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TOPICAL REVIEW — Fabrication and manipulation of the second-generation quantum systems
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Wavefunction is a fundamental concept of quantum theory. Recent studies have shown surprisingly that wavefunction
can be directly reconstructed via the measurement of weak value. The weak value based direct wavefunction reconstruction
not only gives the operational meaning of wavefunction, but also provides the possibility of realizing holographic imaging
with a totally new quantum approach. Here, we review the basic background knowledge of weak value based direct
wavefunction reconstruction combined with recent experimental demonstrations. The main purpose of this work focuses
on the idea of holographic imaging via direct wavefunction reconstruction. Since research on this topic is still in its early
stage, we hope that this work can attract interest in the field of traditional holographic imaging. In addition, the wavefunction
holographic imaging may find important applications in quantum information science.
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1. Introduction
Wavefunction or state vector is the core concept in quan-

tum theory, which is believed to give complete description of
a quantum system.[1] The probabilistic interpretation of wave-
function causes continuous arguments on its underlying physi-
cal meaning from the very beginning to now. On the one hand,
the evolution of the wavefunction is totally determined by the
Schrödinger equation. On the other hand, there exists so called
wavefunction collapse during the quantum measurement pro-
cess. This duality has led people to ask whether wavefunc-
tion represents physical reality or is simply a reflection of
our ignorance of the quantum system.[2–4] Since all interpre-
tations are required to give the same experimental predictions,
there seems to be no hope of settling down the argument in a
short period of time. However, significant progress in the di-
rect measurement of wavefunction has been made in the past
decades due to the study of quantum weak measurements.[5]

The direct measurement of wavefunction experimentally gives
a clear operational definition, which makes wavefunction from
an abstract concept become a measurable object. The mean-
ing of direct wavefunction reconstruction is not limited to the
fundamental aspect; its potential applications are also being
explored, e.g., holographic imaging discussed in this work.

The possibility of direct wavefunction reconstruction is
attributed to the study of quantum weak measurements and
weak value, which was proposed by Aharonov, Albert and

Vaidman (AAV) in 1988.[6] In 2011, the experimental real-
ization of photonic one-dimensional spatial wavefunction was
first demonstrated[7] mainly due to the rapid development of
quantum optics and quantum information. In the standard
quantum measurement process, the state |ψ〉 of a measured
system will randomly collapse into one eigenstate {|ak〉} of
observable Â with probabilities according to the Born rule
that Pk = |〈ak|ψ〉|2. This projective measurement outputs
only the amplitude of the wavefunction but not the phase in-
formation. To tackle this issue, quantum state tomography
(QST) may be used to reconstruct the quantum state via mul-
tiple basis measurements.[8–10] Unfortunately, the method re-
quires o(n2) basis measurements for an n-dimensional quan-
tum state, which makes the wavefunction reconstruction time-
consuming. In the framework of AAV weak measurements,
however, the case of extremely weak coupling between the
system and measurement apparatus is considered such that
the system is almost undisturbed. In order to extract the in-
formation of a system, post-selection of the system is intro-
duced, and the weak value of observable Â can be defined as
〈Â〉w = 〈ψ f |Â|ψi〉/〈ψ f |ψi〉 with |ψi〉 and |ψ f 〉 being the ini-
tial and post-selected states of the system, respectively. Dif-
ferent from the expectation value of an observable, the weak
value can be complex and beyond the spectrum of eigenval-
ues. When 〈ψ f |ψi〉→ 0, 〈Â〉w can be very large, which makes
weak value amplification be applied to various small signal
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detections.[11–13] More importantly, if we choose Â = |x〉〈x|
and |ψ f 〉= |p= 0〉, then 〈Â〉w = 〈p= 0|x〉〈x|ψi〉/〈p= 0|ψi〉∝

ψi(x) with 〈p = 0|x〉= e−i p0x = 1 and 〈p = 0|ψi〉 being a con-
stant. Since the real and imaginary parts of the weak value can
be directly measured,[14] the wavefunction ψi(x) can thus be
reconstructed from the measurement of the weak value. After
the first experimental demonstration of direct wavefunction re-
construction, further research on this topic shows that strong
coupling measurement with post-selection can also achieve
the same goal.[16–18] The weak value based wavefunction re-
construction is thus independent of the measurement strength.
With the ability of direct wavefunction reconstruction, digital
holographic imaging of an object seems natural if we compare
the photonic wavefunction ψo(x,y) obtained after the object
with the known input wavefunction ψi(x,y). This is totally
different from classical digital holograph imaging, in which
the phase of the light field needs to be estimated by using
interference.[19–21] Although direct wavefunction reconstruc-
tion is proposed based on the theory of quantum measure-
ments, it also applies to traditional light sources due to the
bosonic nature of photons. It is what we call the “quantum-
inspired” method, in which the essential idea is based on quan-
tum research, but practical realization can also be realized only
with classical instruments and technology. It provides differ-
ent perspectives on the same problem from the point of view
of quantum measurement but is executable in practice with the
existing technologies.

In this work, we provide a basic introduction on the topic
of direct reconstruction of wavefunction mainly based on our
previous works, and discuss the opportunities and challenges
in digital holographic imaging via direct wavefunction recon-
struction. The paper is arranged as follows. In Section 2,
we introduce the basic framework of weak measurements and
the concept of weak value, which is the foundation of di-
rect wavefunction reconstruction. Equipped with basic back-
ground knowledge, we introduce in Section 3 the weak value
based one-dimensional spatial wavefunction direct reconstruc-
tion first demonstrated in 2011. We then introduce the recent
progress on two-dimensional spatial wavefunction direct re-
construction via strong measurements in Section 4. In Sec-
tion 5, we introduce the idea of scan-free wavefunction recon-
struction to improve the speed of imaging. We give the general
process to realize holographic imaging of objects based on di-
rect wavefunction reconstruction in Section 6. Challenges and
opportunity are discussed in Section 7.

2. Weak measurements and weak value
In the standard textbook description of quantum mechan-

ics, the system of state |ψs〉 will be collapsed into one of
eigenstates {|ak〉} of observable Â with probability determined
by the Born rule Pk = |〈ak|ψs〉|2. This kind of measurement,

which is called projective or destructive measurement, is de-
structed because after measurement, the information encoded
in the original state |ψs〉 has been totally destroyed. How-
ever, it provides most information about the system after mea-
surement, i.e., the state of the system is totally determined
once we know the measurement outcome. In practice, how-
ever, projective measurement is only a special case of mea-
surement because it requires the coupling between the pointer
and the measured system to be strong enough such that dif-
ferent eigenstates can be distinguished. There always exist
measurement errors due to imperfections in the measurement
apparatus. The general description of quantum measurement,
which is more related to realistic physical realization, is given
by the positive-operator valued measure (POVM).[22] The el-
ements of POVM are {Êk ≡ M̂†

k M̂k} satisfying completeness
condition ∑k Êk = I, in which {M̂k} are Kraus operators. Sup-
pose the initial state of the system is ρs, then the probability of
obtaining outcome k is Pk = Tr(Êkρs), and the corresponding
state of the system after the measurement becomes

ρ
k
s =

M̂kρsM̂
†
k

Tr(M̂kρsM̂
†
k )

=
M̂kρsM̂

†
k

Pk
. (1)

Obviously, the projective measurement is included in the
POVM if we take ρs = |ψs〉〈ψs| and M̂k = |ak〉〈ak|.

Weak

coupling

|ψi>s |ψf>s

|φ>p

Fig. 1. Basic framework of weak measurements with post-selection.
The coupling between the system and the pointer is weak enough such
that weak value 〈Â〉w = 〈ψ f |Â|ψi〉s/〈ψ f |ψi〉s can be defined under the
first order approximation. The suitable measurements on the pointer, af-
ter post-selection of the system, extract the information of weak value.

In 1988, Aharonov, Albert and Vaidman first introduced
weak measurements with post-selection on the state of system,
in which the coupling between the system and pointer is much
smaller than the uncertainty of the system itself. The basic
framework of weak measurements is shown in Fig. 1. Sup-
pose that the initial states of the system and the pointer are
|ψi〉s and |φi〉p, respectively, the initial state of the composite
system is |Ψi〉sp = |ψi〉s⊗|φi〉p given that the two systems are
uncorrelated. The interaction Hamiltonian between the system
and the pointer is generally described as

Ĥsp = g(t)Â⊗ P̂, (2)

where g is the coupling coefficient, Â is the observable to be
measured, and P̂ is the momentum operator of the pointer. Af-
ter interaction, the composite system evolves as

|Ψf 〉sp = e−i
∫

g(t)Â⊗P̂dt |Ψi〉sp

= e−ig0Â⊗P̂|ψi〉s⊗|φi〉p, (3)
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where pulse-type interaction g(t) = g0δ (t − t0) with g0 � 1
is considered and h̄ = 1 is used. We then consider the post-
selection of the system of the final state |ψ f 〉s, the state of the
pointer will collapse into (unnormalized)

|φ f 〉p = s〈ψ f |e−ig0Â⊗P̂|ψi〉s⊗|φi〉p
≈ s〈ψ f |(1− ig0Â⊗ P̂)|ψi〉s⊗|φi〉p

= s〈ψ f (1− ig0
〈ψ f |Â|ψi〉s
〈ψ f |ψs〉s

)|φi〉p

≈ 〈ψ f |ψi〉s e−ig0〈Â〉wP̂|φi〉p, (4)

in which the first order approximation is used and the weak
value of observable Â is defined as

〈Â〉w =
〈ψ f |Â|ψi〉s
〈ψ f |ψi〉s

. (5)

In the position representation, the state of the pointer becomes

φ f (x) = 〈x|φ f 〉p = 〈ψ f |ψi〉s ·φi(x−g0〈Â〉w), (6)

which implies that the pointer has moved to a new position
g0〈Â〉w. If the post-selection state |ψ f 〉s is chosen such that
〈ψ f |ψi〉s → 0, then 〈Â〉w → ∞ and g0〈Â〉w would be suffi-
ciently large. When the signal of interest is encoded in g, it
can thus be significantly amplified by the weak value 〈Â〉w.
However, it is at the cost of a low successful probability given
by |〈ψ f |ψi〉s|2. The real and imaginary parts of the weak value
〈Â〉w can be obtained by the measurement of suitable conju-
gate observables of the pointer.[14]

In practical situations, the pointer is more suitable to be
chosen as a qubit, e.g., polarization of photons, which is al-
ways the primary choice for photonic wavefunction recon-
struction. The qubit pointer is usually spanned by the com-
putational basis {|0〉p, |1〉p} with the initial state prepared
in |0〉p. The interaction Hamiltonian should be replaced as
Ĥsp = g(t)Â⊗ σ̂y, where σ̂y is the Pauli operator. The differ-
ent eigenstates of observable Â will cause the different rotation
of the qubit in the Bloch sphere. The state of the qubit pointer
after post-selection of the system is recast as

|φ f 〉p = 〈ψ f |ψi〉s · e−ig0〈Â〉wσ̂y |0〉p, (7)

which implies that the qubit is rotated with 2g0〈Â〉w in the
Bloch sphere. The rotated state of the qubit has the form of
|φ f 〉p = cos( θ

2 )|0〉p+ e iϕ sin( θ

2 )|1〉p. It is thus physically clear
to us that the angles θ ,ϕ are determined by the real and imag-
inary parts of the weak value. Specifically, we have

〈φ f |σ̂+|φ f 〉p = 2g0Re〈Â〉w,
〈φ f |σ̂R|φ f 〉p = 2g0Im〈Â〉w, (8)

where σ̂+≡ |+〉〈+|−|−〉〈−|, σ̂R≡ |R〉〈R|−|L〉〈L|, and |±〉=
(|0〉± |1〉)/

√
2, |R/L〉= (|0〉± i|1〉)/

√
2.

3. Weak value based wavefunction reconstruc-
tion
The introduction of weak value and its strange structure

provide the possibility of realizing direct wavefunction recon-
struction. By letting the observable be position operator |x〉〈x|
and choosing the post-selection state of the system as the zero
momentum state |p = 0〉, we obtain

〈π̂x〉w =
〈p = 0|x〉〈x|ψ〉s
〈p = 0|ψ〉s

=Cψs(x), (9)

where π̂x ≡ |x〉〈x| and C = 1/φs(p = 0) is a constant factor
that can be renormalized. The real and imaginary parts of the
wavefunction at position x are directly determined by the real
and imaginary parts of the weak value 〈π̂x〉w, respectively. The
whole wavefunction ψi(x) can be obtained by scanning the po-
sition. It is interesting to note that direct superposition wave-
function reconstruction is also possible with superposition po-
sition operator ∑ |xi〉〈xi|.[15]

Although it seems direct to consider the realization
of wavefunction reconstruction from the definition of weak
value, it was only experimentally demonstrated by Lundeen
et al. in 2011, which is already 23 years after the introduction
of weak value. On the one hand, a new concept needs time
to be widely accepted by physical communities; on the other
hand, the rapid development of quantum information science
requires us to have the ability to obtain more information about
the quantum state. The widely adapted method of state recon-
struction is quantum state tomography, which is indirect and
requires multi-basis measurements to estimate the true quan-
tum state. For an n-dimensional quantum state, at least o(n2)

different basis measurements are needed, which makes it time-
consuming for many qubits systems. The direct wavefunction
construction based on the weak value introduced here provides
a promising way to tackle this difficulty.

Fig. 2. Weak value based direct single photon one-dimensional spatial
wavefunction Ψ(x) reconstruction.[7]

The experimental setup to demonstrate the weak value
based direct single photons spatial wavefunction reconstruc-
tion is shown in Fig. 2. It consists of four parts, i.e., prepara-
tion of initial wavefunction, weak measurement of position x1,
post-selection of system to zero momentum state, and read-
out of weak value. In the weak measurement, the polariza-
tion of photons is chosen as the pointer that is initially pre-
pared in horizontal polarization state |H〉. Weak measure-
ment of position x is performed by a rectangular small sliver
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of a half-wave plate (HWP) with the x× y× z dimensions of
1 mm× 25 mm× 1 mm. The weak coupling is realized by
rotating the HWP with a small angle θ = 20◦. If θ = 90◦,
the horizontal polarization of photons is transformed into ver-
tical polarization, and we can definitely know which position
the photon has passed through by its polarization information.
The θ = 90◦ case thus corresponds to strong measurements or
projective measurement of |x〉〈x|. The interaction Hamiltonian
is given as

Ĥsp = θπ̂x⊗ σ̂y. (10)

The post-selection of the system to the zero momentum state
is completed by a Fourier transformation lens placed on one
focal length from the HWP and only the photons with p = 0 in
the Fourier transform plane are selected. According to Eq. (7),
after the post-selection, the polarization state of photons be-
comes

|φ〉p =
1
C
· e−iθ〈π̂x〉wσ̂y |H〉p. (11)

The weak value 〈π̂x〉w is obtained in the last stage by using a
polarization analysis with direct connection to Pauli observ-
ables as

〈π̂x〉w =
1

2θ
[〈φ |σ̂+|φ〉p + i〈φ |σ̂R|φ〉p]. (12)

For each position x, we need to perform only two projective
measurements, and the full wavefunction ψ(x) is directly re-
constructed by scanning the position along the x direction.
Since the successful probability of post-selection is given by
1/C2, the linear scaling in the projective measurement is actu-
ally at the cost of more photons being measured. It is, however,
not the problem in practice.

In practice, the two-dimensional spatial wavefunction
ψ(x,y) is the most interesting, and can be used to realize holo-
graphic imagining of three-dimensional objects. The first ex-
periment does not demonstrate that is because the y dimen-
sion of the rectangular small sliver has to be used to move the
sliver along the x direction. It is thus vital to use an alter-
native setup to efficiently perform two-dimensional position
(x,y) measurements. The spatial light modulator (SLM) is a
better choice to try. In addition, the small angle θ rotated by
the HWP has its own uncertainty which limits the accuracy
of the weak value measurement. It is shown in the following
that strong measurements with post-selection can do the same
thing, and it provides more accurate results in principle.

4. Two-dimensional wavefunction reconstruc-
tion via strong measurements
We have introduced weak measurements and the weak

value based direct spatial wavefunction reconstruction. In the

previous experiments, weak value that related to wavefunc-
tion appears only given that coupling between the system and
the pointer is weak enough. It causes two problems. First, the
weak coupling in the actual experiment requires precision con-
trol of measurement apparatus, e.g., SLM; second, the weak
value is obtained in the first order approximation, which brings
naturally the uncertainty in the reconstruction of wavefunc-
tion. In order to tackle this issue, people start to think if strong
measurements can complete the same goal. Vallone and De-
qual first considered the use of strong measurements with post-
selection to realize direct wavefunction reconstruction.[16] In
the original paper, they believed that weak value is not nec-
essary within the strong measurement framework. However,
this is not true. It only proves that weak value is independent
of the coupling strength. We will show below how the weak
value naturally appears in the strong measurements framework
with post-selection to realize two-dimensional wavefunction
reconstruction.

The basic framework, as shown in Fig. 3, is almost the
same as Fig. 1 but with weak coupling replaced with strong
coupling. The pointer is chosen as a qubit and initially pre-
pared in state |0〉P. The interaction Hamiltonian is described
by Eq. (10) but with θ = π/2 for strong measurement. The
composite system, after strong coupling interaction, becomes

|Ψ〉sp = e−i π
2 π̂x⊗σ̂y |ψ〉s⊗|0〉p

= |ψ〉s⊗|0〉p−
√

2ψs(x)|x〉⊗ |−〉p, (13)

where e−i π
2 π̂x⊗σ̂y = Î− |x〉〈x| ⊗ (Î + iσ̂y) is used. The post-

selection of zero momentum state |p = 0〉= ∑
d
x=1 |x〉/

√
d col-

lapses the state of the pointer into

|φ〉p = 〈p = 0|Ψ〉sp

= φs(p = 0)|0〉p−
√

2ψs(x)〈p = 0|x〉|−〉p

=
1
C
[|0〉p−

√
2〈π̂x〉w|−〉p]. (14)

The real and imaginary parts of weak value 〈π̂x〉w can be ex-
tracted by suitable projective measurements on the pointer.
Specifically, we have

Re[〈π̂x〉w] =
1

2|C|2
〈φ |(σ̂x +2|1〉〈1|)|φ〉p,

Im[〈π̂x〉w] =
1

2|C|2
〈φ |σ̂y|φ〉p, (15)

where σ̂x, σ̂y are the Pauli operators defined in the {|0〉, |1〉}
basis. Compared to the case of weak measurements, only one
extra measurement, i.e., |1〉〈1| is needed. The above deriva-
tions are all exact without any approximation, while the weak
value only naturally appears in the case of weak measurements
under the first order approximation. The above analysis is
totally applicable to two-dimensional position measurement
with only |x〉〈x| replaced by |x,y〉〈x,y|.
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|ψ>s |p=0>s

|0>p

Strong

coupling

Fig. 3. Schematic diagram of direct wavefunction reconstruction via
strong measurements with post-selection.

Fig. 4. Experimental setup for direct two-dimensional wavefunction
ψs(x,y) reconstruction via strong measurements and post-selection.[17]

The first experimental realization of two-dimensional
wavefunction ψs(x,y) direct reconstruction of photons was
reported by the group including current authors,[17] and the
experimental setup is shown in Fig. 4. It consists of four
parts, i.e., preparation of the spatial wavefunction of pho-
tons, strong measurements of position (x,y), post-selection of
photons to the zero momentum state and polarization mea-
surement for extracting wavefunction information. The key
improvement in our setup is the use of phase-type SLM to
realize strong measurements of |x,y〉〈x,y|. The initial state
of the pointer is chosen as linear polarization state |0〉p =

(|H〉+ |V 〉)/
√

2. The phase-only SLM (Hamamatsu X10468)
can convert the pointer state from |0〉p to orthogonal state
|1〉p = (|H〉− |V 〉)/

√
2 by introducing π phase difference be-

tween polarization states |H〉 and |V 〉 from the reflection. In
our experiment, the phase added area is 10× 10 pixels in
the SLM with each pixel being about 12.5 µm× 12.5 µm.
This completes the strong measurement interaction Hamilto-
nian Ĥsp = θ |x,y〉〈x,y|⊗ σ̂y with θ = π/2 and the correspond-
ing unitary Û = e−iĤsp . By moving the SLM step by step,
the two-dimensional wavefunction in the imagine plane can
be obtained. It should be noted that the coupling strength de-
pends on the added phase and we need to keep it stable during
the whole experiment. The post-selection of zero momentum
state is realized by a Fourier lens with a pinhole of 50 µm di-
ameter placed in the focal plane of the lens. The suitable Pauli
basis measurements with polarization analyzer, which consists
of HWP, QWP and PBS, give us the information about ψs(x,y)
according to Eq. (15). It should be noted that σ̂x, σ̂y are defined
in the basis {|0〉p, |1〉p with |0〉(|1〉) = (|H〉± |V 〉)/

√
2 in the

experiment. Full distribution of the wavefunction ψs(x,y) is

obtained by scanning along the x–y plane of the SLM, which
is mounted on a movable platform. We reported the direct
measurement of spatial wavefunction for photons with angu-
lar momentum l = 1, and the fidelity between the measured
wavefunction and ideal wavefunction reaches approximately
0.93. For more experimental details, please refer to Ref. [17].

5. Scan-free wavefunction reconstruction
In the previous wavefunction reconstruction, we need

to scan the measurement plane step by step, which is time-
consuming. This issue will limit our practical potential be-
cause it only applies to static or very slowly changing ob-
jects imaging. To address this issue, the scan-free method was
proposed.[23] The key idea is to change the role of position and
momentum, i.e., perform the weak measurement of zero mo-
mentum and then execute position post-selection. In this case,
we actually want to obtain the weak value of zero momentum

〈π̂p0〉w =
〈x|p = 0〉〈p = 0|ψ〉s

〈x|ψ〉s
=

1
Cψs(x)

, (16)

where π̂p0 ≡ |p = 0〉〈p = 0| and C is the same as given in
Eq. (9). Compared with the weak value of 〈π̂x〉w, it is easy
to conclude that for any position and momentum satisfy the
relation

〈π̂x〉w · 〈π̂p〉w = 1. (17)

Since all the position measurements in the image plane can be
realized by using detector arrays, there is no need for time-
consuming scanning. The scan-free method makes dynamic
object imaging practically possible.

We now examine whether this scan-free method works
in the case of strong measurements, in which the interaction
Hamiltonian becomes Ĥsp = θπ̂p0 ⊗ σ̂y with θ = π/2. The
composite state of the system and the pointer, after interaction,
becomes

|Ψ〉sp = e−i π
2 |p=0〉〈p=0|⊗σ̂y |ψ〉s⊗|0〉p

= |ψ〉s⊗|0〉p−
√

2φs(p = 0)|p = 0〉⊗ |−〉p. (18)

The post-selection of the system with position x collapses the
pointer state into (unnormalized)

|ϕ〉p = 〈x|Ψ〉sp = ψs(x)|0〉p−
√

2φs(p = 0)〈x|p = 0〉|−〉p
= ψs(x)[|0〉p−

√
2〈π̂p0〉w|−〉p]. (19)

The suitable basis measurements on the pointer gives

Re(〈π̂p0〉w) =
|ψs(x)|2

2
〈ϕ|(σ̂x +2|1〉〈1|)|ϕ〉p,

Im(〈π̂p0〉w) =
|ψs(x)|2

2
〈ϕ|σ̂y|ϕ〉p. (20)

The wavefunction ψs(x) is thus obtained according to Eq. (16)
with the constants being normalized. The above analysis is
also applied to two-dimensional wavefucntion ψs(x,y).
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Fig. 5. Experimental setup of scan-free direct two-dimensional wave-
function ψs(x,y) reconstruction via strong measurements.[18]

The experiment setup to demonstrate this scan-free di-
rect wavefunction ψs(x,y) reconstruction is shown in Fig. 5.
The setup consists of four parts, i.e., wavefunction preparation,
strong interaction measurements of the zero momentum state,
post-selection of position and polarization measurement to ex-
tract the weak value 〈π̂p0〉w. In the experiment, we prepare
photons with certain orbital angular momentum using SLM1,
and its polarization is prepared as |0〉p = (|H〉+ |V 〉)/

√
2 with

an HWP. Another phase-only SLM2 is placed on the focal
length of the Fourier lens and converts the polarization only
with zero momentum state into |1〉p = (|H〉−|V 〉)/

√
2, which

completes the strong measurements of π̂p0 . Post-selection of
positions is completed by placing a CMOS camera at the imag-
ine plane of the 4 f system. Photons can be recorded and
counted in each pixel of camera, which corresponds to position
measurement of photons determined by pixel position. Since
each pixel works independently, post-selection of all positions
in the imagine plane can actually be completed in parallel,
i.e., scan-free measurement. At last a polarization analyzer is
placed before the camera to realize polarization measurements
to extract the momentum weak value. More experimental de-
tails can be seen in Ref. [18].

6. Holographic imaging via direct wavefunction
reconstruction
The possibility of direct two-dimensional wavefunction

ψ(x,y) reconstruction based on weak value naturally prompts
us to consider its use in the holographic imaging of 3D ob-
jects. In conventional digital holographic imaging, the ampli-
tude and phase information of the object plane wavefront is
usually obtained by introducing a reference wave and letting it
interfere with the object wave in the hologram plane. Suppose
that the object and reference waves are described by complex
amplitude fields O(x,y) and R(x,y), respectively, the light in-
tensity in the hologram plane is given by

H(x,y) = |O(x,y)+R(x,y)|2

= |O(x,y)|2 + |R(x,y)|2 +O(x,y)R∗(x,y)

+O∗(x,y)R(x,y), (21)

where O∗(x,y), R∗(x,y) are the complex conjugates of
O(x,y), R(x,y). The first two parts are background terms,
while the rest parts are the interference terms. The object in-
formation is encoded in the third term O(x,y)R∗(x,y) and the
last term is its conjugate. In practice, we want to eliminate the
background and conjugate terms, which can be done by us-
ing phase-shifted interferometry method with Mach–Zehnder
or Michelson architecture.[24]

Compared with traditional holographic imaging, the
quantum approach does not need the additional reference wave
to interfere with the object wave. The quantum approach takes
advantage of quantum measurement framework with post-
selection to realize the direct reconstruction of object wave
O(x,y). In quantum language, O(x,y) should be replaced with
object wavefunction ψ(x,y), but it makes no essential differ-
ence due to the bosonic nature of photons. Quantum interfer-
ence is the key in the process of post-selection, which makes
wavefunction holographic imaging totally different from the
traditional ways.

Digital

holography

Wavefunction
measurement

xd
yo

yi

xo
xi

d

ψ↼xi↪yi↽ ψ↼xo↪yo↽ ψ↼xd↪yd↽
yd

Fig. 6. Schematic diagram of digital holographic imaging based on
wavefunction reconstruction.

Once we obtain the object wavefunction in the hologram
plane, the next thing is to infer the photonic wavefunction in
the object plane. Consider the imaging of a cat, as shown
in Fig. 6, with the input wavefunction ψ(xi,yi) of photons
known, e.g., Gaussian distribution. The cat will change the
wavefunction distribution of photons, and its full information
is encoded in the amplitude and phase of object plane wave-
function ψ(xo,yo). In the experiment, what we measure is
the imagine plane wavefunction ψ(xd ,yd), which has a dis-
tance d from the object plane. The imagine plane wavefunc-
tion ψ(xd ,yd) is determined by the object plane wavefunction
ψ(xo,yo) via free-space Feynman propagator formula

ψ(xd ,yd) =
∫

K(xd ,yd ,xo,yo)ψ(xo,yo)dxo dyo, (22)

where the propagator is given by

K(xd ,yd ,xo,yo) =
1
iλ

e ik
√

(xd−xo)2+(yd−yo)2+d2√
(xd− xo)2 +(yd− yo)2 +d2

(23)

with λ and k being the wavelength and wavevector of photons,
respectively. When d� 1, the paraxial condition is satisfied,
and ψ(xo,yo) can be obtained by inverse transformation

ψ(xo,yo) =
∫

L(xo,yo,xd ,yd)ψ(xd ,yd)dxd dyd (24)

100312-6



Chin. Phys. B 32, 100312 (2023)

with

L(xo,yo,xd ,yd)

=
e−ikd

−iλd
exp
{
−ik[(xd− xo)

2 +(yd− yo)
2]

2d

}
. (25)

By using the fast Fourier transformation algorithm, we can
compute the object plane wavefunction ψ(xo,yo) from the
measured imagine plane wavefunction ψ(xd ,yd). Once the
information of ψ(xo,yo) is obtained, the 3D reconstruction
of the object is possible if the appropriate scattering model,
or forward model is adapted. Specifically, it requires to map
3D refractive index distribution n(x,y,z) in object space to the
scattered wavefunction ψ(xo,yo). The forward model chosen
is much like that in traditional ways, e.g., beam propagation
model,[25] the only difference is the replacement of complex
light field with wavefunction in quantum approach. It should
be emphasized here again that the above theoretical analysis is
not limited to the quantum measurement case but also applies
to conventional light sources due to the bosonic nature of pho-
tons. There seem to be no practical difficulties in performing
the above procedure with current technologies and algorithms
in principle.

7. Challenges and opportunity
Direct wavefunction reconstruction and its potential in

digital holographic imaging are currently in the early stage of
exploration. The theoretical framework has been completed,
but the experimental realization still faces some technical dif-
ficulties. Although the imaging of light fields has already been
demonstrated, holographic imagining of real objects requires
more effort and technical improvements. Based on the previ-
ous experiments on light field imaging, there are still three
main technical challenges to realizing holographic imaging
of 3D objects. The first is the coupling between the system
and the pointer performed by the SLM. The extinction ratio of
each pixel is actually different from each other, and we have
to search the whole reflection area to find the best subarea of
pixels to guarantee good coupling. This is not an easy thing
in the practical experiment and lots of time has to be taken.
The second is the post-selection of the zero momentum state
or measurement of the zero momentum in the scan-free frame-
work. In practice, we need to guarantee that there are no or few
other momentum states coupled to the pointer. The third is to
develop a corresponding algorithm and software to deal with
the data to reconstruct the wavefunction and display the imag-
ine. This is demanding, especially when we want to realize
dynamic object imaging.

The technical challenges noted above, however, will not
limit the applications of wavefunction holographic imaging in
principle. The challenges are mainly due to technical issues,

and there are many experiences we can learn from traditional
holographic imaging. Wavefunction holographic imaging pro-
vides a totally new approach from the point of view of quan-
tum theory. For living objects that are sensitive to the light in-
tensity that single photons should be used, wavefunction holo-
graphic imaging may be an excellent choice. In addition, there
seem to be no technical obstacles for researchers from the area
of traditional holographic imaging to access and study this new
method based on their existing equipments.

8. Discussion and conclusion
Currently, all weak value based direct wavefunction re-

constructions are limited to the photonic system. The possi-
bility of applying the same method to other physical systems,
e.g., electrons or neutrons, deserves further consideration. The
direct measurement of the wavefunction of electron or neutron
would be more physically attractive. It is, however, technically
challenging to realize because of the difficulty of spin manip-
ulation in practice. With the development of more advanced
technologies in spin manipulation, we believe it is totally pos-
sible.

In conclusion, we have introduced weak value based di-
rect wavefunction reconstruction and discussed its potential
application in holographic imaging, which provides an alter-
native approach beyond traditional ways. The key point of
the next stage is to realize the experimental demonstration of
3D objects holographic imaging based on this new method.
In addition, wavefunction reconstruction may find important
applications in testing foundational issues[15] or quantum in-
formation science.[26] As the number of qubits grows quickly
in various physical platforms, e.g., superconducting, ionic and
atomic quantum processors, the need for efficient quantum
state reconstruction seems urgent and the new method intro-
duced may provide a promising way to tackle this issue.
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