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Walled cells, such as in plants and fungi, compose an important part of the model systems in biology. The cell wall
primarily prevents the cell from over-expansion when exposed to water, and is a porous material distributed with nanosized
pores on it. In this paper, we study the deformation of a membrane patch by an osmotic pressure through a nanopore on
the cell wall. We find that there exists a critical pore size or a critical pressure beyond which the membrane cannot stand
against the pressure and would inflate out through the pore and further expand. The critical pore size scales linearly with
the membrane tension and quadratically with the spontaneous curvature. The critical pressure is inversely proportional to
the pore radius. Our results also show that the fluid membrane expansion by pressure is mechanically different from the
solid balloon expansion, and predict that the bending rigidity of the membrane in walled cells should be much larger than
that of the mammalian cells so as to prevent membrane inflation through the pores on the cell wall.

Keywords: membrane mechanics, endocytosis, osmotic pressure, nanopores
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1. Introduction
The cell wall is a structure that surrounds the cells of

many organisms, including plants, fungi, bacteria, and some
protists.[1–4] It is a rigid layer that provides support, protec-
tion, and shape to the cell. In plants, the cell wall is composed
primarily of cellulose, a polysaccharide made up of glucose
units.[5] The cell wall of fungi is composed of chitin, a poly-
mer of N-acetylglucosamine.[6,7] Bacterial cell walls are made
up of peptidoglycan, a polymer of amino sugars and amino
acids.[8,9] The cell wall plays an important role in maintain-
ing the integrity of the cell and protecting it from mechanical
stress, osmotic pressure, and other environmental factors.

Basically, the cell wall is a porous structure that allows
for the exchange of materials between the cell and its environ-
ment. The size and shape of the pores in the cell wall can vary
depending on the type of cells and the function of the wall.
For example, in the primary cell wall of plant cells, the size
of the pores can range from 10–20 nanometers to several mi-
crometers in diameter, with the largest pores often found at the
corners where adjacent cells meet.[10,11] In fungal cell walls,
the size of the pores can also vary, but is typically at an order
of a few tens of nanometers.[12,13]

Walled cells generally have a high osmotic pressure that
allows them to grow and survive in the environment.[14–19]

The osmotic pressure pushes the plasma membrane against the
cell wall, thus preventing some important biological processes
from happening. In particular, endocytosis which involves the

internalization of a small patch of plasma membrane is hin-
dered by the osmotic pressure.[20] In fission yeast cells, the
turgor pressure is estimated to be 0.85±0.15 MPa by measur-
ing the growth curve of a mutant yeast cell against a PDMS
chamber.[21,22] In another experiment which compares the ge-
ometry of a fission yeast cell upon osmolarity change, it is
estimated that the turgor pressure is up to 1.5± 0.2 MPa.[14]

Based on a similar osmolarity variation method, the value of
turgor pressure is estimated to be 0.6± 0.2 MPa in budding
yeast.[23] In general, the turgor pressures in yeast cells have an
order of magnitude of 0.1–1 MPa.

Membrane deformation caused by osmotic pressure has
been studied both in theory[24,25] and in experiments.[26–28]

Different from the cell membranes which exhibit a fluid be-
havior, the membranes studied in the experiments are typi-
cally composed of crosslinked polymer networks which pro-
vide a relatively solid structure, and therefore the membranes
are treated as an elastic shell which has an intrinsic shape. A
spherical shell has been shown to undergo a buckling tran-
sition upon osmolarity change.[24,25] The deflection of a flat
shell as a function of the external pressure has been exploited
to measure the elasticity of the shell and quantify the osmotic
pressure.[28] However, the deflection of a fluid membrane,
which does not have an intrinsic shape, by osmotic pressure
has been rarely studied.

In this work, we study the deformation of a fluid mem-
brane through a nanopore on the cell wall by the osmotic pres-
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sure with the Helfrich model. We find that when the pore is
small, the membrane assumes a dimple shape to resist the os-
motic pressure. When gradually increasing the pore size be-
yond a critical value, the membrane cannot stand against the
pressure anymore and would inflate out through the pore and
further expand. We systematically study how the critical pore
size Rcrit depends on the membrane properties and find that
Rcrit scales linearly with the membrane tension and quadrati-
cally with the spontaneous curvature. Furthermore, we show
that the deflection of a flat fluid membrane by osmotic pressure
is different from a solid one in terms of their p–V curve. When
gradually increasing the osmotic pressure, there exists a crit-
ical pressure pcrit beyond which the membrane would inflate
out through the pore and further expand. Our results suggest
that the membrane bending rigidity in walled cells should be
larger than that in mammalian cells so as to prevent the cell
from inflation through the nanopores present on the cell wall.
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Fig. 1. Schematic illustration of a typical yeast cell and the model.
(a) Illustration of the typical morphology of a fission yeast cell. A
nanopore (red frame) is present on the cell wall (gray) and the mem-
brane (green) is pushed outwards by the osmotic pressure p. The size
of the nanopore is exaggerated for the purpose of illustration only. (b) Il-
lustration of the membrane models. The membrane shape is assumed
to be axisymmetric with respect to the z-axis, and parameterized by its
meridinal coordinates [r(u),z(u)] with u = 0 labeling the membrane tip
and u = 1 labeling the membrane edge. Two types of boundary condi-
tions (BCs) are considered, namely, the free-hinge BC (left) in which
the membrane is allowed to freely rotate at the pore edge and the fixed-
hinge BC (right) in which the membrane angle is fixed. The bare mem-
brane (green) is assumed to have a zero spontaneous curvature and the
effect of proteins (orange) coated on the membrane is assumed to gen-
erate a nonzero spontaneous curvature of the membrane.

2. Methods
2.1. Model

Theoretical study of fluid membranes can be roughly di-
vided into two categories, one utilizing the molecular dynam-
ics (MD) simulations in which the membrane is explicitly
treated as a collection of lipid molecules, the other taking ad-
vantage of the continuum mechanics which treats the mem-
brane as a smooth surface. The MD simulations are widely
used to study the interaction of lipid molecules and proteins in
the membrane.[29–32] However, when studying the large scale
membrane deformation, MD simulations are computationally

too intensive and expensive. In this paper, we adopt the classi-
cal Helfrich theory of membrane which is a continuum model
and has broad applications in studying the large scale defor-
mation of membrane.[33–39]

We consider a walled cell with a high osmotic pres-
sure p that pushes the cell membrane against the cell wall.
A nanopore with a radius of Rpore is present on the cell
wall (Fig. 1(b)) which has a much larger Young’s modulus
than the osmotic pressure and a much smaller curvature than
1/Rpore.[40–44] The cell wall is therefore modeled as a rigid
and flat substrate. As a result of the osmotic pressure, the
flat membrane is deflected to a depth of Dpore as illustrated
in Fig. 1(b). We assume the deformation of the membrane at
the pore is axisymmetric, and parameterized with its merid-
ional coordinates [r(u),z(u)], where u ∈ [0,1] is the rescaled
arclength. The point at u = 0 labels the membrane tip and
the points at u = 1 label the membrane edge (Fig. 1(b)). The
coordinates satisfy the geometric relations

r′ = hcosψ, z′ =−hsinψ. (1)

Hereafter, we use f ′ to denote the derivative of an arbitrary
function f with respect to u. The angle ψ(u) spans between
the tangential direction and the horizontal direction. The con-
stant h is essentially the total arclength of the membrane pro-
file and is to be solved with the shape equations. The total
energy of the membrane reads

G =
κ

2

∫
(c1 + c2 − c0)

2 dA+σA+ pV, (2)

where the first term is the classical Helfrich bending energy
with κ denoting the bending rigidity of the membrane, c1 =

ψ ′/h and c2 = sinψ/r denoting the two principal curvatures
of the membrane surface, c0 denoting the spontaneous curva-
ture induced by curvature-generating proteins coated on the
membrane.[36,37,45–48] In the absence of proteins, the sponta-
neous curvature of the bare membrane is assumed to vanish,
i.e., c0 = 0. The second term in Eq. (2) is the surface tension
energy with A denoting the surface area of the deformed mem-
brane, and σ denoting the membrane tension at the edge of the
pore. The third term describes the effect of the osmotic pres-
sure with V being the increased volume of the membrane due
to inflation, and p denoting the osmotic pressure (Fig. 1(a)).
We choose the convention such that a positive p pushes the
membrane downward which results in a negative volume V .
Due to the rotational symmetry of the membrane shape about
the z axis, the total energy of the membrane in Eq. (2) can be
expressed as a functional of the shape variables

G[ψ,ψ ′,r,r′,z,z′,h,γ,η ]

= 2π

∫ 1

0
L[ψ,ψ ′,r,r′,z,z′,h,γ,η ]du. (3)
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Here γ and η are Lagrangian multipliers that enforce
the geometric relations in Eq. (1). The shape equa-
tions of the membrane are obtained by applying varia-
tions of the free energy G with respect to all the shape
variables.[38,39] The variation δG contains both bulk terms,
e.g., [∂L/∂ψ − d(∂L/∂ψ ′)/du]δψ , and boundary terms,
e.g., (∂L/∂ψ ′)δψ|u=1

u=0. We obtain the shape equations by hav-
ing the bulk terms be zero. In addition, proper boundary con-
ditions (BCs) at the membrane tip u = 0 and at the pore edge
u = 1 need to be specified, which can be achieved by setting
the boundary terms in δG to be zero. There are two types of
BCs, the free-hinge BC in which the membrane angle ψ is al-
lowed to freely rotate, and the fixed-hinge BC in which the
membrane angle ψ is fixed to be 0 (Fig. 1(b)). They corre-
spond to either ∂L/∂ψ ′ = 0 or δψ = 0 in the boundary term.
The detailed derivation of the shape equations and the BCs is
provided in Appendices A and B. We find that the two BCs
only lead to qualitative differences in the membrane deforma-
tions (see the discussion), and therefore only present results
for the free-hinge BC if otherwise mentioned.

We numerically solve the shape equations with the bvp4c
solver in MATLAB, which is designed for solving boundary
value problems (BVPs) of ordinary differential equations.

3. Results
3.1. Critical pore size scales linearly with the membrane

tension and quadratically with the spontaneous cur-
vature

Firstly, we fix the osmotic pressure p and study how the
membrane is deformed when gradually increasing the pore ra-
dius Rpore. The osmotic pressure p and the membrane bend-
ing rigidity κ define a characteristic length Rp = [κ/(2p)]1/3,
which is used to rescale the length, and nondimensionalizes
all the other parameters. In particular, the rescaled pressure
p̄ = pR3

p/κ = 0.5 is a constant. The other nondimensional-
ized parameters include the rescaled tension σ̄ = σR2

p/κ , the
rescaled spontaneous curvature c̄0 = c0Rp and the rescaled free
energy Ḡ = G/2πκ . Hereafter, we always use x̄ to indicate the
rescaled (dimensionless) x.
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Fig. 2. Effect of the surface tension on the critical radius of an uncoated membrane. (a) Dpore vs. Rpore curve of membrane deformations for an uncoated
membrane. The critical pore size, beyond which no solutions are found, is indicated by a pentagon. (b) The free energy curve of the corresponding
membrane deformations in (a). The solid curve indicates a stable state, and the dashed line indicates a metastable state. (c) Illustration of the membrane
shapes indicated by the corresponding symbols on the Dpore vs. Rpore curve. (d) Dpore vs. Rpore curves are shown for different membrane tensions σ̄ .
(e) The critical pore size as a function of the surface tension σ̄ . The green curve represents the numerical solution. The dashed red curve and the dashed
cyan curve represent the linear fitting between the critical radius Rcrit and the membrane tension σ̄ at small σ̄ and large σ̄ , respectively.
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We first consider a bare membrane, which is assumed to
have a zero spontaneous curvature c̄0 = 0. As a result of the
osmotic pressure, the membrane is pushed downwards to a
depth of D̄pore through the pore with a radius of R̄pore. It is
found in the D̄pore–R̄pore curve that a single value of the pore
radius R̄pore corresponds to two membrane shapes (squares and
circles in Fig. 2(c)), one with a shallow depth and the other
with a deep one. By comparing the total energies of the two
shapes (Fig. 2(b)), we see that the energy of the shallow so-
lution is much lower than that of the deep one, indicating an
energetically more favorable state of the membrane. For the
shallowly deflected membrane (Fig. 2(c), left), the depth of
the membrane is pushed further down by the pressure as the
pore size is enlarged (solid lines in Fig. 2(a)), while for the
deeply deflected membrane (Fig. 2(c), right), the depth of the

membrane shows a nonmonotonic relation with the pore radius
(dashed lines in Fig. 2(a)). We define the critical radius Rcrit as
the maximum value of the pore radii in the Dpore–Rpore curve,
as indicated by the asterisk in Fig. 2(a). If the pore radius is
beyond Rcrit, the osmotic pressure is too strong for any mem-
brane shape to sustain the pressure, and the membrane would
continuously inflate out of the pore and expand over time.

We then plot the D̄pore vs. R̄pore curves for different mem-
brane tensions σ̄ (Fig. 2(b)). The critical pore size R̄crit is
found to strongly depend on the membrane tension σ̄ . For
σ̄ < 0.1, the critical radius can be nicely fitted by the expres-
sion R̄crit = 1.12σ̄ + 2.23 (Fig. 2(e), red dashed curve). Be-
yond σ̄ = 1, the critical radius is found to scale linearly with
the membrane tension and can be well fitted by a simple rela-
tion R̄crit = 4σ̄ (Fig. 2(e), green dashed curve).
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Fig. 3. Effect of the spontaneous curvature on the critical radius of a totally coated membrane. (a) Dpore vs. Rpore curve of membrane
deformations for a totally coated membrane with spontaneous curvature c̄0 = 1. The critical pore size is indicated by a pentagon. (b) The
free energy curve of the corresponding membrane deformations in (a). The solid line indicates a stable state, and the dashed line indicates a
metastable state. (c) Illustration of the membrane shapes indicated by the corresponding symbols on the Dpore vs. Rpore curve. (d) Dpore vs.
Rpore curves are shown for different spontaneous curvatures c̄0. (e) The critical pore size as a function of the spontaneous curvature c̄0. The
green curve represents the numerical solution. The red dashed curve represents the linear fitting of the critical radius Rcrit at small spontaneous
curvature c̄0 and the cyan dashed curve represents the quadratic fitting at large c̄0.

We next consider a protein-coated membrane and study
the effect of spontaneous curvature c0 induced by the pro-
teins on the membrane deformation, particularly on the crit-

ical pore radius. The membrane tension is fixed to a small
value of σ̄ = 0.001. The D̄pore–R̄pore curve for a coated mem-
brane with positive c̄0 shows a similar trend with that of the
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uncoated membrane, i.e., a single pore radius corresponding to
two solutions, one with a shallow depth and a lower energy and
the other with a higher depth and a higher energy (Figs. 3(a)
and 3(b)). However, solutions with negative depth appear for
small pore radii in the lower energy branch due to the pos-
itive spontaneous curvature c0 that tends to bend the mem-
brane upward against the osmotic pressure (Fig. 3(a)). When
the pore radius becomes large, the spontaneous curvature c0

cannot resist the osmotic pressure anymore and the membrane
is pushed downward by the pressure (Fig. 3(c)). The Dpore–
Rpore curves for different spontaneous curvatures c0 are shown
in Fig. 3(d). The numerical solution for the critical radius is
found to increase linearly with the spontaneous curvature as
Rcrit = 1.54c̄0 + 2.33 when c̄0 < 0.1 (Fig. 3(e), dashed red

curve) and scales to the square of the spontaneous curvature
Rcrit = 2c̄2

0 for c̄0 > 1 (Fig. 3(e), dashed cyan curve).

3.2. Critical pressure is inversely proportional to the pore
radius

We now fix the pore radius and study how an uncoated
membrane is deformed by gradually increasing the osmotic
pressure p. In this case, the membrane tension σ and the mem-
brane bending rigidity κ define a characteristic length Rσ =

[κ/(2σ)]1/2, which is used to rescale the length, and nondi-
mensionalizes all the other parameters. In particular, the mem-
brane tension can be rescaled to a constant σ̄ = σR2

σ/κ = 0.5.
The rescaled osmotic pressure is p̄ = pR3

σ/κ .
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Fig. 4. Effect of the osmotic pressure on the membrane deformation for an uncoated membrane. (a) Dpore vs. p̄ curve of membrane deformations for
an uncoated membrane. The pore size is fixed at R̄pore = 1. The critical osmotic pressure is indicated by a pentagon. (b) The free energy curve of the
corresponding membrane deformations in (a). The solid curve indicates a stable state and the dashed curve indicates a metastable state. (c) Illustration
of the membrane shapes indicated by the corresponding symbols on the Dpore vs. p̄ curve. (d) Dpore vs. p̄ curves are shown for different pore size R̄pore.
(e) The critical pressure as a function of the pore size R̄pore. The green dotted curve represents the numerical solutions. The red dashed curve represents
a power law fitting of p̄crit ∝ (R̄pore)

−3 at small pore radius R̄pore. The cyan dashed curve represents a power law fitting of p̄crit ∝ (R̄pore)
−1 at large R̄pore.

As a result of the osmotic pressure p̄, the membrane is
pushed downwards to a depth of D̄pore. A typical D̄pore vs. p̄
curve is shown in Fig. 4(a). A single osmotic pressure p̄ has
two corresponding depths on the curve, with the shallow one
having a lower energy and the deep one having a higher energy

(Figs. 4(b) and 4(c)). Note that for small osmotic pressure p,
the high energy branch can have a very large depth (Fig. 4(a),
dashed line). This is similar to the p–V curve of an inflating
balloon.[49–53] We define the critical pressure p̄crit as the max-
imum value of the osmotic pressure p̄ in the D̄pore vs. p̄ curve,

088704-5



Chin. Phys. B 32, 088704 (2023)

as indicated by the asterisk in Fig. 4(a). When the osmotic
pressure is beyond p̄crit, no solutions are found. It implies that
the osmotic pressure is too strong for any membrane shape to
sustain. The membrane would inflate out of the pore and ex-
pand. The critical pressure p̄crit is found to decrease with the
pore radius R̄pore (Fig. 4(d)). For small R̄pore, the critical pres-
sure is inversely proportional to (R̄pore)

3 (Fig. 4(d), red dashed
curve). For large R̄pore, it can be well fitted with the equation
p̄crit = 1/R̄pore (Fig. 4(d), cyan dashed curve).

3.3. Spherical cap approximation

So far, we have fixed the pressure p and calculated the
critical radius Rcrit as a function of the membrane tension
σ and the spontaneous curvature c0. The scaling behaviors
R̄crit = 4σ̄ and R̄crit = 2(c̄0)

2 have been shown to hold when
the corresponding variables are large (cyan dashed lines in
Figs. 2(e) and 3(e)). We have also fixed the membrane ten-
sion σ and calculated the critical pressure pcrit as a function
of the pore radius Rpore. It is found that the scaling behavior
of p̄crit = (R̄pore)

−1 holds for large R̄pore (cyan dashed lines in
Fig. 4(e)). To further reveal the physics behind the numeri-
cal calculation, we adopt an ansatz in which the shape of the
membrane is assumed as a spherical cap,[54] i.e.,

r(u) = R0 sinuα, z(u) = R0(cosuα − cosα), (4)

where R0 is the radius of the sphere, and α is the half angle
spanned by the spherical cap, as illustrated in Figs. 5(a)–5(c).
The pore size Rpore sets a constraint on R0 and α

R0 sinα = Rpore. (5)

For spherical caps bending downward (upward), we adopt the
convention R0 < 0 and α < 0 (R0 > 0 and α > 0). The area A
and volume V of the spherical cap read

A = R2
0(1− cosα),

V =
2
3

R3
0(2+ cosα)sin4 α

2
. (6)

The principal curvatures c1 = c2 = 1/R0. The total free energy
then can be expressed as

G(α,R0) =

[
κ

2

(
2

R0
− c0

)2

+σ

]
A+ pV. (7)

If we replace R0 with Rpore/sinα in Eq. (7) via the relation (5),
the free energy G(α,R0) becomes a function of G(α,Rpore).
We find that when Rpore is small, G(α,Rpore) as a function of
α is non-monotonic, with a local minimum and a local maxi-
mum respectively (Fig. 5(d), square and circle). The two ex-
tremums actually correspond to the two numerical solutions
found for a single pore radius Rpore in Fig. 2(a), with one hav-
ing a deeply deflected membrane shape and the other being
shallowly deflected (Figs. 5(a) and 5(b)). When Rpore is large,
G(α,Rpore) becomes monotonic with respect to α and its min-
imum is located at α = −π (Fig. 5(f)), which corresponds to

a spherical cap with an infinite radius R0 = −∞ due to the re-
lation (5). The transition from a nonmonotonic function to a
monotonic function happens at a critical radius Rcrit such that
the local minimum and the local maximum merge into a single
one. Mathematically, this implies the equations

∂G
∂α

(αcrit,Rcrit) = 0,
∂ 2G
∂α2 (αcrit,Rcrit) = 0. (8)

We numerically solve Eq. (8) to obtain the critical radius Rcrit

and the corresponding angle acrit under the spherical cap ap-
proximation. The approximated solutions are in good agree-
ment with the exact numerical solutions (orange curves in
Figs. 2 and 3). Furthermore, we find that for a fixed pressure
p, when the membrane tension σ is large or the spontaneous
curvature c0 is large, the critical angle αcrit ≈ −π/2, which
means the membrane assumes a hemispherical shape. If we
substitute α = −π/2 into the equation ∂G/∂α = 0, we have
the equation

p−
(

2
Rcrit

+ c0

)2
κ

Rcrit
−2

σ

Rcrit
= 0, (9)

which is essentially the force balance equation in the nor-
mal direction for a hemisphere. With the nondimensional-
ized quantities R̄crit = Rcrit/Rp and σ̄ = R2

pσ/κ , Eq. (9) can
be rewritten as

1
2
(R̄crit)

3 − (2+ c̄0R̄crit)
2 −2(R̄crit)

2
σ̄ = 0. (10)

In the case of c̄0 = 0, we neglect the second term in Eq. (10)
and get the analytical result

R̄crit = 4σ̄ (11)

for large σ̄ , which agrees exactly with the numerical solutions
in Fig. 2(e). In the case of a large spontaneous curvature c̄0

and small membrane tension σ̄ , we neglect the third term in
Eq. (10) and take only the quadratic term of c̄0 in the second
term to obtain the analytical result

R̄crit = 2(c̄0)
2, (12)

which agrees exactly with the numerical solutions in Fig. 3(e).
When considering the critical pressure pcrit under the

fixed membrane tension σ , we use the the characteristic length
Rσ to nondimensionalize the quantities and Eq. (10) can be
rewritten as

p̄crit(R̄pore)
3 − (2+ c̄0R̄pore)

2 − (R̄pore)
2 = 0. (13)

In the case of c̄0 = 0 and large pore radius R̄pore, we neglect
the second term in Eq. (13) and obtain the analytical result

p̄crit =
1

R̄pore
, (14)

which agrees exactly with the numerical solutions in Fig. 4(e).
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Fig. 5. Membrane shapes and free energy under the spherical cap approximation. (a)–(c) Different membrane shapes under the spherical cap
approximation. The spherical cap has a radius of R0 and spans an angle 2α . (d)–(f) The free energy as a function of the angle α for pore
radius Rpore < Rcrit in (d), Rpore = Rcrit in (e), and Rpore > Rcrit in (f). The circle and the square in (d) indicate the local energy minimum and
maximum, respectively, and the corresponding membrane shapes are illustrated in (a) and (b). The pentagon in (e) indicates the critical point
of ∂G/∂α = 0 and ∂ 2G/∂α2 = 0 and the corresponding membrane shape is illustrated in (c).

4. Discussion
4.1. Physical interpretation of the critical radius and criti-

cal pressure

We have shown that if a nanopore is present on the cell
wall and the pore radius is small, the membrane is able to
resist the osmotic pressure by assuming a curved shape. If
the pore radius is beyond a critical value Rcrit, no membrane
shapes are able to sustain the osmotic pressure and the mem-
brane would inflate out and further expand. In fact, this is a
result of the competition between the elastic energy (including
both the bending energy and the membrane tension energy)
which tends to flatten the membrane, and the pressure energy
which tends to deflect the membrane. When the membrane is
pushed downward by the osmotic pressure from the flat shape,
its elastic energy is increased while the pressure energy pV is
reduced (p is positive and V is negative). If the pore radius
is small, there exists a state in which the two energy contri-
butions balance each other and the membrane in this state is
shallowly deflected. Further deflection of the membrane leads
to more increased elastic energy than the reduced pressure en-
ergy, and therefore this state is stable (see energy decomposi-
tion in Figs. 2(b) and 3(b)). On the other hand, if the pore
radius is large, as the membrane expands larger and larger
through the pore, the reduced pressure energy always domi-
nates over the increased elastic energy such that the total free
energy always decreases. The membrane would continuously
inflate out of the pore and expand to an infinitely large bulge.

4.2. The critical pore size is about 10 nm given the typical
parameters of the membrane

As an application of the theory, we estimate the critical
pore size based on the typical values of the membrane prop-
erties listed in Table 1. In Fig. 6, we show the critical pore
size as a function of the model parameters, which include the

bending rigidity κ , the membrane tension σ , the osmotic pres-
sure p, and the spontaneous curvature c0. We fix three of them
to the typical values (listed on the top of each panel in Fig. 6),
and vary the fourth one to see how it impacts the critical pore
size Rcrit which is calculated numerically with the MATLAB
solver bvp4c explained in Appendix C. We show results for
both the free-hinge BC and the fixed-hinge BC. In general,
Rcrit is smaller under the free-hinge BC than that under the
fixed hinge BC. The bending rigidity κ of a lipid membrane
is typically in the range of 5–50 kT . If the osmotic pressure
is 1 MPa, the corresponding critical radius falls in the range
of 5–15 nm (Fig. 6(b)). As we have pointed out in the intro-
duction, the typical pore size of the cell wall is about tens of
nanometers,[10–13] which overlaps with the range of 5–15 nm.
Furthermore, we find that if the bending rigidity κ = 20 kT ,
neither increasing the surface tension to as high as the upper
bound 0.3 pN/nm listed in Table 1, nor increasing the sponta-
neous curvature up to 0.2 nm−1 would not dramatically raise
up the critical radius (Figs. 6(a) and 6(d)). The above calcu-
lation therefore implies that the bending rigidity of the walled
cells must be in the order of 1000 kT , which results in a criti-
cal radius of 30–40 nm (Fig. 6(b)). This is plausible based on
the experimental evidence that the membrane is surrounded
with an actin meshwork in yeast cells,[55–57] which is able to
effectively increase the bending rigidity of the membrane. Fur-
thermore, proteins on the membrane also help to increase the
bending rigidity.

Table 1. Typical values of the membrane properties.

Parameters Values Unit References
κ 5–50 kT [58–60]
σ 0.01–0.3 pN/nm [61–64]
p 0.5–3 MPa [14–19]
c0 0.01–0.2 nm−1 [65–67]
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4.3. Liquid membrane versus solid balloon

In Fig. 4, we have presented the results for the membrane
deformation when gradually increasing the osmotic pressure.
The D̄pore vs. p̄ curve is found to be nonmonotonic, which re-
sembles the p–V curve of an inflating balloon.[49–53] In fact,
the deflection of a flat membrane made of polymer networks
by osmotic pressure has been used to measure the elastic prop-
erties of the membrane.[28] However, for the solid balloon, in
particular, at very large volume, the p–V curve would increase
with the pressure again due to the stretching energy of the rub-
ber that makes up the balloon. In our case, we consider an
incompressible liquid membrane and the membrane area in-
crease is due to the lipid flow from the pore edge when the
membrane is pushed by the osmotic pressure. The membrane
tension σ at the edge is fixed instead of increasing with the
depth. Therefore, we can find deep invaginations at very small
pressure. However, since the lipid reservoir is finite, the mem-
brane tension cannot be a constant as the membrane inflates
out and expands. Studying the effect of the increased mem-
brane tension on the membrane deformation would be our fu-
ture work.

5. Conclusion
We have studied membrane inflation through a nanopore

on the cell wall in the presence of a high osmotic pressure. It
is found that there exists a critical value of the pore size Rcrit

beyond which the membrane cannot stand against the osmotic

pressure and would inflate out through the pore and keep ex-
pansion. The critical pore size Rcrit scales linearly with the
membrane tension σ and quadratically with the spontaneous
curvature c0. In the case of a fixed pore radius, there exists a
critical pressure pcrit beyond which the membrane would in-
flate out. The critical pressure pcrit scales inversely with the
pore radius Rpore as 1/Rpore. The boundary conditions at the
pore edge also make a quantitative difference. In general, the
fixed-hinge BC leads to a larger Rcrit than the free-hinge BC.
Our results also reveal that the inflation of a liquid membrane
by pressure behaves differently from that of a solid balloon. In
walled cells where the osmotic pressure is high, the membrane
should have a much larger bending rigidity (∼ 1000 kT ) than
that in mammalian cells (∼ 10 kT ) to prevent it from inflation
through the pores on the cell wall.

Appendix A: Derivation of the membrane shape
equations

In order to derive the membrane shape equations, we ex-
plicitly express the integrand L in Eq. (3) as

L =
1
2

κ

(
ψ ′

h
+

sinψ

r
− c0

)2

rh+
p
2

r2hsinψ +σhr

+ γ(u)(r′−hcosψ)+η(u)(z′+hsinψ). (A1)

Here the three terms in the first line describe the energy con-
tribution made by the bending rigidity, the osmotic pressure
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and the surface tension, respectively, and the two terms in the
second line describe the Lagrangian multiplies γ(u) and η(u)
to enforce the geometric constraints Eq. (1). The variation of
the functional G in Eq. (3) reads

δG
2π

=
∫ 1

0
du
[(

∂L
∂ψ

− d
du

∂L
∂ψ ′

)
δψ +

(
∂L
∂ r

− d
du

∂L
∂ r′

)
δ r

+

(
∂L
∂ z

− d
du

∂L
∂ z′

)
δ z
]

+
∫ 1

0
du
[

∂L
∂γ

δγ +
∂L
∂η

δη +
∂L
∂h

δh
]

+
∂L
∂ψ ′ δψ

∣∣u=1
u=0 +

∂L
∂ r′

δ r
∣∣u=1
u=0 +

∂L
∂ z′

δ z
∣∣u=1
u=0. (A2)

The variation contains both the bulk terms (first and second
lines) and the boundary terms (third line). By letting the bulk
terms equal to zero, we obtain a set of ordinary differential
equations, which include a second-order equation

ψ
′′ =

h2 cosψ sinψ

r2 − ψ ′

r
hcosψ +

p
2κ

rhcosψ

+
γ

κr
h2 sinψ +

η

κr
h2 cosψ, (A3)

and two first-order equations

γ
′ = h

[
1
2

κ

(
ψ ′

h
− c0

)2

− κ sin2
ψ

2r2 +σ + pr sinψ

]
, (A4)

η
′ = 0, (A5)

as well as the two geometric relations in Eq. (1).
In addition, the equation ∂L/∂h = 0 does not give an

equation of h, but leads to a conserved quantity[38,39]

ℋ≡ ∂L
∂h

=
κ

2
r

[(
ψ ′

h

)2

−
(

sinψ

r
− c0

)2
]

− p
2

r2 sinψ −σr+ γ cosψ −η sinψ = 0. (A6)

There is a freedom to choose the scale function h. Here we
choose h′ = 0 such that h is a constant to be determined. It is
essentially the total arclength of the membrane profile.

Appendix B: Derivation of the boundary condi-
tions

By letting the boundary terms in Eq. (A2) equal to zero,
we obtain the BCs. In particular, in the boundary term about
δ r, we let δ r

∣∣u=1
u=0 = 0, which implies to fix the radius

r(0) = 0, r(1) = Rpore. (B1)

In the boundary term about δ z, we obtain

∂L
∂ z′

(u = 0) = η(0) = 0, z(u = 1) = 0. (B2)

As for the boundary term about δψ , at the membrane tip, we
have

ψ(0) = 0. (B3)

At the pore edge, we have two choices. If we let δψ(1) = 0, it
is equivalent to the fixed-hinge BC

ψ(1) = 0. (B4)

If we let ∂L/∂ψ ′ = 0, it is equivalent to the free-hinge BC

∂L
∂ψ ′ = κ

(
ψ ′

h
+

sinψ

r
− c0

)
= 0. (B5)

The conserved quantity ℋ= 0 at the membrane tip u = 0 gives
rise to a BC

γ(0) = 0. (B6)

Appendix C: Numerical methods to calculate the
Dpore vs. Rpore curve

So far we have obtained a total number of 5 equations,
which include Eqs. (1), (A3), (A5). Since only Eq. (A3) is
first order, they are equivalent to a total number of 6 first order
ordinary differential equations. In addition, Eqs. (B1), (B2),
(B3), (B4) or (B5), and (B6) constitute a total number of 7
BCs. Overall, the 6 equations plus 1 unknown parameter h,
and the 7 BCs constitute a well-defined boundary value prob-
lem.

We solve the problem with the matlab solver bvp4c,
which requires the equations and the BCs as its input. Fur-
thermore, the solver requires an initial guess of the solutions.
In order to obtain the Dpore vs. Rpore curve, We always start
with a small Rpore and use the flat shape as our initial guess.
In this case, the membrane is almost flat, and it is easy for the
solver to find the solution. We then gradually increase the pore
radius Rpore to Rpore +∆R and use the solution for Rpore as the
initial guess to solve the equation for Rpore +∆R. This itera-
tion step allows us to extend the solution to the critical pore
radius since beyond which no solutions are found anymore.
We then use the solution at the critical pore radius as the start-
ing point and iterate over the membrane depth Dpore to obtain
the other branch of the solution. During this iteration, we add
the boundary condition z(0) = Dpore and set the pore radius
Rpore as an unknown parameter to be solved by the solver.
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