The related 2D cross-sectional of the 3D
bubble-shaped Bose–Einstein condensate.

Based on the density profiles of the bubble-shaped
Bose–Einstein condensates in Refs. [1,2,25], and the long-
established tradition of postulating Gaussian wave pack-
ets as the initial wave functions of the Bose–Einstein
condensates,[24,26,27] it is natural to assume that the conden-
sate’s initial ground-state wave function satisfies the ring-
shaped Gaussian distribution

φdis =

√(
1√

2πσ2

)2

exp
[
− (|ξ |−ρ0)2

2σ2

]
, (4)

where |φdis|2 satisfies the normalization condition

1 =
∫
|φdis|2 dξ1 dξ2,

and |ξ | =
√

ξ 2
1 +ξ 2

2 is the distance from the center, ρ0 is the
radius of the ring, σ is the inflection point of the Gaussian dis-
tribution. Consider the single particle’s wave function which
contains the initial momentum

φsingle = exp
[

iβ
h̄

pini(|ξ |−ρ0)

]
, (5)

where pini is the initial momentum and β is the space unit.
This momentum is related to the kinetic energy, which is char-
acterized by the zero-point motion.[28] Let the macroscopic
wave function be the product of the distribution function and
the single particle wave function, the initial wave function can
be presented as

φini = φdis ·φsingle =

√√√√( 1√
2πσ2

)2

exp

[
− (|ξ |−ρ0)

2

2σ2

]
· exp

[
iβ
h̄

pini(|ξ |−ρ0)

]
, (6)
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where |φini|2 also satisfies the normalization condition as given
before

1 =
∫
|φini|2 dξ1 dξ2.

The dynamic evolution of the wave function of the ring-shaped
Bose–Einstein condensate as the 2D cross-section of the 3D
bubble can be characterized by numerically solving the di-
mensionless Gross–Pitaevskii equation (Eq. (1)) with the ini-
tial condition (Eq. (6)).

3. Dynamics of individual bubble-shaped Bose–
Einstein condensate undergoing free diffusion
Consider free diffusion of the bubble-shaped Bose–

Einstein condensate in micro-gravity. To observe the time-
evolution of the wave function of the 2D cross-section of a 3D
bubble, the Gross–Pitaevskii equation in Eq. (1) was numeri-
cally solved with the initial condition in Eq. (6).

The time-evolution of the density distribution of the wave
function for a bubble’s 2D cross-section is presented in Fig. 2.
This bubble is constructed by Bose–Einstein condensate with
weakly repulsive interaction. It shows that, as the time in-
creases, the outer surface of the bubble gradually spreads out-
ward, and at the same time, the inner surface of the bubble
also spreads inward. In other words, the bubble will gradually
expand, while the thickness increases.
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Fig. 2. The time-evolution of the 2D cross-section of a 3D bubble-shaped
Bose–Einstein condensate. Here, the parameters are set as η = 3000, ρ0 = 2,
σ = 0.4, β pini/h̄ = 1. The sub-figures present the distributions of |φ |2 from
τ = 0.001 in panel (a) to τ = 0.009 in panel (i), the time interval between
the neighbor sub-figures is 0.001.

The dynamics of the bubble may be influenced by the pa-
rameters in Gross–Pitaevskii equation and initial state. In or-
der to explore the influences of the parameters, one of the pa-
rameters can be adjusted individually. First we adjust the inter-
action parameter η and numerically solve the Gross–Pitaevskii
equation with corresponding different cases to observe the in-
fluences of the time-evolution of the wave function.

A comparison of the cross-section density distribution of
the bubble-shaped Bose–Einstein condensates with different
interaction parameter η is presented in Fig. 3. From these
results, it seems that the bigger interaction parameter may
cause the faster evolution of the wave function, and in this
case, the faster diffusion of the atoms of this bubble-shaped
Bose–Einstein condensate. When the interaction parameter is
sufficiently large and the time is long enough, the outer sur-
face of the bubble will gradually expand and the density of
the condensed matter in close proximity to the external sur-
face will decrease. At the same time, the inner surface of the
bubble will gradually contract inward, and the density of the
condensed matter in close proximity to the inner surface will
increase significantly.
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Fig. 3. A comparison of the time-evolutions of the 2D cross-section of a 3D
bubble-shaped Bose–Einstein condensate with different interaction parame-
ters. Here, the common parameters are set as ρ0 = 2, σ = 0.4, β pini/h̄ = 1.
The interaction parameters are set as η = 2000 in panel (a), η = 4000 in
panel (b), η = 6000 in panel (c), and η = 8000 in panel (d). The time vari-
able τ is fixed at τ = 0.009.

In order to discover the deeper physical mechanisms be-
hind this, the effects of the varying of other parameters should
be considered. The initial momentum of the condensate is re-
lated to the kinetic energy which can be determined by the
zero-point motion.[28] Choose different initial momentum pa-
rameters and solve the Gross–Pitaevskii equation, the results
can be shown in the following figures.

In Fig. 4, comparisons of the bubble’s density distribu-
tion in a 2D cross-section are shown at a specific time. In
contrast to the findings presented in Fig. 3, it is observed that
augmenting the initial momentum parameter does not result in
bubble thickening. Conversely, it is possible to observe bubble
thinning when the initial momentum parameter is sufficiently
large. This appears to be a counterintuitive result, and its phys-
ical essence necessitates further experimental and theoretical
exploration to unveil.
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Fig. 4. A comparison of the time-evolutions of the 2D cross-section of a
3D bubble-shaped Bose–Einstein condensate with different initial momen-
tum parameters. Here, the common parameters are set as ρ0 = 2, σ = 0.4,
η = 3000. The initial momentum parameters are set as β pini/h̄ = 10
in panel (a), β pini/h̄ = 40 in panel (b), β pini/h̄ = 70 in panel (c), and
β pini/h̄ = 100 in panel (d). The time variable τ is fixed at τ = 0.009.

4. Interference between two bubble-shaped
Bose–Einstein condensates and the associated
dynamic evolution
To investigate the matter–wave interference of the bubble-

shaped Bose–Einstein condensates in micro-gravity, consider
two of them which have been separated by a distance in space.
The initial wave function can be revised into

φ0 = φini(ξ1 +δd, ξ2)+φini(ξ1−δd, ξ2)

=

√√√√( 1√
2πσ2

)2

exp

[
− (ξL−ρ0)

2

2σ2

]
· exp

[
iβ
h̄

piniξL

]

+

√√√√( 1√
2πσ2

)2

exp

[
− (ξR−ρ0)

2

2σ2

]

× exp
[

iβ
h̄

piniξR

]
, (7)

where

ξL =
√
(ξ1 +δd)2 +ξ 2

2 ,

ξR =
√
(ξ1−δd)2 +ξ 2

2

characterize the distance from the atoms in the left or right
bubble condensate to the left or right center. Numerically solve
Gross–Pitaevskii equation with this initial wave function of
two bubble-shaped Bose–Einstein condensates in a 2D cross-
section, the dynamical evolution of the distribution of the wave
function can be drawn based on numerical results.

The time-evolution of two bubbles constructed by Bose–
Einstein condensates in a 2D cross-section has been shown in
Fig. 5. As their wave functions begin to overlap, interference

patterns emerge between the wave functions. With the passage
of time, the overlapping region of the wave functions gradually
increases, resulting in an increase in the number and density of
interference patterns.
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Fig. 5. The time-evolution of the interference between two bubble-shaped
Bose–Einstein condensates in a 2D cross-section. Here, the parameters are
set as η = 1500, ρ0 = 1.5, σ = 0.4, β pini/h̄ = 5. The sub-figures present
the distribution of |φ |2 from τ = 0.001 in panel (a) to τ = 0.009 in panel (i),
the time interval between the neighbor sub-figures is 0.001.

The time-evolution of the wave function may be influ-
enced by the value of interaction parameter, to investigate the
related effects, the Gross–Pitaevskii equation should be solved
with the initial wave function characterized by different inter-
action parameters.
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Fig. 6. The comparison of the time-evolutions of the interference between
two bubble-shaped Bose–Einstein condensates in cases with different in-
teraction parameters. Here, the common parameters are set as ρ0 = 1.5,
σ = 0.4, β pini/h̄ = 5. The interaction parameters are set as η = 500 in
panel (a), η = 1000 in panel (b), η = 1500 in panel (c), η = 2000 in
panel (d). The time variable τ is fixed at τ = 0.009.

In Fig. 6, the comparison of interference fringes of two
bubbles constructed by Bose–Einstein condensates under dif-
ferent interaction parameters has been illustrated in a 2D
cross-section. It can be observed that as the interaction param-
eter increases, the wave function of the bubbles expand more
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rapidly. This results in an increase in the number of interfer-
ence fringes between the two bubbles, as well as an increase
in the density of the interference fringes.

The initial momentum of the bubble is equally important
to the time-evolution of the wave function. Similarly, explor-
ing its effects can be achieved by selecting different initial mo-
mentum parameters to solve the Gross–Pitaevskii equation and
generate wave function distribution plots.

The contrast of interference fringes between two bubbles
constructed by Bose–Einstein condensates, depicted in Fig. 7,
has been shown based on the numerical solution of the Gross–
Pitaevskii equation with different initial momentum parame-
ters. It can be observed that, in this 2D cross-section, as the
initial momentum parameter increases, the number of interfer-
ence fringes between the bubbles increases, and the width of
the interference fringes becomes narrower. Referring to the
images of interference fringes under varying interaction pa-
rameters in Fig. 6, it can be observed that the increase in the
initial momentum parameter and the increase in the interaction
parameter have similar effects on the interference fringes.
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Fig. 7. The comparison of the time-evolutions of the interference be-
tween two bubble-shaped Bose–Einstein condensates in cases with differ-
ent initial momentum parameters. Here, the common parameters are set as
ρ0 = 1.5, σ = 0.4, η = 1000. The initial momentum parameters are set as
β pini/h̄= 5 in panel (a), β pini/h̄= 10 in panel (b), β pini/h̄= 15 in panel (c),
β pini/h̄ = 20 in panel (d). The time variable τ is fixed at τ = 0.009.

5. Discussion
Through numerically solving the Gross–Pitaevskii equa-

tion with different initial conditions, the time-evolution of the
density distribution of bubble-shaped Bose–Einstein conden-
sates has been presented in the figures shown above.

Based on the above results, it can be observed that the in-
crease of the atomic interaction strength can cause the faster
time-evolution of the wave function. And in the case of the in-
terference between two bubble-shaped Bose–Einstein conden-
sates appears, the increase of the atomic interaction strength

can cause the enhanced interference effect which characterized
manifestly by the increased number of interference fringes and
the increased fringe density. The interaction strength is related
to the atomic s-wave scattering length, which can be modified
by external magnetic field through the effects of the Fano–
Feshbach resonance,[29–35] these results can be examined by
further related experiments.

The initial momentum that is related to the zero-point
motion[28] can also influence the time-evolution of the den-
sity distribution of the wave function. Increasing the initial
momentum can enhance the rate of time-evolution of the wave
function, which is consistent with our physical intuition, as
a larger initial momentum implies that microscopic particles
have higher initial velocities, leading to faster macroscopic
wave function evolution. Furthermore, a larger initial mo-
mentum also implies a shorter de Broglie wavelength, corre-
sponding to shorter period of interference fringes.[24,28] How-
ever, increasing the initial momentum can also result in a thin-
ner bubble-shaped Bose–Einstein condensate, which appears
counterintuitive and requires further theoretical and experi-
mental exploration to verify.

6. Conclusion
The dynamical evolution of the bubble-shaped Bose–

Einstein condensates has been investigated by numerically
solving the Gross–Pitaevskii equation with several different
initial conditions. We studied the effects of atomic interac-
tion strength and initial momentum on the time evolution of
single bubble and interference patterns between two bubbles
by analyzing the evolution images based on numerical results.
We have discovered several interesting physical phenomena,
such as the fact that bubbles with larger initial momentum,
i.e., stronger the zero-point motion, exhibit a thinning of their
thicknesses after a certain period of evolution. This counterin-
tuitive result requires further investigation to verify. Our find-
ings will contribute to exploring the physical nature of bubble-
shaped Bose–Einstein condensates and provide a valuable ref-
erence for future relevant experiments in micro-gravity.
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[1] Lundblad N, Aveline D C, Balaž A, Bentine E, Bigelow N P, Boegel

P, Efremov M A, Gaaloul N, Meister M, Olshanii M, de Melo C A R

090501-5



Chin. Phys. B 32, 090501 (2023)

S, Tononi A, Vishveshwara S, White A C, Wolf A and Garraway B M
2023 Quantum Science and Technology 8 024003

[2] Carollo R A, Aveline D C, Rhyno B, Vishveshwara S, Lannert C, Mur-
phree J D, Elliott E R, Williams J R, Thompson R J and Lundblad N
2022 Nature 606 281

[3] Aveline D C, Williams J R, Elliott E R, Dutenhoffer C, Kellogg J R,
Kohel J M, Lay N E, Oudrhiri K, Shotwell R F and Yu N 2020 Nature
582 193

[4] Zobay O and Garraway B M 2001 Phys. Rev. Lett. 86 1195
[5] Zobay O and Garraway B M 2004 Phys. Rev. A 69 023605
[6] Garraway B M and Perrin H 2016 J. Phys. B: At. Mol. Opt. Phys. 49

172001
[7] Lundblad N, Carollo R, Lannert C, Gold M, Jiang X, Paseltiner D, Ser-

gay N and Aveline D 2019 npj Microgravity 5 30
[8] Colombe Y, Knyazchyan E, Morizot O, Mercier B, Lorent V and Perrin

H 2004 Europhys. Lett. 67 593
[9] White M, Gao H, Pasienski M and DeMarco B 2006 Phys. Rev. A 74

023616
[10] Harte T L, Bentine E, Luksch K, Barker A J, Trypogeorgos D, Yuen B

and Foot C J 2018 Phys. Rev. A 97 013616
[11] Tononi A, Cinti F and Salasnich L 2020 Phys. Rev. Lett. 125 010402
[12] Gross E P 1961 Il Nuovo Cimento 20 454
[13] Gross E P 1963 J. Math. Phys. 4 195
[14] Pitaevskii L P 1961 Sov. Phys. JETP 13 451
[15] Dalfovo F, Giorgini S, Pitaevskii L P and Stringari S 1999 Rev. Mod.

Phys. 71 463
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