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Parameter calculation and result storage, as two necessary steps in phase-field simulation play an important role
in ensuring the accuracy of simulation results. A strategy of parameter calculation and result storage is presented for
phase-field simulation in α-Mg dendrite growth of Mg-5-wt% Zn alloy under isothermal solidification. Based on the
phase diagram and empirical formulas, key parameters of the phase-field model, such as equilibrium partition coefficient
k, liquidus slope m, solutal diffusion coefficient in liquid Dl, and solutal diffusion coefficient in solid Ds, can be obtained.
Both structured grid method and structured point method can be used to store simulation results, but using the latter method
will reduce about 60% storage space and 37.5% storage time compared with the former. Finally, convergent simulation
results of α-Mg dendrite growth are obtained and they are in good agreement with the experimental results about optical
micrograph, which verify the accuracy of parameters and stability of storage method.

Keywords: parameter calculation, result storage, phase-field method, dendrite growth
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1. Introduction

The microstructures formed in solidification play a sig-
nificant role in process control and mechanical properties of
the final casting.[1] Dendrite, as a typical solidification mi-
crostructure, exists in most metallic alloys.[2,3] Understanding
the evolution of dendrite morphologies and segregation distri-
bution is important in controlling final microstructures. With
the development of computer science and material thermody-
namics, the phase-field method has become an indispensable
means to simulate the evolution of microstructures, especially
dendrites.[4–8]

Typically, a comprehensive phase-field simulation pro-
cess involves several steps: modeling, parameter calculation,
equations solver, and result storage and post-processing. In
recent years, a lot of efforts have been made to model and
making a equation solver. For example, in terms of mod-
eling, multiphase and multiscale[9,10] and phase-field-lattice
Boltzmann[11] models have been developed, and in terms of
making equation solver, adaptive mesh refinement[12,13] and
parallel computing[14,15] methods have been presented. Nev-
ertheless, compared with the above two steps, calculating pa-
rameters, and result storage and post-processing were often
only briefly mentioned in most of published papers.[16–18]

There have been almost no systematic studies for the latter

two steps, which will limit the application of the phase-field
method. Moreover, according to Tourret et al.,[19] the en-
ergy function at the core of phase-field model depends on
a large number of parameters that control different energy
contributions, and quantitative predictions of microstructure
evolution require careful identification of parameters. There-
fore, it is necessary to find a feasible strategy for parame-
ter calculation, which will improve the accuracy of simula-
tion results. A natural link exists between phase-field method
and CalPhaD method, and the phase diagram and thermody-
namic/kinetic data of alloys can be obtained through the Cal-
PhaD method.[20] For alloy solidification, an accurate descrip-
tion of solutal diffusion in liquid and solid is helpful in accu-
rately predicting the segregation distribution.[21,22] According
to empirical formulas from experiments or theoretical calcula-
tions, solutal diffusion coefficient in liquid and solid can be ob-
tained, which are essential to describe solute diffusion. Then,
key parameters of the phase-field model can be presented by
combining the CalPhaD method and empirical formulas. In
addition, a feasible result storage strategy requires not only
high storage efficiency but also convenient post-processing.
Since the simulation domain in phase-field simulation is usu-
ally a regular graph, finite difference[23] and finite volume[24]

methods are often used to solve equations. Therefore, it is
reasonable to use structured grid or structured point storage
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methods for result storage.
In this study, a method of calculating parameters and

storing results is presented for phase-field simulation in α-
Mg dendrite growth of Mg-5-wt% Zn alloy under isothermal
solidification. Based on the PANDAT software, the Mg–Zn
phase diagram is calculated, then third-order polynomials are
adapted to fit both solidus and liquidus lines, and parameters
such as equilibrium partition coefficient k, liquidus slope m
are obtained. Subsequently, the solutal diffusion coefficient
in liquid Dl and solutal diffusion coefficient in solid Ds are
calculated from empirical formulas. The structured grid and
structured point storage methods are chosen to store simula-
tion results, and the storage efficiencies of the two methods
are compared. Finally, α-Mg dendrite growth is studied to test
the accuracy of parameters and stability of storage methods.

The rest of this paper is organized as follows. The phase-
field method is introduced in Section 2. The results and anal-
ysis are given in Section 3, and the discussion is presented
in Section 4. Finally, conclusions are drawn from the present
study in Section 5.

2. Phase-field method
2.1. Phase-field equations

In this study, a quantitative phase-field model is used to
describe α-Mg dendrite growth of Mg-5-wt% Zn alloy under
isothermal solidification.[25,26] The phase-field is represented
by φ , with φ = +1 in the solid, φ = −1 in the liquid, and φ

varying smoothly from +1 to −1 within the diffuse interface.
For a two-phase system, the free energy function can be de-
scribed as

F [φ ,c,T ] =
∫

dV

[
σ

2
|∇φ |2 + f (φ ,Tm)

+ fAB (φ ,c,T )
]
, (1)

where c is the solute concentration, T is the temperature, σ is
the energy per unit length, and Tm is the melting temperature.
The double-well potential and free energy density functions
are given, respectively, by

f (φ ,Tm) = H
(
−φ

2/2+φ
4/4
)
, (2)

fAB (φ ,c,T ) = f A (Tm)− (T −Tm)s(φ)

+
RTm

v0
(clnc− c)+ ε (φ)c, (3)

where H is the barrier height, f A (Tm) is the free energy for
pure A at Tm, R is the gas constant, v0 is the molar volume
of A, s(φ) and ε (φ) are interpolation functions related to en-
tropy density and internal energy density, respectively. Ac-
cording to Allen–Cahn equation and Cahn–Hilliard equation,

the variational formulation for all fields can be derived from

∂φ

∂ t
=−Mφ

δF
δφ

, (4)

∂c
∂ t

=∇ ·
(

Mc∇
δF
δc

)
, (5)

where Mφ and Mc are the mobility related to the interfacial ki-
netic coefficient and solute diffusion coefficient, respectively.
The evolution equation for φ is given as follows:

[1+(1− k)U ]a2
s (𝑛)

∂φ

∂ t

= ∇ ·
[
a2

s (𝑛)∇φ
]
+ ∑

η=x,y,(z)

∂

∂η

[
|∇φ |2 as (𝑛)

∂as (𝑛)

∂ (∂φ/∂η)

]
+
(
1−φ

2)[
φ −λ

(
1−φ

2)U
]
, (6)

where k is the equilibrium partition coefficient and
λ is the coupling parameter of time and space. The
anisotropy function for two-dimensional simulations
is as (𝑛) = 1 + ε0 + ε6cos [6(ϕ−ϕ0)], and for three-
dimensional simulations is as (𝑛) = 1 + ε1

(
3cos2θ −1

)2
+

ε2
(
sin3

θcos3ϕ−3sin3
θsin2

ϕcosϕ
)2 (

9cos2θ −1− ε3
)2,[27]

where θ ∈ [0,π] and ϕ ∈ [0,2π] are the spherical coordinate
angles, ϕ0 is the misorientation angle, ε0, ε1, ε2, ε3, and ε6 are
the magnitudes of crystal anisotropy, 𝑛 = −∇φ/ |∇φ | is the
unit vector normal to the interface. The dimensionless solute
concentration U is given as follows:

U =
1

1− k

[
2c/c0

l
(1+ k)− (1− k)φ

−1
]
, (7)

where c0
l is the liquid concentration at the equilibrium temper-

ature T0. The evolution equation for U is given as follows:(
1+ k

2
− 1− k

2
φ

)
∂U
∂ t

= ∇ · [Dq(φ)∇U−𝑗at]+
1
2
[1+(1− k)U ]

∂φ

∂ t
, (8)

where D = Dlτ0/W 2
0 is the dimensionless solutal diffusion

coefficient, Dl is the solutal diffusion coefficient in liquid,
τ0 = α2λW 2

0 /Dl is the relaxation time, W0 = d0λ/α1 is
the interface thickness, d0 = Γ /∆T0 is the chemical cap-
illary length, Γ = γ0Tm/(ρLf) is the Gibbs–Thomson co-
efficient, γ0 is the surface energy of the solid-liquid in-
terface, ρ is the density of the pure A, Lf is the la-
tent heat of fusion, ∆T0 = |m|(1− k)c0

l is the equilibrium
freezing temperature range, m is the liquidus slope, α1 =

0.8839 and α2 = 0.6267 are constants, q(φ) = (1−φ)/2+
kDs (1+φ)/(2Dl) is the interpolating function, 𝑗at =

−1/(2
√

2)(1− kDs/Dl) [1+(1− k)U ] (∂φ/∂ t)(∇φ/ |∇φ |)
is the anti-trapping current, and Ds is the solutal diffusion
coefficient in solid.
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In this study, the noise of n0χ
√

∆t
(
1−φ 2

)
is added to φ

at each point and each time step, therefore, at the next time
step, it can be expressed as follows:[28]

φ
t+∆t = φ

t +∆t
∂φ t

∂ t
+n0χ

√
∆t
[
1−
(
φ

t)2
]
, (9)

where χ is a random number generated with a flat distribu-
tion in the range from −1 to +1, n0 is the magnitude of the
noise, and the term

[
1− (φ t)2 ] keeps the noise localized in

the vicinity of the interface where φ 6=±1.

2.2. Computational conditions

The finite volume method is used to discretize Eqs. (6)
and (8). The Neumann boundary with zero fluxes is applied
to the phase-field model and therefore there is no solute flux
across the boundaries. The sphere nucleation seed radius is
set to 𝑟0 = 5.0∆x. The supersaturation of the melt is Ω =(
c0

l − c0
)
/
[
c0

l (1− k)
]
, which corresponds to the fixed under-

cooling ∆T = Tm−T0, where c0 is the initial solute concentra-
tion far from the solid-liquid interface. The initial phase-field
order parameter is set to φ (𝑟,0) =− tanh

[
(𝑟−𝑟0)/

√
2
]
, di-

mensionless solute concentration is set to U (𝑟,0) =−Ω . This
study is based on the solidification module in EasyPhase soft-
ware, which is a comprehensive phase-field theory software
package developed by the group of Prof. Yuhong Zhao.

3. Results and analysis
3.1. Key parameters calculation

According to Eqs. (6)–(8), the key parameters of the
phase-field model contain equilibrium partition coefficient k,
solutal diffusion coefficient in liquid Dl, solutal diffusion coef-
ficient in solid Ds, and chemical capillary length d0. The above
parameters are the bridge between the phase-field model and
the solidification process, playing an important role in deter-
mining the accuracy of simulation results. Based on thermo-
dynamic data from PANDAT software (Version 2021b 64bit),

part of the Mg–Zn phase diagram is calculated as shown in
Fig. 1. To obtain accurate physical parameters, the third-order
polynomials are adapted to fit both solidus and liquidus lines
as follows:[29]

Tl (c) = a1c3 +b1c2 + c1c+Tm, (10)

Ts (c) = a2c3 +b2c2 + c2c+Tm, (11)

where a1 = −0.0006, b1 = −0.0212, c1 = −3.0005, a2 =

1.5425, b2 = −1.6070, c2 = −57.9819, and Tm = 923 K. For
the given equilibrium temperature T0 = Tl = Ts = 889 K, cor-
responding liquid concentration c0

l = 10.3524 wt% and solid
concentration c0

s = 0.5818 wt%, therefore, the equilibrium
partition coefficient k = c0

s/c0
l = 0.0562. In addition, the liq-

uidus slope for the concentration c0
l can be obtained from m =

(∂Tl/∂c)c=c0
l
= 3a1

(
c0

l

)2
+2b1c0

l +c1 =−3.6324 K/wt%, so

the chemical capillary length d0 = 0.3308×10−7 m.
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Fig. 1. Part of Mg–Zn phase diagram, with points representing the data
available from thermodynamic database, and lines referring to solidus
and liquidus lines via the third-order polynomials approximate.

According to the empirical formulas,[30–32] the solutal
diffusion coefficient in liquid and solid can be expressed, re-
spectively, as

Dl =
kBT 1/2

4π

(
ρm

solute
)1/3

0.644×10−8 (Msolute)
1/3 (1−0.112

√
T/T m

solute

) · (Vsolvent)
2/3

Â(Msolvent)
1/2 ·T exp

(
−B̂

T m
solvent

T

)
, (12)

Ds = D0exp(−Q/RT ) , (13)

where Â and B̂ are both the adjustment constant, kB is the
Boltzmann constant, ρm

solute is the density of solute at the melt-
ing temperature T m

solute, Msolute is the atomic mass of solute,
the terms Vsolvent, Msolvent, and T m

solvent are the absolute mo-
lar volume, the atomic mass, and the melting temperature of
the solvent, respectively. Moreover, D0 is the pre-exponential
factor, and Q is the activation energy. For Mg–Zn alloy, the
Mg substrate is regarded as the solvent, and alloying ele-
ment Zn is regarded as the solute. Therefore, according to
Eqs. (12) and (13), the solutal diffusion coefficient in liquid is

Dl = 4.6763× 10−9 m2/s and solutal diffusion coefficient in

solid is Ds = 5.1899×10−14 m2/s at the temperature T = T0.

Moreover, Becker et al.[33] showed that the simulations

converge to stationary results for W0/d0 ≤ 10, therefore, W0 =

9.0d0 = 2.9772× 10−7 m, coupling constant λ = 7.9551, re-

laxation time τ0 = 9.4497× 10−5 s, space step size ∆x =

0.8W0 = 2.3818× 10−7 m, and time step size ∆t = 0.01τ0 =

9.4497×10−7 s. The other physical and model parameters for

phase-field simulations are listed in Table 1.[34–36]
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Table 1. Physical and model parameters for phase-field simulations.

Parameter Value
Surface energy, γ0 0.81 J/m2

Density, ρ 1740 kg/m3

Latent heat of fusion, Lf 3.66×105 J/kg
Pre-exponential factor, D0 0.0483×10−5 m2/s
Activation energy, Q 1.186×105 J/mol
Initial concentration, c0 5.0 wt%
Supersaturation, Ω 0.55
Anisotropy strength, ε0, ε6, ε1, ε2, ε3 0.01, 0.06, –0.02, 0.15, 0.0
Simulation domain, Λ 400∆x×400∆x(×400∆x)

3.2. Structured grid and structured point storage

Usually, the results of the phase-field simulation are
stored in the array and need to be visualized by post-
processing software or package. Choosing an appropriate stor-
age strategy is not only beneficial to the post-processing of re-
sults but also able to save storage space. In this study, based on
the .vtk file format, the structured grid method and structured
point method are used to store simulation results. Figure 2(a)
shows the structured grid storage method. It can be found that
the grid needs first to be built according to the size of the ar-
ray, and the elements in the array are then stored in grid nodes.
Figure 2(b) shows the structured point storage method, which
is different from the structured grid: elements in the array are
directly stored as nodes. Figures 2(c) and 2(d) show simu-
lation results stored by using the structured grid method and
structured point method, respectively, through post-processing
software: Paraview-Version 5.6.0 64bit. It can be found that
in terms of the resolution of this study, there is almost no dif-
ference in dendrite morphologies obtained by these two stor-
age methods. Moreover, for structured grid storage, when ele-
ments in the array are sequentially stored in grid nodes, undis-
torted post-processing results can be obtained only when the
total number of nodes in each of all directions of the simulation
domain is similar. When elements in the array are stored in re-
verse order in grid nodes, undistorted post-processing results
can be obtained unconditionally. For structured point storage,
undistorted post-processing results can be obtained only when
elements in the array are stored in reverse order in nodes.

To illustrate the efficiency of the structured grid storage
method and structured point storage method, storage space and
storage time varying with node number are counted as shown
in Fig. 3. With the increase of node number, both storage space
and storage time will increase linearly. For structured grid
storage, the relationship between storage space and node num-
ber satisfies y = 15.0× 10−6x, and the relationship between
storage time and node number complies with y = 0.8×10−6x.
For the structured point storage, the relationship between stor-
age space and node number meets y = 6.0× 10−6x, and the
relationship between storage time and node number obeys
y = 0.5×10−6x. Therefore, using the structured point storage

method will reduce about 60% storage space and 37.5% stor-
age time compared with the structured grid storage method.
When the node number is small, the storage advantage of the
structured point over the structured grid method is not signif-
icant. However, when the node number is large, it is diffi-
cult to obtain post-processing results even based on the current
computer level. Therefore, when carrying out large-scale com-
puting, especially for three-dimensional simulation, the use of
the structured point storage method will greatly reduce storage
space and time.

(a) (b)

(c) (d)

Fig. 2. (a) Schematic diagram of structured grid storage and (b) struc-
tured point storage. Simulated morphologies of α-Mg dendrite of Mg-
5-wt% Zn alloy under isothermal solidification at t = 6000∆t by using
(c) structured grid method and (d) structured point method.
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Fig. 3. Storage space and storage time varying with node number.
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4. Discussion
4.1. The α-Mg dendrite growth

To verify the accuracy of parameters and stability of stor-
age methods, the phase-field simulation in α-Mg dendrite
growth of Mg-5-wt% Zn alloy is investigated. Figure 4 shows
solute field evolution in the whole simulation domain, it can
be found that the dendrite on {0001} crystal plane has six pri-
mary dendrite arms, showing a typical snowflake morphology,
which result from the solid–liquid interface anisotropy. Ow-
ing to solute redistribution during the growth of α-Mg den-
drite, the solute is enriched on the liquid side of the solid–
liquid interface, and solute enrichment at the root of the den-
drite is higher than that at the tip of the dendrite, which results

from curvature effect. Figure 5 shows the solute field evolu-
tion at the solid–liquid interface, it can be found that the three-
dimensional dendrite has eighteen primary dendrite arms, the
six primary dendrite arms on {0001} crystal plane grows along
the 〈112̄0〉 direction, while the other twelve primary dendrite
arms grow along the 〈112̄3〉 direction, and the growth velocity
of the primary dendrite arm growing along the 〈112̄0〉 direc-
tion is faster than that along the 〈112̄3〉 direction. Moreover,
there is also a concentration difference at the solid–liquid in-
terface, the concentration is high in depression areas and low
in uplift areas, and the difference in concentration between the
two areas is about 0.2, which is lower than that between solid
and liquid.

(a) (b) (c)

(f)(e)(d)

(g) (h) (i)

0.9994

0.8000

0.6000

0.4000

0.2000

0.0221

Concentration

Fig. 4. Solute field evolution in α-Mg dendrite growth of Mg-5-wt% Zn alloy under isothermal solidification in the whole simulation domain
at t = 1000∆t (a), 2000∆t (b), 3000∆t (c), 4000∆t (d), 5000∆t (e), 6000∆t (f), 7000∆t (g), 8000∆t (h), and 9000∆t (i).

(a) (b) (c)

(f)(e)(d)

Concentration
0.6067

0.5500

0.5000

0.4500

0.3837

Fig. 5. Solute field evolution in α-Mg dendrite growth of Mg-5-wt%
Zn alloy under isothermal solidification at solid–liquid interface and
t = 1000∆t (a), 2000∆t (b), 3000∆t (c), 4000∆t (d), 5000∆t (e), and
6000∆t (f).

Figure 6 shows the evolutions of solid fraction, dendrite
tip velocity, and dendrite tip radius in α-Mg dendrite growth
of Mg-5-wt% Zn alloy under isothermal solidification. With

dendrite growth, solid fraction increases nonlinearly and the

slope of the curve increases gradually, which result from the

development of sidebranching. Moreover, since the curve

is smooth, the random distribution of sidebranching will not

cause a large fluctuation of solid fraction. To avoid the effect

of excessive noise on the dendrite tip stability, the magnitude

of the noise is set to n0 = 0 when calculating the dendrite tip

velocity and radius. With dendrite growth, dendrite tip veloc-

ity will first increase from 0 to 2.56 and then decrease gradu-

ally and stabilize at about 2.24. While the dendrite tip radius

will increase gradually, from 0 to 2.2, and stabilize at about

2.2.
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Fig. 6. Time evolution of (a) solid fraction, (b) dendrite tip velocity, and (c) dendrite tip radius in α-Mg dendrite growth of Mg-5-wt% Zn alloy
under isothermal solidification.

4.2. Experimental validation

To verify the accuracy of simulations, simulation results
are compared with experimental results as shown in Fig. 7.
The original ingots with a nominal composition of Mg-5-wt%
Zn are fabricated in an electric-resistant furnace under an ar-
gon atmosphere by melting high-purity Mg, and Zn at 750 ◦C.
Then, the melts are cast into a preheated mold at 200 ◦C
when the temperature decreases to 730 ◦C, and the cast alloys
each with a diameter of 42 mm and a height of 150 mm are
obtained. It can be found that both morphologies of α-Mg
dendrite of experimental and simulation results on the {0001}
crystal plane have six primary dendrite arms and develop
secondary dendrite arms. The angle between the primary den-
drite arms is 60◦, and the angle between the primary dendrite
arms and secondary dendrite arms is also 60◦, therefore, the
growth direction of primary dendrite arms and secondary den-
drite arms are both 〈112̄0〉. Moreover, it can be found that
the morphologies of α-Mg dendrite of experimental and sim-
ulation results on

{
112̄1

}
crystal plane have both four primary

(a) (b)

(c) (d)

200 μm 200 μm

Fig. 7. Optical micrographs of α-Mg dendrite of as-cast Mg-5-wt% Zn alloy
under air cooling on (a) {0001} crystal plane and (b)

{
112̄1

}
crystal plane,

and morphology of α-Mg dendrite of Mg-5-wt% Zn alloy under isother-
mal solidification at t = 6000∆t on (c) {0001} crystal plane and (d)

{
112̄1

}
crystal plane.

dendrite arms and undeveloped secondary dendrite arms. The
angle between the left primary dendrite arm and the right pri-
mary dendrite arm is about 85◦, and the angle between the up-
per primary dendrite arm and the lower primary dendrite arm
is about 95◦. The growth direction of primary dendrite arm is
〈112̄3〉, and since the interaction between secondary dendrite
arms, their growth direction will be slightly deflected.

5. Conclusions

In this study, parameter calculation and result storage for
phase-field simulation in α-Mg dendrite growth of Mg-5-wt%
Zn alloy is investigated. The main conclusions are as follows.

(i) Key parameters of the phase-field model, such as equi-
librium partition coefficient k, liquidus slope m, solutal diffu-
sion coefficient in liquid Dl, and solutal diffusion coefficient in
solid Ds are obtained through the phase diagram and empirical
formulas.

(ii) Both the structured grid method and the structured
point method can be used to store simulation results. More-
over, using the structured point storage method will reduce
about 60% storage space and 37.5% storage time compared
with the structured grid storage method.

(iii) The convergent simulation results of α-Mg dendrite
growth are obtained and in good agreement with the optical
micrograph of experimental results, verifying the accuracy of
parameters and stability of storage methods.
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