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Exposed to the natural light-dark cycle, 24 h rhythms exist in behavioral and physiological processes of living beings.
Interestingly, under constant darkness or constant light, living beings can maintain a robust endogenous rhythm with a free
running period (FRP) close to 24 h. In mammals, the circadian rhythm is coordinated by a master clock located in the
suprachiasmatic nucleus (SCN) of the brain, which is composed of about twenty thousand self-oscillating neurons. These
SCN neurons form a heterogenous network to output a robust rhythm. Thus far, the exact network topology of the SCN
neurons is unknown. In this article, we examine the effect of the SCN network structure on the FRP when exposed to
constant light by a Poincaré model. Four typical network structures are considered, including a nearest-neighbor coupled
network, a Newman–Watts small world network, an Erdös–Rényi random network and a Barabási–Albert (BA) scale free
network. The results show that the FRP is longest in the BA network, because the BA network is characterized by the
most heterogeneous structure among these four types of networks. These findings are not affected by the average node
degree of the SCN network or the value of relaxation rate of the SCN neuronal oscillators. Our findings contribute to the
understanding of how the network structure of the SCN neurons influences the FRP.

Keywords: circadian rhythm, light sensitivity, heterogeneous network, free running period

PACS: 87.18.Yt, 05.45.Xt, 87.18.Sn DOI: 10.1088/1674-1056/acd7ce

1. Introduction

Circadian rhythms are orchestrated by an endogenous bi-
ological clock which synchronizes the behavioral and phys-
iological activities of living beings to the natural light-dark
cycle.[1–4] Interestingly, even in the absence of an external
light-dark cycle or environmental time cue, living beings can
also sustain a robust rhythm with an endogenous period of ap-
proximation but not exact 24 h.[5–7] The endogenous period in
constant condition, such as under constant light or under con-
stant darkness, is called the free running period (FRP).[8–10]

The length of the FRP varies under different conditions.[2,5]

For example, the FRP length is smaller in the aging animals
than the young animals under constant darkness, and the FRP
length increases with the increase of the light intensity when
exposed to constant light.[11,12]

In mammals, this endogenous clock is situated in the
suprachiasmatic nucleus (SCN) in the anterior hypothalamus
of the brain.[13] The SCN contains approximately 20000 self-
oscillating neuronal oscillators with periods around 24 h.[14]

The self-oscillating process of the SCN individual neurons
is accomplished through a transcription-translation feedback
loop composed of several key genes, such as Per, Cry, clock,
and Bmal1.[15] At the cellular level, the SCN neurons can dis-
play second-scale firing rhythms. The firing frequency of the
SCN neurons is regulated by the genetic feedback loop.[16–18]

In turn, the SCN neuron electrical activity affects the circadian
oscillation properties of the genetic feedback loop, such as

period, amplitude, and phase.[19–21] The interaction between
electrical activity and feedback loop differs significantly from
previous neuron models, such as the Hodgkin–Huxley model
and the Mihalas–Niebur model.[22] The SCN neurons are non-
identical and express different intrinsic periods from the range
of 22 h to 28 h.[2,6] The output of a robust rhythm with a
uniform circadian period for these nonidentical neurons im-
plies that the SCN neurons are well synchronized to form a
network.[1,23,24] The cellular couplings play a key role in the
synchronization, which are mainly through neurotransmitters,
e.g., vasoactive intestinal polypeptide, arginine vasopressin,
and gamma-aminobutyric acid.[25–27]

Although the exact topology of the SCN network has
not been revealed, the SCN network is considered to be
heterogenous.[28–30] Based on the heterogenous functions and
network characteristic, it can be distinguished into two distinct
subnetworks, including a ventrolateral (VL) part composed of
about 25% SCN neurons and a dorsomedial (DM) part com-
posed of rest SCN neurons.[31,32] The VL neurons are regarded
as the hubs because the links of the VL neurons are much more
than those of the DM neurons.[33–35] Additionally, the VL and
the DM neurons have heterogenous characteristics in terms of
the light sensitivity.[36–38] Early studies found that the VL neu-
rons are directly sensitive to the light information originating
from intrinsically photosensitive retinal ganglion cells through
the retino-hypothalamic tract, and relay the information to the
DM neurons. In contrast, the DM neurons are insensitive to
the light information.[31,32,39] Recent studies found that both
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the VL and DM neurons are sensitive to light, but the sensitiv-
ity for the DM neurons are much smaller than that for the VL
neurons.[36,37] Therefore, the sensitivity to light for the neu-
rons and the number of links for the neurons are positively
correlated.

In this article, we examine whether the FRP is affected
by the SCN network structure based on a Poincaré model ex-
posed to constant light. Four typical network structures are
considered, including a nearest-neighbor coupled network, a
Newman–Watts (NW) small world network,[40,41] an Erdös–
Rényi (ER) random network,[42] and a Barabási–Albert (BA)
scale free network.[43] The rest of this article is organized as
follows. In Section 2, the Poincaré model is introduced to sim-
ulate an SCN network exposed to constant light. In Section 3,
we present the simulation results of the effects of the SCN net-
work structures on the FRP. In Section 4, the analytical results
are presented. Finally, the conclusion and discussion are in-
cluded in Section 5.

2. Description of the Poincaré model
In the field of circadian rhythms, two major types of mod-

els are predominantly used to describe the collective behavior
of the SCN oscillatory networks, namely biochemical mod-
els, such as the Goodwin model,[44] and phenomenological
models, such as the Kuramoto model[18] and the Poincaré
model.[45–47] The Goodwin model describes the oscillator in
terms of a genetic feedback loop, whereas the Poincaré model
mimics the oscillator by a more general description. The re-
sults obtained from the latter are general enough to apply
to synchronous rhythms generated by a single cell or cou-
pled oscillators.[48] Furthermore, the analytical calculation of
the Poincaré oscillator is straightforward. Thus, the Poincaré
model, containing both phase and amplitude information, was
utilized for numerical simulations and theoretical analysis.
Each oscillator is modeled by two variables x and y. The
SCN network is coupled or linked through a local mean field
of neurotransmitters.[49,50] Therefore, the model composed of
N oscillators exposed to the constant light reads

ẋi = γxi(a− ri)−
2yiπ

µiτ
+GFi +Li,

ẏi = γyi(a− ri)+
2xiπ

µiτ
, i = 1,2, . . . ,N,

Fi =
1

∑
N
j=1 Ai j

N

∑
j=1

Ai jx j, (1)

where the subscript i denotes the i-th neuronal oscillator; the
parameters γ , a, and τ represent the relaxation parameter, in-
trinsic amplitude, and intrinsic period of the individual oscil-
lator, respectively; µi represents the dispersed intrinsic period
for the individual oscillators which satisfies a normal distribu-
tion with the mean equal to 1 and the standard deviation σ . GFi

describes the local field term among the coupled neuronal os-
cillators, in which the parameter G represents the cellular cou-
pling strength and Fi is the local mean field.[34,48,51] The value
of Fi is the mean value of the variable x over neighbors of the i-
th node. The network structure of the SCN can be described by
an adjacent matrix AN×N , whose element Ai j is 1 when node
i and node j are connected, and otherwise Ai j = 0. Notably,
the neuron oscillator i is connected to itself here. The strength
of circadian rhythms of the SCN network can be described by
the synchronization degree R of neuronal oscillators. The syn-
chronization degree R of the SCN neuronal oscillators can be
expressed over time as follows:

R =
〈X2〉−〈X〉2

1
N ∑

N
i=1
(
〈x2

i 〉−〈xi〉2
) , i = 1,2, . . . ,N, (2)

where X = 1
N ∑

N
i=1 xi is the average of x and presents the evo-

lution of the SCN network, and 〈· · · 〉 represents the average
over time. The gradual transition of R from 0 to 1 means
that the SCN neuronal oscillators evolve gradually from com-
pletely unsynchronized state to perfectly synchronized state,
i.e., the larger the value of R is, the higher the synchronization
degree of the SCN neuronal oscillators is. The parameter ri is
the coupled amplitude of the i-th neuronal oscillator, which is
defined as

ri =
√

x2
i + y2

i , i = 1,2, . . . ,N. (3)

The light term Li is equal to liL, where L is the constant light
intensity and li is the sensitivity of the SCN neurons to light
information. Because the SCN neurons exhibit heterogene-
ity in light sensitivity, i.e., the VL neurons are much more
sensitive to the light-information than the DM neurons,[36,37]

and the links in VL neurons are denser than those in DM
neurons.[34,35] Thus, there is positive correlation between
the node degree and the sensitivity, we set li = di/D, i =
1,2, . . . ,N, with di denoting the degree of node i, i.e., the num-
ber of i’s neighbors. D is the average node degree of the SCN
network, which is equal to D = 1

N ∑
N
i=1 di. Accordingly, Ldi/D

describes the input of the light information depending on the
node degree.

In the present study, we use the fourth-order Runge–
Kutta method for the numerical simulations with time steps
of 0.01 h. The initial 5×106 steps (5×104 h) are neglected to
avoid the influence of transients and the next 1× 105 steps
(1× 103 h) are selected. The initial values of x and y are
chosen randomly from a uniform distribution in the range
(0,1) for each oscillator. Without special statement, we set
γ = 0.5, a = 1, G = 0.2, L = 0.1, and τ = 24,[32,48,52,53] and
the standard deviation is σ = 0, the total number of neurons
is N = 1000, and the each numerical simulation is averaged
over 20 results to avoid the effects of randomness in network
generations.
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3. Numerical results
An illustrative example to examine the effect of the net-

work topology of the SCN neurons on the FRP is shown in
Fig. 1, when exposed to constant light. In particular, the tem-
poral evolutions of five randomly chosen oscillators are pre-
sented in the nearest-neighbor network (a), the NW network
(b), the ER network (c), and the BA network (d). The value
of the average node degree is selected to be D = 10 for all the
networks. The temporal evolutions of the five oscillators are
highly synchronized and exhibit robust circadian rhythms in
each panel (a)–(d), indicating that their periods are the same.
The FRP is 27.97 h, 28.31 h, 28.59 h and 29.71 h, respectively,
and the synchronization degree is R = 1, 0.99, 0.97, and 0.88
for (a)–(d), respectivley. Therefore, the FRP in the BA net-
work is longer than the other networks. Meanwhile, the value
of R is close to 1 within each panel, indicating that the SCN
neurons are highly synchronized. R ≈ 1 agrees that the x val-
ues of the oscillators are almost equal within each network,
i.e., the temporal evolutions of the SCN neuronal oscillators
are almost identical within each network in Fig. 1.
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Fig. 1. The temporal evolutions of the neuronal oscillators are affected
by the SCN network structure under constant light. The evolutions of
five oscillators are randomly chosen from the nearest-neighbor network
(a), the NW network (b), the ER network (c), and the BA network (d).
The average node degree is D = 10 for all the networks. The peak of
one randomly selected oscillator is indicated by a black solid line, ac-
cordingly, the length of the FRP is the interval between two consistent
solid lines.

We next examine the effects of the SCN network struc-
ture on the FRP for the selected values of the average node
degree D in Fig. 2. It is obvious that the relationship between
the FRP and D differs in different networks, i.e., the FRP is the
longest in the BA network among the four networks for a fo-
cused value of D. With the increase of D, the FRP slightly de-
creases within each network. Figure 3 shows the relationships
between the synchronization degree R and the average node
degree D for each network. The synchronization degree R is
around 0.9 in the BA network, and 1 in the nearest-neighbor
network, the NW network or the ER network, when D goes

from 10 to 50. Therefore, the neuronal oscillators are highly
synchronized. Accordingly, the changes in the average node
degree of the SCN network do not affect the main results that
the FPR in the BA network is longer than that in the other three
network structures.
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Fig. 2. Comparison of the relationship between FRP and average node
degree D in four network structures, including nearest-neighbor, NW,
ER, and BA networks. D is selected from 10 to 50.
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Fig. 3. Relationships between the synchronization degree R and the aver-
age node degree D within each network. D is selected from 10 to 50.
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Fig. 4. Comparison of the relationship between FRP and average node
degree D. In panels (a)–(d), the relaxation rates γ is 0.1, 0.2, 0.3, and
0.4, respectively, and the range of D is taken from 10 to 50.

Moreover, we examine whether the main results are af-
fected by the relaxation parameter γ of the SCN neuronal os-
cillators (Figs. 4 and 5). The four relaxation rates γ = 0.1, 0.2,
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0.3, and 0.4 are examined in (a)–(d). Consistent with Figs. 2
and 3, respectively, the FRP is longest in the BA network for
each value of γ in Fig. 4, and the synchronization degree R
is large for each network in Fig. 5. Therefore, the changes in
the relaxation rate of the SCN neuronal oscillators do not af-
fect the main results, i.e., the BA network has the longest FRP
among the four networks.
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Fig. 5. Relationships between the synchronization degree R and the av-
erage node degree D within each network for the four relaxation rates
γ = 0.1, 0.2, 0.3, and 0.4 in panels (a)–(d). D is selected from 10 to 50.
Each value of R corresponds to each value of the FRP in Fig. 4.
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Fig. 6. Comparison of the relationship between the FRP and the average
node degree D. In panels (a) and (b), the intensities of constant light L
are 0.01 and 0.05, respectively, and the range of D is 10–50.
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Fig. 7. Relationships between the synchronization degree R and the av-
erage node degree D within each network for the two values of constant
light intensity L = 0.01 and 0.05 in panels (a) and (b), respectively. D
is selected from 10 to 50.

In addition, we examine whether the intensity of constant
light affects the main results (Figs. 6 and 7). Two values of

constant light intensity L = 0.01 and 0.05 are examined in (a)
and (b), respectively. Consistent with Figs. 2 and 3, respec-
tively, the FRP is longest in the BA network for each value of
L in Fig. 6, and the synchronization degree R is approximately
equal to 1 for each network in Fig. 7. Therefore, the changes
in the intensity of constant light do not affect the main results,
i.e., the FRP in the BA network is longer than the other net-
works. In comparison of Figs. 2, 6 and 7, the FRP increases
with the increase of the intensity of constant light L for a fo-
cused value of D within each network.

4. Analytical results
In this section, we implement a series of theoretical analy-

ses to explain the numerical results. The order of network het-
erogeneity going from the lowest to the highest is the nearest-
neighbor network, the NW network, the ER network, and the
BA network. Accordingly, we use the most heterogeneous net-
work topology, namely a star network, to mimic the BA net-
work. In order to model the input of the light information of
the SCN neurons depending on the node degree, for conve-
nience, we consider the star network composed of N nodes as
the SCN network structure,[54,55] where the central node can
be represented by oscillator 1, the leaf nodes are represented
by the oscillators 2,3,4, . . . ,N, respectively.

5

4

3

2

9

8

7

6

10

1

Fig. 8. Schematic diagram of the star network composed of 10 nodes.

Figure 8 schematically shows the star network composed
of 10 nodes. Since the leaf nodes in the star network are sym-
metrical, the system described by the Poincaré model reads

ẋ1 = γx1(a− r1)−
2y1π

τ
+GF1 +L

d
D
,

ẏ1 = γy1(a− r1)+
2x1π

τ
,

ẋi = γxi(a− ri)−
2yiπ

τ
+GFi +L

2
D
,

ẏi = γyi(a− ri)+
2xiπ

τ
, i = 2,3,4, · · · ,N. (4)
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Here, d denotes the degree of the central node, which is equal
to N, and each leaf node degree is 2, because each node con-
tains self-connected edge. The local mean fields of the neu-
ronal oscillators 1 and 2 are expressed by F1 = x1+x2+...+xN

d
and F2 = x1+x2

2 , respectively. Other parameters are the same
as those in Eq. (1). When d is small, the difference of de-
gree between the central node and the leaf node is small, then
the heterogeneity of the star network is low; when d is larger,
this difference will be larger, and the heterogeneity of the star
network will be higher. In addition, with the increase of d, the
central node has more links in the star network, i.e., the central
node is more sensitive to light.

x
x

3

2
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0

-1

3

2

1

0

-1

0 28 56 84 112 140 168 196 224 252 280 308 336

t (h)

d=3

d=4
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(b)

Fig. 9. Temporal evolutions of the neuronal oscillators i affected by the
star network structure under constant light: (a) d = 3 and (b) d = 4, i.e.,
the sizes of the network are N = 3 and N = 4, respectively. The peak of
one randomly selected oscillator is indicated by a black solid line, thus
the FRP is the interval between two consistent solid lines.

Figure 9 shows the temporal evolutions of the SCN neu-
rons affected by the star network under constant light. We
take d = 3 in panel (a) and d = 4 in panel (b) as examples to
present the results. The FRP is 28.17 h and 28.60 h in (a) and
(b), respectively, and the synchronization degree is R = 1 and
0.99 in (a) and (b), respectively. Therefore, the FRP for d = 4
is longer than the FRP for d = 3. It is seen that the tempo-
ral evolutions of the oscillators are highly synchronized and
exhibit robust circadian rhythms in each panel of (a) and (b),
indicating that the values of the oscillators are almost equal at
the same time, and their periods are the same. Thus, we can
obtain x1 ≈ x2 ≈ ·· · ≈ xN , and the local mean field of the os-
cillator 1 is simplified to F1 =

x1+(d−1)x2
d . Accordingly, Eq. (4)

can be rewritten as

ẋ1 = γx1(a− r1)−
2y1π

τ
+G

x1 +(d−1)x2

d
+L

d
D
,

ẏ1 = γy1(a− r1)+
2x1π

τ
,

ẋ2 = γx2(a− r2)−
2y2π

τ
+G

x1 + x2

2
+L

2
D
,

ẏ2 = γy2(a− r2)+
2x2π

τ
. (5)

For theoretical analysis, Eq. (5) is transformed from
Cartesian coordinates to polar coordinates. Let x1 = r1 cosθ1,
y1 = r1 sinθ1, x2 = r2 cosθ2, y2 = r2 sinθ2, and ω = 2π/τ .
Substituting them into Eq. (5), consequently, we can obtain

ṙ1 =γr1(a− r1)+
G
d
[r1 cos2

θ1 +(d−1)r2 cosθ1 cosθ2]

+L
d
D

cosθ1,

θ̇1 =ω− G
dr1

[r1 cosθ1 sinθ1 +(d−1)r2 cosθ2 sinθ1]

− dL
Dr1

sinθ1,

ṙ2 =γr2(a− r2)+
G
2
(r2 cos2

θ2 + r1 cosθ1 cosθ2)

+L
2
D

cosθ2,

θ̇2 =ω− G
2r2

(r1 cosθ1 sinθ2+r2 cosθ2 sinθ2)−
2L
Dr2

sinθ2.

(6)

When the SCN neuronal oscillators are synchronized, we
have ṙ1 = ṙ2 = 0, θ̇1 = θ̇2 =Ω , where Ω represents the angular
frequency. Let the phases be θ1 = Ω t +φ1 and θ2 = Ω t +φ2.
The averaging method developed by Krylov and Bogoliubov
as used in Refs. [32,48,53,56] is taken into account, φ has
a lower time scale than Ω t. Letting the phase difference be
α = φ2−φ1, then we have

〈cos2(φ1 +Ω t)〉= 1
2
,

〈cos(φ2 +Ω t)cos(φ1 +Ω t)〉= cosα

2
,

〈cos(φ1 +Ω t)sin(φ1 +Ω t)〉= 0,

〈cos(φ2 +Ω t)sin(φ1 +Ω t)〉=− sinα

2
,

〈cos(φ1 +Ω t)sin(φ2 +Ω t)〉= sinα

2
, (7)

where 〈· · · 〉 denotes the average in one circadian cycle. For
simplicity, the non-averaged sign of r1, r2, φ1, and φ2 is kept
in the rest of the article. Substituting Eq. (7) into Eq. (6), we
obtain

0 = γr1(a− r1)+
G
2d

[r1 +(d−1)r2 cosα]+L
d
D

cosθ1,

Ω = ω +
G(d−1)r2 sinα

2dr1
− Ld

Dr1
sinθ1,

0 = γr2(a− r2)+
G
4
(r1 cosα + r2)+L

2
D

cosθ2,

Ω = ω− Gr1 sinα

4r2
− 2L

Dr2
sinθ2. (8)

From Eq. (8), we acquire

cosθ1 =
1
2 r1(a− r1)+

G
2d [r1 +(d−1)r2 cosα]

−Ld
D,

sinθ1 =
r1
[
ω + G(d−1)r2 sinα

2dr1
−Ω

]
Ld

D,

cosθ2 =
1
2 r2(a− r2)+

G
4 (r1 cosα + r2)

−2L
D,
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sinθ2 =
r2
(
ω− Gr1 sinα

4r2
−Ω

)
2L

D. (9)

Due to sin2
θ1 + cos2 θ1 = 1 and sin2

θ2 + cos2 θ2 = 1,
Eq. (9) can reduce to[1

2
r1(a− r1)+

G
2d

[r1 +(d−1)r2 cosα]
]2

+
[
r1

(
ω +

G(d−1)r2 sinα

2dr1
−Ω

)]2
=

L2d2

D2 ,[1
2

r2(a− r2)+
G
4
(r1 cosα + r2)

]2

+
[
r2(ω−

Gr1 sinα

4r2
−Ω)

]2
=

4L2

D2 . (10)

When all the oscillators are in a synchronized state, Fig. 9
shows that the amplitudes of the SCN neurons are almost equal
(B≡ r1 ≈ r2). From Eq. (10), consequently, we have

sinα =
L2(d2−4)2d

GD2B2(ω−Ω)(3d−2)
. (11)

When the oscillators output one uniform FRP, i.e., the os-
cillators are synchronized, the difference between the oscilla-
tors is very small in that we obtain α→ 0 and cosα→ 1. After
substituting Eq. (11) into Eq. (10), we obtain

c2 +
[
B(ω− dL2(d2−4)

2B2D2(ω−Ω)(3d−2)
−Ω)

]2
=

4L2

D2 , (12)

where c≡ (1/2)B(a−B)+(GB/2).
Therefore, Ω can be solved from Eq. (12) as

Ω = ω−
√

4L2− c2D2

2BD
−

√
4L2− c2D2 + 2d2(d2−4)L2

3d−2

2BD
.

(13)

From Eq. (13), we observe that the relationship between
Ω and d is negative, i.e., between the FRP and d is positive.
Moreover, the larger the central node degree d in the star net-
work is, the larger difference between the central node degree
and the leaf node degree is, indicating that the heterogeneity of
the star network is large. Therefore, the larger the heterogene-
ity of the network is, the longer the FRP is. In other words,
the FRP of the neuronal oscillator increases with the increase
of d, when the oscillators are synchronized. It shows that the
results of the FRP affected by network heterogeneity are con-
sistent with our numerical simulations, i.e., the BA network
has the longest FRP because its network structure is most het-
erogeneous. Consequently, we theoretically explain the results
in Fig. 1. Moreover, the relationship of the FRP or the syn-
chronization degree R to the central node degree d in the star
network is shown in Fig. 10, and the numerical simulations
from Eq. (4). It indicates that the neuronal oscillators are in
perfect synchronicity (R > 0.95) and that the FRP increases
with the increase of d.
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h
)

d

FRP

R

R

Fig. 10. The relationship of the FRP or the synchronization degree R to
the central node degree d in the star network.

5. Discussion and conclusion
In summary, we have investigated the effects of the SCN

network structure on the FRP length based on the Poincaré
model exposed to constant light. Although the precise net-
work structure is currently unclear, the SCN network structure
is thought to be heterogeneous.[28–30] The VL neurons have
more links than the DM neurons. In addition, the sensitivity
to the light information is heterogenous for the SCN neurons,
i.e., the VL neurons are more sensitive to the light than the
DM neurons.[36–38] Thus far, it is unknown how the SCN net-
work structure affects the FRP. In this study, four typical net-
works are considered, namely the nearest-neighbor network
(most homogeneous network), the NW small world network,
the ER random network, and the BA scale-free network (most
heterogeneous network). We find that the FRP in the BA net-
work is longer than the other three networks.

Aschoff’s rule suggests that different animals have dif-
ferent FRPs under constant-light conditions.[8,57] A possible
reason given in this article is that the SCN network of the ani-
mals with longer FRP has more hub nodes (e.g., BA scale-free
network), which are more sensitive to light. In contrast, the
SCN network of the animals with shorter FRP has fewer or
even no hub nodes (e.g., nearest-neighbor network), which are
less sensitive to light.

In addition, previous studies have demonstrated that the
FRP of one animal varies in response to different photoperiods
(seasons) or age.[46,58] For instance, compared with other age
groups, adolescents tend to have a longer chronotype, which
means that they have a longer FRP.[58] This temporal change
may also be related to the change in the light sensitive het-
erogeneity of the SCN neurons, caused by these different pho-
toperiods (seasons) or age, thus resulting in a change in the
neuronal endogenous periods. Our work not only contributes
to understanding the mechanisms by which the SCN neurons
are sensitive to light information, but also provides a poten-
tial explanation to understand that different animals or an ani-
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mal exhibits different rhythmic behaviors under constant-light
conditions.

In fact, there are other neuronal models. For instance, Xu
et al. summarized the development process since the establish-
ment of the first neuron model in 1907, and summarized 17
most representative mathematical models. They were divided
into conductance-dependent models and non-conductance-
dependent models for comparative analysis. Moreover, Xu
et al. highlighted five classical models including the neu-
ron on the latest neural chip TrueNorth, and analyzed their
simulation characteristics and the requirements for circuit
implementation.[22] The electrical activities of neuronal mod-
els include the Hodgkin–Huxley model, and Mihalas–Niebur
model, etc., which are basically on the millisecond or second
scale. The SCN neuron is a special kind of neurons. Its elec-
trical activity can not only exhibit firing rhythms at the second
scale, but also reveal circadian rhythmic behavior at the circa-
dian scale. These two rhythms interplay with each other. In
detail, the firing frequency of the SCN neurons is modulated
by the genetic feedback loops. In turn, the electrical activity
of the SCN neurons affects the nature of the circadian oscilla-
tions of the genetic feedback loop. In this article, the collective
behavior of the SCN neuron oscillators is explored at the cir-
cadian scale. In-depth exploration of the interactions between
the SCN neurons at the second and circadian scales is our fu-
ture research focus.
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[42] Erdös P and Rényi A 1959 Publ. Math. -Debrecen 6 290
[43] Barabási A L and Albert R 1999 Science 286 509
[44] Gonze D, Bernard S, Waltermann C, Kramer A and Herzel H 2005

Biophys. J. 89 120
[45] Gu C, Yang H and Ruan Z 2017 Phys. Rev. E 95 042409
[46] Schmal C, Herzel H and Myung J 2020 Front. Physiol. 11 272
[47] Zhou J, Gu C, Zhu B, Yang H and Rohling J H 2022 Commun. Nonlin-

ear Sci. Numer. Simul. 111 106462
[48] Abraham U, Granada A E, Westermark P O, Heine M, Kramer A and

Herzel H 2010 Mol. Syst. Biol. 6 438
[49] Myung J, Schmal C, Hong S, Tsukizawa Y, Rose P, Zhang Y, Holtzman

M J, De Schutter E, Herzel H and Bordyugov G 2018 Nat. Commun. 9
1062

[50] Zhou J, Wang H and Ouyang Q 2022 Chaos 32 023101
[51] Zheng W, Gu C, Yang H and Rohling J H 2022 Phys. Rev. E 105 014314
[52] Westermark P O, Welsh D K, Okamura H and Herzel H 2009 PLoS

Comput. Biol. 5 e1000580
[53] Gu C, Xu J, Liu Z and Rohling J H 2013 Phys. Rev. E 88 022702
[54] Ratas I, Pyragas K and Tass P A 2021 Sci. Rep. 11 1
[55] Yang F and Ma J 2022 Eur. Phys. J. Spec. Top. 231 4025
[56] Balanov A, Janson N, Postnov D and Sosnovtseva O 2009 Synchro-

nization: from simple to complex (Berlin: Springer)
[57] Bass C E, Jansen H T and Roberts D C 2010 Chronobiol. Int. 27 535
[58] Fischer D, Lombardi D A, Marucci-Wellman H and Roenneberg T

2017 PLoS One 12 e0178782

098701-7

https://doi.org/10.1146/annurev-physiol-021909-135919
https://doi.org/10.1146/annurev-physiol-021909-135919
https://doi.org/10.3389/fphys.2021.678391
https://doi.org/10.3389/fphys.2021.678391
https://doi.org/10.1073/pnas.2113845119
https://doi.org/10.1073/pnas.2113845119
https://doi.org/10.1126/science.284.5423.2177
https://doi.org/10.1103/PhysRevE.93.032414
https://doi.org/10.1177/0748730419837767
https://doi.org/10.1177/0748730419837767
https://doi.org/10.1101/SQB.1960.025.01.004
https://doi.org/10.1088/1674-1056/23/7/078702
https://doi.org/10.1177/07487304221102279
https://doi.org/10.3109/07420529409055896
https://doi.org/10.3109/07420529409055896
https://doi.org/10.1101/cshperspect.a033613
https://doi.org/10.1101/cshperspect.a033613
https://doi.org/10.1038/s41582-021-00577-7
https://doi.org/10.1073/pnas.2010168118
https://doi.org/10.1073/pnas.2010168118
https://doi.org/10.1371/journal.pcbi.0030068
https://doi.org/10.1371/journal.pcbi.0030068
https://doi.org/10.1523/JNEUROSCI.3233-14.2014
https://doi.org/10.1016/S0960-9822(02)00923-5
https://doi.org/10.1016/S0092-8674(00)80473-0
https://doi.org/10.1126/science.1089287
https://doi.org/10.1038/nn.3937
https://doi.org/10.1038/nn.3937
https://doi.org/10.1016/j.cub.2018.06.052
https://doi.org/10.7498/aps.65.240701
https://doi.org/10.7498/aps.65.240701
https://doi.org/10.1073/pnas.1521178113
https://doi.org/10.1073/pnas.1521178113
https://doi.org/10.1016/j.neuron.2020.07.012
https://doi.org/10.1038/nn1419
https://doi.org/10.1038/nn1419
https://doi.org/10.1038/s41467-020-17110-x
https://doi.org/10.1038/s41467-020-17110-x
https://doi.org/10.3389/fnins.2021.650154
https://doi.org/10.1063/1.4949012
https://doi.org/10.3934/mbe.2019092
https://doi.org/10.3934/mbe.2019092
https://doi.org/10.1038/s41593-020-0586-x
https://doi.org/10.1371/journal.pone.0025437
https://doi.org/10.1177/0748730413516752
https://doi.org/10.1177/0748730413516752
https://doi.org/10.1038/srep28878
https://doi.org/10.1177/0748730419861765
https://doi.org/10.1177/0748730419861765
https://doi.org/10.1371/journal.pcbi.1010213
https://doi.org/10.1371/journal.pcbi.1010213
https://doi.org/10.1073/pnas.1523629113
https://doi.org/10.1073/pnas.1523629113
https://doi.org/10.1111/ejn.13697
https://doi.org/10.1088/1674-1056/ab8897
https://doi.org/10.1126/science.aaz0898
https://doi.org/10.1038/30918
https://doi.org/10.1016/S0375-9601(99)00757-4
https://www.renyi.hu/~p_erdos/1959-11.pdf
https://doi.org/10.1126/science.286.5439.509
https://doi.org/10.1529/biophysj.104.058388
https://doi.org/10.1529/biophysj.104.058388
https://doi.org/10.1103/PhysRevE.95.042409
https://doi.org/10.3389/fphys.2020.00272
https://doi.org/10.1016/j.cnsns.2022.106462
https://doi.org/10.1016/j.cnsns.2022.106462
https://doi.org/10.1038/msb.2010.92
https://doi.org/10.1038/s41467-018-03507-2
https://doi.org/10.1038/s41467-018-03507-2
https://doi.org/10.1063/5.0073480
https://doi.org/10.1103/PhysRevE.105.014314
https://doi.org/10.1371/journal.pcbi.1000580
https://doi.org/10.1371/journal.pcbi.1000580
https://doi.org/10.1103/PhysRevE.88.022702
https://doi.org/10.1038/s41598-021-89198-0
https://doi.org/10.1140/epjs/s11734-022-00698-0
https://doi.org/10.3109/07420521003664221
https://doi.org/10.1371/journal.pone.0178782

	1. Introduction
	2. Description of the Poincaré model
	3. Numerical results
	4. Analytical results
	5. Discussion and conclusion
	References

