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In order to make the peak and offset of the signal meet the requirements of artificial equipment, dynamical analy-
sis and geometric control of the laser system have become indispensable. In this paper, a locally active memristor with
non-volatile memory is introduced into a complex-valued Lorenz laser system. By using numerical measures, complex dy-
namical behaviors of the memristive laser system are uncovered. It appears the alternating appearance of quasi-periodic and
chaotic oscillations. The mechanism of transformation from a quasi-periodic pattern to a chaotic one is revealed from the
perspective of Hamilton energy. Interestingly, initial-values-oriented extreme multi-stability patterns are found, where the
coexisting attractors have the same Lyapunov exponents. In addition, the introduction of a memristor greatly improves the
complexity of the laser system. Moreover, to control the amplitude and offset of the chaotic signal, two kinds of geometric
control methods including amplitude control and rotation control are designed. The results show that these two geometric
control methods have revised the size and position of the chaotic signal without changing the chaotic dynamics. Finally, a
digital hardware device is developed and the experiment outputs agree fairly well with those of the numerical simulations.

Keywords: complex-valued chaotic systems, locally active memristor, multi-stability, Hamilton energy, geo-
metric control
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1. Introduction
In 1960, physicist Maiman invented the first operational

ruby laser.[1] Compared with the traditional chaotic systems,
laser chaotic systems usually have larger bandwidth, lower
attenuation, more complex dynamical behaviors, and greater
sensitivity to parameter variations,[2,3] so they can be widely
used in high-speed remote confidential communications.[4,5]

Since the advent of artificial intelligence, much attention has
been paid to neuroprosthetics, which aims to develop elec-
tronic devices implanted in the brain to repair missing or mal-
functioning brain functions due to trauma or diseases. And
we know the human brain consists of approximately 86 billion
neurons interconnected in a complex way by 100–500 trillion
synapses to perform computational, cognition, and memory
tasks,[6] which means that the study of artificial neurons is
one of the key researches in neuroprosthetic technology. Elec-
tronic approaches for artificial neuron models have been stud-
ied for decades.[7,8] Technology has greatly matured and mul-
tiple neuromorphic computing platforms based on electronic
circuitry techniques have been developed. However, inher-
ent limitations of the neuromorphic electronic approach affect
the operation of the system, such as low operating speed and
limited communication link length. Therefore, photonic ap-
proaches to artificial neurons that benefit from the ultra-fast

speed and multiplexing and easy integration of optical en-
abling technologies has emerged. And optical signals exhibit
many advantages over their electronic counterparts like they
consume less energy per bit, have a greater bandwidth den-
sity per wire, and display lower crosstalk between multiplexed
channels. Even, some laser devices exhibit multiple behaviors
also observed in neurons, such as excitability[9,10] and com-
plex nonlinear dynamics.[11,12] And lasers-based artificial neu-
rons have been designed and investigated.[13,14] As a classi-
cally chaotic system, the Lorenz laser system was used in arti-
ficial neural networks.[15,16] It is important to note that both in
terms of information carrying capacity and the diversity of dy-
namical behaviors, the complex-valued chaotic system clearly
outperforms the real-valued chaotic system.[17,18] Therefore,
the optical complex-valued neural network is designed.[19,20]

On the other hand, the synapse is a crucial element in bi-
ological neural networks, which allowed electrical signals to
pass from one neuron to the next via biochemical reactions and
activate it. But a simple electronic equivalent has been absent.
This complicates the development of hardware that imitates
biological architectures in the nervous system. Until the mem-
ristor was proposed in 1971,[21] it has drawn significant inter-
est in the fields of neuromorphic circuits because it has some
interesting properties (such as the pinched hysteresis loop
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current–voltage characteristic, the switching characteristic and
the variable resistive property with memory[22,23]). Non-
volatile memristor is a kind of natural memory, which is one of
the most suitable circuit components for connecting synaptic
weights in neural networks.[24] Therefore, nonvolatile mem-
ristors are often used to simulate synapses.[25,26] In addition,
the locally active function of the memristor plays a signifi-
cant role in amplifying signals and maintaining oscillation.[27]

So a locally active memristor with non-volatile memory is in-
troduced into the complex-valued Lorenz laser, and complex
dynamical behaviors of the memristive laser are uncovered
therein, such as numerous oscillation patterns and coexisting
multi-stable patterns.

The transmission of information between neurons takes
the form of electrical signals. To make signals meet
the requirements of artificial devices, they are often con-
trolled geometrically, including amplitude control,[28] offset
control,[29,30] and rotation control.[31] To keep the amplitude
of chaotic signals within the limits of circuit elements, ad-
ditional linear transformations are usually required to obtain
the desired attractor size.[32] In addition, the broadband char-
acteristics of chaotic signals make it difficult to design lin-
ear amplifiers. Therefore, amplitude control without chang-
ing chaotic dynamics has a unique role in communication
engineering.[33,34] The rotation control of chaotic attractors
is a new geometric control, which can achieve peak scaling
and offset chaotic attractors simultaneously without chang-
ing chaotic dynamics.[35,36] So the rotation control can scale
and offset the signal regularly according to the communica-
tion needs. However, the above geometric controls are studied
in real-valued chaotic systems.[28–36] At present, there is little
research on the geometric control of complex-valued chaotic
systems.[19] In this article, we study the amplitude control and
rotation control of a memristive complex-valued laser chaotic
system.

Digital circuit implementation is still a crucial topic be-
cause of its advantages of high integration and low power con-
sumption. The circuit implementation in the real field has re-
ceived a lot of attention up to this point,[28,29] but the digi-
tal hardware implementation in the complex field is an open
topic.[5] In this research, we construct a complex-valued dig-
ital circuit for the physical implementation of the memristive
complex-valued Lorenz laser system model and realize the cir-
cuit of geometric control of a complex-valued system using
ultra-efficient microcontroller and chip.

The main contributions of this article are as follows.
Firstly, we design a memristive complex-valued laser sys-
tem and analyze its dynamical behaviors, including chaotic
and quasi-periodic orbits, and extreme multi-stable patterns.
Secondly, compared with geometric control in the real-valued
chaotic systems,[28–36] this paper focuses on two kinds of geo-
metric control of a complex-valued laser system with a mem-
ristor, which can adjust the offset and amplitude of chaotic

signals without changing chaotic dynamics. That means the
peaks of the signals and the time of the peaks change regularly
without dynamics switching. Finally, the circuit of geomet-
ric control of a complex-valued laser system has been imple-
mented for the first time, and the output results of the digital
hardware implementation are in good accord with those of the
numerical simulation.

The rest of this paper is structured as follows. In Sec-
tion 2, the model of the memristive complex-valued laser sys-
tem is proposed. In Section 3, the influence of the imaginary
parts of the complex parameters on the dynamical behaviors
of the laser system is analyzed by using numerical measures.
In Section 4, we analyze the extreme multi-stability patterns
of the memristive laser system. In Section 5, the amplitude
control and rotation control of the memristive laser system is
realized. In Section 6, we compare the effect of the introduc-
tion of a locally active memristor on the complexity of laser
system. In Section 7, digital hardware implementation is given
and the experimental results are obtained. The conclusion is
given in the last section.

2. Memristor-based complex-valued Lorenz
laser model

2.1. Complex-valued Lorenz laser system

Complex-valued Lorenz laser system is defined by
ẋ = σ(y− x),
ẏ =−cy+ rx− zx,

ż =−bz+
1
2
(x̄y+ xȳ),

(1)

where x = xr + jxi, y = yr + jyi are two complex-variables,
and z is a real-variable, r and c are complex-parameters de-
fined by r = r1 + jr2 and c = 1− jδ , σ and b are real-
parameters. When σ = 6, b = 0.8, c = 1− 0.06j, r = 60+
0.02j and the initial values are (2 + 0.02j,−0.5 + 0.3j,5),
typical phase orbit and corresponding power spectrum of the
laser system (1) are shown in Figs. 1(a) and 1(b), respectively.
Dense spikes in Fig. 1(b) show system (1) is in a chaotic
state. In this case, the corresponding Lyapunov exponents are
(0.72,0,−0.006,−6.88,−8.63) and Kaplan–Yorke dimension
is 3.105. A positive Lyapunov exponent and fractal dimension
also indicate that system (1) is chaotic.
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Fig. 1. Chaotic dynamics of the complex-valued Lorenz laser system
(1) with σ = 6, b = 0.8, c = 1− 0.06j, r = 60 + 0.02j and the ini-
tial values (2+0.02j,−0.5+0.3j,5). (a) The phase trajectory on xi–z
plane and (b) power spectrum.
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2.2. A locally active memristor with non-volatile memory

In order to introduce nonlinear feedback into the
complex-valued Lorenz laser system (1), we select a voltage-
controlled memristor, which is defined by

i = w(u)z,
w(u) = u2−3,
u̇ =−u |u−10|+ |u+10|+ z,

(2)

where w(u) is the memductance value, and u is the internal
variable related to voltage z. The characteristics of memris-
tor (2) are shown in Fig. 2. The compact hysteresis loop in
Fig. 2(a) encircles a smaller area with the increase of fre-
quency and the final area is 0, indicating that memristor (2)
meets the fingerprint condition. As can be seen from Fig. 2(b),
the POP curve and the horizontal axis have two focal points
with negative slope, which indicates that memristor (2) is non-
volatile and can keep the data before the power went out. The
DC V –I curve of memristor (2) and its near amplification of
negative derivative are shown in Figs. 2(c) and 2(d), respec-
tively. The DC V –I curve has a local negative slope in the
region (−20,0), indicating that memristor (2) is a locally ac-
tive memristor.
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Fig. 2. The features of the voltage-controlled memristor (2). (a) The hys-
teresis loop; (b) the POP; (c) DC V –I curve; (d) partial enlarged drawing
of DC V –I curve.

2.3. Memristive complex-valued Lorenz laser system

Introducing the voltage-controlled memristor (2) to the
complex-valued Lorenz laser system (1) can obtain a memris-
tive complex-valued Lorenz laser system

ẋ = σ(y− x),
ẏ =−cy+ rx− zx,

ż =−b(u2−3)z+
1
2
(x̄y+ xȳ),

u̇ =−u |u−10|+ |u+10|+ z,

(3)

where x = xr + jxi,y = yr + jyi are two complex-variables, z
and u are real-variables, σ and b are real-parameters, r and c

are complex-parameters defined by r = r1+ jr2 and c= 1− jδ .
The equivalent real-variable form of the laser system (3) is

ẋr = σ (yr− xr) ,

ẋi = σ
(
yi− xi

)
,

ẏr =−yr− xrz+ r1xr− r2xi−δyi,

ẏi =−yi− xiz+ r1xi + r2xr +δyr,

ż =−b
(
u2−3

)
z+ xryr + xiyi,

u̇ =−u |u−10|+ |u+10|+ z.

(4)

Let the right of system (4) be zeros, which means

σ (yr− xr) = 0,
σ
(
yi− xi

)
= 0,

−yr− xrz+ r1xr− r2xi−δyi = 0,
−yi− xiz+ r1xi + r2xr +δyr = 0,
−b
(
u2−3

)
z+ xryr + xiyi = 0,

−u |u−10|+ |u+10|+ z = 0.

(5)

From solving Eq. (5), system (4) has four none-
zero equilibrium points (0,0,0,0,9

√
3 − 13,

√
3),

(0,0,0,0,−9
√

3 + 13,−
√

3), (0,0,0,0,0,(9+
√

41)/2),
(0,0,0,0,0,(9−

√
41)/2). In order to explore the stability

and eigenvalues of the equilibrium points of the laser system,
we select the equilibrium point S (0,0,0,0,9

√
3−13,

√
3) for

analysis. Jacobian matrix of system (4) at S is described as

𝐽 =



−σ 0 σ 0 0 0
0 −σ 0 σ 0 0

r1− e −r2 −1 −δ 0 0
r2 r1− e δ −1 0 0
0 0 0 0 0 −2

√
3eb

0 0 0 0 1 2
√

3−9


,

where e = 9
√

3−13. Corresponding characteristic equation is
a0λ 6 +a1λ 5 +a2λ 4 +a3λ 3 +a4λ 2 +a5λ +a6 = 0,

a0 = 1,
a1 = 2σ −2

√
3+11,

a2 =−2(2
√

3−9)+4σ +δ 2 +σ2−2r1σ +2
√

3eb
+2eσ +2(2

√
3−9)σ +1,

a3 = 2σ +2σ2−2r1σ − (2
√

3−9)δ 2 +2δ 2σ +2eσ2

− (2
√

3−9)σ2−2r1σ2 +4
√

3eb+2δ r2σ

−2e(2
√

3−9)σ − (324−107
√

3)r1σ − (2
√

3−9)
a4 = (395−220

√
3)σ2 +(δ 2−2r2

1 + r2
2)σ

2 +2
√

3eb
−2(2

√
3−9)σ +8

√
3ebσ − (342−214

√
3)σ

+2(2
√

3−9)r1σ +2
√

3ebσ2 +2
√

3ebδ 2

−2(2
√

3−9)σδ 2 +2r2δ 2σ2 +(8−14
√

3)r1σ2

+4
√

3ebr1σ −4er1bσ −2(2
√

3−9)r2σδ ,

a5 =−(2
√

3−9)σ2 +4
√

3ebσ − (342−214
√

3)σ2

+4
√

3eσ2 +2(2
√

3−9)r1σ2− (2
√

3−9)σ2δ 2

− (2
√

3−9)e2σ2− (2
√

3−9)r2
1σ2− (2

√
3−9)r2

2σ2

+4
√

3ebσδ 2−4
√

3(e2)bσ −2(2
√

3−9)r2δσ2

+2e(2
√

3−9)r1σ2 +4
√

3ebr2σδ ,

a6 = 4
√

3(e2)bσ2−4
√

3ebσ2r1 +2
√

3ebσ2δ r2

−2
√

3ber1σ +2
√

3ebδ 2σ2 +2
√

3ebσ2δ r2.
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When r1 = 130,σ = 20,δ = 0.01,r2 = 0.01,b = 0.01, a2 is
less than 0, which does not meet the condition of Routh–
Hurwitz stability criterion. The eigenvalues at S are given
as follows: λ1 = 21.73+0.0096j,λ2 = 21.73−0.0096j,λ3 =

−42.73+0.0004j,λ4 =−42.73−0.0004j,λ5 =−0.016,λ6 =

−5.52. Therefore, S is an unstable saddle-focus. Similarly, the
other three equilibrium points are also unstable saddle-focus.

Obviously, system (4) has symmetry because of invari-
ance when xr→−xr,xi→−xi,yr→−yr,yi→−yi,z→ z,u→
u. The super volume shrinkage rate can be computed by

D+V =
D+ẋr

D+xr +
D+ẋi

D+xi +
D+ẏr

D+yr +
D+ẏi

D+yi +
D+ż
D+z

+
D+u̇
D+u

= −2σ −2−b(u2−3)−|u−10|

−usign(u−10)+ sign(u+10). (6)

When r1 = 130,σ = 20,δ = 0.01,r2 = 0.01,b = 0.01 and
the initial values (1,−1,1,−1,1,−1), the dissipation curve is
shown in Fig. 3. Figure 3 shows that the dissipation remains
negative, which indicates that system (4) is dissipative.
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Fig. 3. The dissipation curve of system (4) with parameters r1 =
130, σ = 20, δ = 0.01, r2 = 0.01, b = 0.01 and the initial values
(1,−1,1,−1,1,−1).

For parameters r1 = 130, σ = 20, δ = 0.01, b =

0.01, r2 = 0.01 and the initial values (1,−1,1,−1,1,−1),
the typical orbits of system (4) are shown in Figs. 4(a)
and 4(b), corresponding Lyapunov exponents are
(2.63,0,0,−20.99,−23.68,−28.84) and Kaplan–Yorke di-
mension is 3.125, which means chaos. The time domain
waveform and power spectrum of system (4) are shown in

Figs. 4(c) and 4(d), the random evolution of variable z with
time and dense spikes in the power spectrum indicates sys-
tem (4) is chaotic.
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Fig. 4. Chaotic dynamics of the memristive system (4) with r1 =
130, σ = 20, δ = 0.01, b = 0.01, r2 = 0.01 and the initial values
(1,−1,1,−1,1,−1). (a) The phase trajectory on yr–u plane and (b) z–
u plane; (c) time domain waveform; (d) power spectrum.

2.4. Hamilton energy for memristive complex-valued
Lorenz laser system

In this section, we will seek a variable function in the
phase space as the Hamilton energy function. Assuming that
the Hamilton energy function of system (3) is H, H satisfies
the following conditions:{

∇HTFc(xr,xi,yr,yi,z,u) = 0,
∇HTFd(xr,xi,yr,yi,z,u) = Ḣ = dH/dt,

(7)

where Fc(xr,xi,yr,yi,z,u) is the conservative field, and
Fd(xr,xi,yr,yi,z,u) is the dissipative field.[37] Then system (3)
can be broken down into the following forms:

ẋr

ẋi

ẏr

ẏi

ż
u̇


=



σyr

σyi

r1xr−δyi− xrz
r1xi +δyr− xiz
xryr + xiyi−u

z


+



−σxr

−σxi

−yr− r2xi

−yi + r2xr

−b(u2−3)z+u
−u |u−10|+ |u+10|


= Fc(xr,xi,yr,yi,z,u)+Fd(xr,xi,yr,yi,z,u).

According to the criterion (7), the energy function
H(xr,xi,yr,yi,z,u) satisfies the following equation:


∂H
∂xr (σyr)+

∂H
∂xi (σyi)+

∂H
∂yr (r1xr−δyi− xrz)+

∂H
∂yi (r1xi +δyr− xiz)+

∂H
∂ z

(xryr + xiyi−u)+
∂H
∂u

(z) = 0,

∂H
∂xr (−σxr)+

∂H
∂xi (−σxi)+

∂H
∂yr (−yr− r2xi)+

∂H
∂yi (−yi + r2xr)+

∂H
∂ z

(−b(u2−3)z+u)+
∂H
∂u

(−u|u−10|+ |u+10|) = Ḣ.

(8)
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By solving Eq. (8), the energy function H(xr,xi,yr,yi,z,u) can
be obtained

H =
1
2

(
− r1

σ
(xr)2− r1

σ
(xi)

2
+(yr)2 +(yi)

2
+ z2 +u2

)
. (9)

The Hamilton energy function H is dependent on the parame-
ters (σ ,r1) and all variables (xr,xi,yr,yi,z,u).

3. Parameters-oriented dynamical behaviors
In this section, we mainly investigate the effects of the

imaginary parts of the complex-parameters r and c on the
dynamical behavior of the laser system (3). Fix parameters
c = 1− jδ , r = 130+ jr2, σ = 20, b = 0.01 and the initial
value X0 = (1− j,1− j,1,−1).

3.1. Influence of the imaginary part r2 of the complex-
parameter r

Figure 5 depicts the dynamical behaviors of the laser
system (3) when parameter r2 varies within the range (0,4).
In Figs. 5(a) and 5(b), which correspond to the Lyapunov
exponent spectrum and the bifurcation diagram, system (3) al-
ternately displays chaos and quasi-periodic oscillation. When
r2 is in (0,1.21), system (3) is in a chaotic state, then when
r2 enters into (1.21,1.29), system (3) is in a quasi-periodic
state; when r2 belongs to (1.29,1.86), system (3) returns to
a chaotic state; and when r2 drops in the interval (1.86,4),
system (3) goes back to quasi-period again. Typical phase tra-
jectories of the laser system (3) with parameters r2 in different
ranges are shown in Figs. 5(c)–5(f), and the corresponding
Lyapunov exponents and Kaplan–Yorke dimension are given
in Table 1. When r2 = 0.05 and r2 = 1.32, the chaotic attrac-
tors are shown in Figs. 5(c) and 5(e), respectively. It can also
be seen in Table 1 that the attractors in Figs. 5(c) and 5(e)
have a positive Lyapunov exponent and fractional dimension
which means chaos. The quasi-periodic attractors in Figs. 5(d)
and 5(f) are at r2 = 1.28 and r2 = 3.6, respectively. Addition-
ally, the two highest Lyapunov exponents are zero, which also
indicates quasi-period. The Poincare cross section and Hamil-
ton energy development of the laser system (3) are shown in
Fig. 6 as r2 varies. The poincare sections of Figs. 5(c) and
5(d) are shown in Figs. 6(a) and 6(b), respectively. The dense
patches in Fig. 6(a) with fractal structures show that the at-
tractor in Fig. 5(c) is chaotic. But the attractor in Fig. 5(d) is
quasi-periodic, as evidenced by a closed curve in Fig. 6(b).
The Hamilton energies of Figs. 5(c) and 5(d) are shown in
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Fig. 5. Influence of r2 on the dynamics of the laser system (3) for pa-
rameters c = 1−0.01j, r = 130+ jr2, σ = 20, b = 0.01 and the initial
value X0. (a) Bifurcation diagram and (b) Lyapunov exponent spec-
trum with respect to r2; the chaotic attractor on xi–yr plane when (c)
r2 = 0.05 and (e) r2 = 1.32; the quasi-periodic attractor on xi–yr plane
when (d) r2 = 1.28 and (f) r2 = 3.6.
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Fig. 6. Influence of r2 on the Poincare cross section and Hamilton en-
ergy of the laser system (3) for parameters c = 1−0.01j, r = 130+ jr2,
σ = 20, b = 0.01 and the initial value X0. (a) The Poincare section
and (c) Hamilton energy of chaotic attractor when r2 = 0.05, (b) the
Poincare section and (d) Hamilton energy of quasi-periodic attractor
when r2 = 1.28.

Table 1. Lyapunov exponents and DKY of attractors in Fig. 5.

r2 Attractor Figure Lyapunov exponents DKY

0.05 chaotic Fig. 5(c) (2.5466,0,0,−20.9969,−23.6589,−28.7728) 3.11
1.28 quasi-periodic Fig. 5(d) (0,0,−1.2835,−19.3735,−23.5148,−26.7534) 2
1.32 chaotic Fig. 5(e) (1.5767,0,0,−20.9328,−23.8492,−27.7090) 3.07
3.6 quasi-periodic Fig. 5(f) (0,0,−2.9705,−17.7945,−23.3636,−26.9422) 2
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Figs. 6(c) and 6(d), respectively. It can be seen that when the
laser system (3) moves from chaos to quasi-periodic oscilla-
tion, the Hamilton energy fluctuation is reduced to a very tiny
scale.

3.2. Influence of the imaginary part δ of the complex-
parameter c

Figure 7 displays the dynamical behaviors of the laser
system (3) when parameter δ fluctuates in the range of (0,5).
Figures 7(a) and 7(b) illustrate the related Lyapunov expo-
nent spectrum and bifurcation diagram, respectively. Sys-
tem (3) exhibits alternately chaotic and quasi-periodic oscil-
lations. When δ belongs to (0,2.56), system (3) is in a chaotic
state. When δ enters into (2.56,2.7), system (3) is quasi-
periodic. System (3) returns to chaos when δ drops in the
interval (2.7,3.93), system (3) goes back to a quasi-periodic
state again when δ belongs to (3.93,5). Typical phase trajec-
tories are shown in Figs. 7(c) and 7(d) when δ = 0.12 and
δ = 4.6, respectively. Corresponding Lyapunov exponents
and Kaplan–Yorke dimension are given in Table 2. The table
shows that the attractor in Fig. 7(c) is chaotic, because when
δ = 0.12 system (3) appears in fractional dimension and has
a positive Lyapunov exponent. On account of the two largest
Lyapunov exponents of the system being 0 when δ = 4.6, the
attractor in Fig. 7(d) is quasi-periodic. Poincare sections of
Figs. 7(c) and 7(d) are shown in Figs. 8(a) and 8(b). The ap-
pearance of dense points with fractal structure in the poincare
section indicates the attractor in Fig. 7(c) is chaotic, the closed
curve in the poincare section confirms that the attractor in
Fig. 7(d) is quasi-periodic. And according to the Hamilton en-
ergy function represented in Eq. (9), the evolution of Hamilton
energy for the laser system (3) is shown in Fig. 8. Figure 8(c)
is the energy of system (3) at δ = 0.12, and Fig. 8(d) is at
δ = 4.6. When the laser system (3) is guided from chaos to
quasi-periodic oscillation, the Hamilton energy fluctuation de-
creases to a smaller range.
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(c) Hamilton energy of the chaotic state when δ = 0.12; (b) the Poincare
section and (d) Hamilton energy of the quasi-periodic state when δ = 4.6.

Table 2. Lyapunov exponents and DKY of attractors in Fig. 7.

δ Attractor Figure Lyapunov exponents DKY

0.12 chaotic Fig. 7(c) (2.5453,0,0,−20.9983,−23.6595,−28.7818) 3.12

4.6 quasi-periodic Fig. 7(d) (0,0,−0.6879,−21.9242,−22.6287,−25.6850) 2

4. Initial-values-oriented multi-stability

In this section, we investigate the effects of initial val-
ues on the dynamic behavior of the laser system (3). The
symmetric structure of system (3) and the introduction of
memristor (2) make the multi-stability possible. Figure 9
shows the influence of the initial value z(0) on the dynam-
ics of system (3) for parameters σ = 20,r = 130+0.01j,b =

0.01,c= 1−0.01j and the initial values (1− j,1− j,z(0),−1).
Figures 9(a) and 9(b) are the Lyapunov exponent spectrum
and bifurcation diagram concerning z(0), respectively. The
chaotic dynamics of system (3) are almost constant and an in-
finite number of coexisting attractors can be discovered, which
means that system (3) exhibits extreme multi-stability. Fig-
ures 9(c) and 9(d) show coexisting chaotic attractors resem-
bling rotation in different spaces. Obviously, the chaotic dy-
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namics of this type of interesting extreme multi-stability phe-
nomena do not change.
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5. Complexity analysis
The complexity is an important index to measure the

degree to which the sequence is close to the random
sequence.[38,39] The higher the value of system complexity, the
closer the sequence is to random sequence, and the higher the
corresponding security. In this section, we compare the com-
plexity of systems (1) and (3).

5.1. SE complexity

SE complexity is calculated by removing the DC part of
the signal and combining it with the concept of Shannon en-
tropy to calculate the capability distribution within the Fourier
transform. Finally, the complexity of the sequence is obtained
through normalization. When the power spectrum distribution
of the sequence is more uneven, the structure of the spectrum
is simpler, and the signal has an obvious oscillation rule, then
the smaller the measured value of SE, the smaller the com-
plexity; otherwise, the greater the complexity. The SE com-
plexity of variable z of systems (1) and (3) with parameters
r = 130+ 0.01j, c = 1− 0.01j, b = 0.01 and the initial val-
ues (1− j,1− j,1,−1) are shown in Fig. 10. It can be seen that
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Fig. 10. The SE complexity of (a) the laser system (1) and (b) the laser
system (3).

the high complexity region of the newly constructed memris-
tive Lorenz laser system (3) is obviously larger than that of the
Lorenz laser system (1).

5.2. The C0 complexity

The C0 complexity is to decompose the signal sequence
into the regular part and irregular part and then measure the
proportion of the irregular part. The larger the proportion
of the irregular part in the sequence, the closer the signal
is to the random sequence and the greater the complexity of
the sequence. The C0 complexity comparisons of variable xi

and variable z are shown in Fig. 11, where the blue curve is
the complexity of system (1), and the red one is the com-
plexity of the memristive laser system (3) when parameters
r = 130+0.01j, c = 1−0.01j, b = 0.01 and the initial values
are (1− j,1− j,1,−1). From the perspective of C0 complex-
ity, the introduction of a locally active memristor significantly
improves the complexity of system variables. Therefore, the
introduction of a locally active memristor not only brings rich
dynamical characteristics but also brings higher complexity,
which is worthy of further study in secure communication.
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Fig. 11. The C0 complexity of variables xi and z of system (1) (blue) and
system (3) (red). (a) C0 complexity of variable xi; (b) C0 complexity of
variable z.

6. Geometric control
6.1. Amplitude control

Considering that the system contains both linear and non-
linear terms, system (3) has the possibility of amplitude con-
trol. We make transformation x→ kx, y→ ky, z→ z, u→ u,
the memristive complex-valued Lorenz laser system (3) be-
comes 

ẋ = σ(y− x),
ẏ =−cy+ rx− zx,
ż =−b(u2−3)z+ 1

2 k2(x̄y+ xȳ),
u̇ =−u |u−10|+ |u+10|+ z.

(10)

The outcomes of amplitude control are displayed in Fig. 12
when the amplitude control knob k varies within the range
(0,3). Figure 12(a) demonstrates that while the means of
xr,xi,yr,yi decrease as k increases, the means of z and u do not
change. This means that the parameter k can control the ampli-
tude of partial variables, but not the amplitude of all variables.
Figure 12(b) is the Lyapunov exponent spectrum of k in the
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parameter range (0,3). It is observed that the Lyapunov expo-
nents remain unchanged when k changes in (0,3). This means
that the introduction of parameter k can scale the amplitude of
variables without changing the chaotic dynamics. The orbits
diagram of the attractors under different parameter values of
k are shown in Figs. 12(c) and 12(d), the amplitude changes
of the phase diagram also coincide with the mean changes in
Fig. 12(a).

6.2. Rotation control

Introducing the rotation matrix

𝐴=


1 0 0 0
0 1 0 0
0 0 cosθ sinθ

0 0 −sinθ cosθ


into system (3), i.e.,

x1

y1

z1

u1

=


1 0 0 0
0 1 0 0
0 0 cosθ sinθ

0 0 −sinθ cosθ




x
y
z
u

 .

And then we can obtain a rotating system as



ẋ = σ(y− x),
ẏ =−cy+ rx− x(zcosθ −usinθ),

ż = cosθ(−b((ucosθ + zsinθ)2−3)(zcosθ −usinθ)+ 1
2 (x̄y+ xȳ))

+ sinθ(−(ucosθ + zsinθ)|(ucosθ + zsinθ)−10|+ |(ucosθ + zsinθ)+10|+(zcosθ −usinθ)),

u̇ =−sinθ(−b((ucosθ + zsinθ)2−3)(zcosθ −usinθ)+ 1
2 (x̄y+ xȳ))

+ cosθ(−(ucosθ + zsinθ)|(ucosθ + zsinθ)−10|+ |(ucosθ + zsinθ)+10|+(zcosθ −usinθ)).

(11)

When c= 1−0.01j,r = 130+0.01j,b= 0.01,σ = 20, and an-
gle θ changes within the interval (0,2π), the dynamical behav-
ior of system (11) is shown in Fig. 13. The bifurcation diagram
and Lyapunov exponent spectrum are shown in Figs. 13(a) and
13(b), respectively. It is clear that the system state does not
change under the rotation transformation. The phase diagram
of system (11) at different angles is shown in Fig. 13(c), and
the corresponding mean value of every variable is shown in
Fig. 13(d). From these two sub-figures, it can be concluded
that one can control the rotating angles to make attractors ap-
pear elsewhere in the phase plane without changing the shape
of the attractors. The time domain diagrams of variables z and
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u are shown in Figs. 13(e) and 13(f). It can be seen from the
time domain diagram, by introducing a rotation matrix to ro-
tate attractor, the amplitude of variables can be controlled to
meet our needs orderly.
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7. Digital hardware experiments
The geometric control of the memristive complex-valued

Lorenz laser system is closely related to the initial values and
the initial value of the memristor cannot be set in the ana-
log circuit. To realize the analog circuit of geometric con-
trol, only by repeatedly switching on and off the analog cir-
cuit to randomly sense the required initial values. However,
microcontroller-based digital circuits can treat initial values
as control parameters that can be precisely preconfigured by
software. In this section, a digital hardware device is designed
to physically implement the proposed memristive laser sys-
tem by using a microcontroller with high-performance and
strong controllability, in which a microcontroller, D/A con-
verter, and peripheral circuitry are utilized for numerically
solving the memristive complex-valued laser system and gen-
erating analog voltage signal output. The ultra-performance
microcontroller STM32H743IIT6 with Cortex-M4 core re-
alizes the presented memristive laser system, and the D/A

converter DAC8563 provides two-channel analog voltage se-
quences. After the development board is powered on, the dig-
ital oscilloscope captures the phase plane trajectories. Chaotic
oscillation, amplitude control, and rotation control are exper-
imentally observed, which are used to validate the numeri-
cal ones. To realize the digitization of the laser system (3),
the fourth-order Runge–Kutta algorithm is used to obtain the
discrete-time model as follows:

xn+1 = xn +
h(kx,1 +2kx,2 +2kx,3 + kx,4)

6
,

yn+1 = yn +
h(ky,1 +2ky,2 +2ky,3 + ky,4)

6
,

zn+1 = zn +
h(kz,1 +2kz,2 +2kz,3 + kz,4)

6
,

un+1 = un +
h(ku,1 +2ku,2 +2ku,3 + ku,4)

6
,

(12)

where h is the sampling interval and n is the iterations. And

kx,1 = σ (yn− xn) ,

ky,1 =−cyn + rxn− znxn,

kz,1 =−b(u2
n−3)zn +

1
2
(xnyn + xnyn) ,

ku,1 =−un |un−10|+ |un +10|+ zn,

kx,2 = σ((yn +0.5hky,1)− (xn +0.5hkx,1)),

ky,2 =−c(yn +0.5hky,1)+ r(xn +0.5hkx,1)− (zn +0.5hkz,1)(xn +0.5hkx,1),

kz,2 =−b(((un +0.5hku,1)
2)−3)(zn +0.5hkz,1)+

1
2
(xn +0.5hkx,1)(yn +0.5hky,1)+(xn +0.5hkx,1)(yn +0.5hky,1)),

ku,2 =−(un +0.5hku,1)|(un +0.5hku,1)−10|+ |(un +0.5hku,1)+10|+(zn +0.5hkz,1),

kx,3 = σ((yn +0.5hky,2)− (xn +0.5hkx,2)),

ky,3 =−c(yn +0.5hky,2)+ r(xn +0.5hkx,2)− (zn +0.5hkz,2)(xn +0.5hkx,2),

kz,3 =−b(((un +0.5hku,2)
2)−3)(zn +0.5hkz,2)+

1
2
((xn +0.5hkx,1)(yn +0.5hky,2)+(xn +0.5hkx,1)(yn +0.5hky,2)),

ku,3 =−(un +0.5hku,2)|(un +0.5hku,2)−10|+ |(un +0.5hku,2)+10|+(zn +0.5hkz,2),

kx,4 = σ ((yn +hky,3)− (xn +hkx,3)) ,

ky,4 =−c(yn +hky,3)+ r(xn +hkx,3)− (zn +hkz,3)(xn +hkx,3),

kz,4 =−b(((un +hku,3)
2)−3)(zn +hkz,3)+

1
2
((xn +hkx,1)(yn +hky,3)+(xn +hkx,1)(yn +hky,3)),

ku,4 =−(un +hku,3) |(un +hku,3)−10|+ |(un +hku,3)+10|+(zn +hkz,3).

Using the discrete time model, the software code of the mem-

ristive laser system is written in C language and downloaded

to the microcontroller. The system parameters and initial

values are preloaded to the hardware device. After running

the software, an analog voltage sequence can be generated.

The captured phase plane of chaotic oscillation for the digi-

tally circuit-implemented memristive complex-valued Lorenz

laser model is shown in Fig. 14, where c = 1− 0.01j,r =

130+ 0.01j,b = 0.01,σ = 20,h = 0.001 and the initial val-

ues (x1(0),y1(0),z1(0),u1(0)) = (1− j,1− j,1,−1). Clearly,

the phase trajectories captured by oscilloscope are consistent

with the MATLAB numerical simulation results.
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The same discretization method as system (12) is adopted
to discretize systems (10) and (11) to obtain digital circuit
results of geometric control as shown in Fig. 15, where ap-
propriate zooming and bias are applied for better visual ef-
fects. Figure 15(a) shows the captured orbits for ampli-
tude control on yr–u plane when c = 1− 0.01j, r = 130 +

0.01j, b = 0.01, σ = 20, k = (0.6,1,1.6) and the initial val-
ues (x1(0),y1(0),z1(0),u1(0)) = (k− kj,k− kj,1,−1). Fig-
ure 15(b) shows digital circuit result of rotation control on
z–u plane when c = 1− 0.01j, r = 130 + 0.01j, b = 0.01,
σ = 20, θ = (0,π/4,π/2,3π/4,π,5π/4,3π/2,7π/4) and the
initial values (x1(0),y1(0),z1(0),u1(0)) = (1− j,1− j,cosθ−
sinθ ,−cosθ − sinθ). The experimental results shown in
Figs. 14 and 15 are consistent with the numerical ones in
Figs. 4, 12 and 13, indicating the correctness and feasibility of
the digitally circuit-implemented memristive complex-valued
laser system (3).

(a) (b)

Fig. 14. Experimental phase portraits of chaotic attractors in Fig. 4 on
(a) z–u plane and (b) yr–u plane.

(a) (b)

Fig. 15. Experimental phase portraits of geometric control in Figs. 12
and 13. (a) Amplitude control for k = (0.6,1,1.6) on yr–u plane; (b) ro-
tation control for θ = (0,π/4,π/2,3π/4,π,5π/4,3π/2,7π/4) on z–u
plane.

8. Conclusion
We design a memristive complex-valued laser system and

study its dynamics, geometric control, and digital hardware
implementation. Firstly, we study the effects of the imagi-
nary parts of the complex-parameters on its dynamics and dis-
cover chaotic and quasi-periodic oscillations. Initial-values-
associated multi-stability is also explored, coexisting attrac-
tors resembling rotations with the same Lyapunov exponents
are discovered. In addition, we compare the complexity of the
laser system with and without a locally active memristor and
find that the introduction of a memristor increases the com-
plexity of the laser system. Moreover, geometric control meth-
ods including amplitude and rotation control are proposed to

revise the chaotic signal of the laser system. The amplitude
control adjusts the size of chaotic attractors by introducing a
constant, while the rotation control modulates the amplitude
and offset of chaotic attractors at the same time by introducing
a rotation angle. Through the analysis of the Lyapunov expo-
nent spectrum and time domain diagram, it can be seen that
the amplitude and offset of the chaotic signal can be modified
without changing the chaotic dynamics. In addition, a digi-
tal circuit is constructed to physically realize the memristive
complex-valued Lorenz laser system using an ultra-low power
microcontroller, and the hardware experiment results are cap-
tured, which perfectly verifies the numerical simulation. It is
worth mentioning that the digital hardware realization of geo-
metric control over the complex field is completed for the first
time. Further research is deserved to realize rotation control
of higher dimensions, explore the practical applications of ge-
ometric control of chaos in secure communication, and apply
memristive laser neurons to replace neuromorphic devices in
the brain.
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