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We discuss evolution of Hermite–Gaussian beams of different orders in nonlocal nonlinear media whose characteristic
length is set as different functions of propagation distance, using the variational approach. It is proved that as long as the
characteristic length varies slowly enough, all the Hermite–Gaussian beams can propagate adiabatically. When the char-
acteristic length gradually comes back to its initial value after changes, all the Hermite–Gaussian beams can adiabatically
restore to their own original states. The variational results agree well with the numerical simulations. Arbitrary shaped
beams synthesized by Hermite–Gaussian modes can realize adiabatic evolution in nonlocal nonlinear media with gradual
characteristic length.
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1. Introduction
The optical Kerr effect is one of the most important ef-

fects in the field of nonlinear optics.[1] Due to the optical Kerr
effect, light intensity can cause nonlinear change in the re-
fractive index of optical materials, namely nonlinear refractive
index (NRI). For the optical material such as nematic liquid
crystal,[2] thermal nonlinear liquid,[3] lead glass,[4] and non-
linear ion gas,[5] the NRI at a certain point is not determined
solely by the light intensity at that point, but also depends
on the light intensity in its vicinity. These optical materials
with such nonlocal nonlinearity are called the nonlocal non-
linear media. Nonlocal nonlinearity has received extensive
attention in the fields of optical spatial solitons[6] and opti-
cal spatial shock waves.[7] The nonlocality plays a key role
in both solitons profiles and their interactions.[8] Various soli-
tons, including spiralling elliptic solitons,[9] chaoticons,[10]

vortex solitons,[11] multipole solitons,[12] and so on, can be
supported in nonlocal nonlinear media. In addition, the non-
locality can overcome the repulsion between in-phase dark[13]

or out-of-phase bright solitons,[14] thus making it possible to
form bound complex states. Especially, in the nonlocal non-
linear media the structured beams can exhibit novel dynamical
behavior. Under the effect of nonlocality, a single Airy soli-
ton can propagate along a parabolic trajectory.[15] With the aid
of nonlocality, an Airy Gaussian vortex beam with larger am-
plitude can be obtained,[16] which always collapses in local
nonlinear media.

According to the ratio of the characteristic length of the

response function to the beam width, the degree of nonlocal-
ity of a nonlocal nonlinear system can be roughly classified
into the following four cases: local, weakly nonlocal, gener-
ally nonlocal, and strongly nonlocal.[17] In the strongly non-
local case, the equation governing the nonlinear evolution of
optical beams can be linearized to the well-known Snyder–
Mitchell model, which owns an exact soliton soluions called
the accessible soliton.[18] As for generally nonlocal case, the
approximate solution can be obtained by the variational ap-
proach to discuss the evolution of optical beams,[19] and the
approximate results are in agreement with the numerical sim-
ulations. Recently, the relevance between the nonlocality and
the focusing and defocusing states in a nonlocally nonlinear
system with a sine-oscillation response function is found.[20]

The transition between the focusing nonlinearity and the de-
focusing nonlinearity can happen when the degree of nonlo-
cality of the system changes. Furthermore, it is found that
the fundamental Gaussian beam can adiabatically propagate if
the characteristic length of the media varies slowly enough.[21]

However, we do not know whether this kind of “adiabatic
evolution” is universal. Can the adiabatic evolution can still
happen for all beams of arbitrary shapes? It is well known
that the Hermite–Gaussian functions constitute an orthogo-
nal and complete set,[22] and all beams can be synthesized by
Hermite–Gaussian beams of different orders. We find that the
adiabatic evolution is valid for the Hermite–Gaussian beams
of any order. Therefore, the “adiabatic evolution” is indeed
universal in the nonlocally nonlinear system.
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2. Theoretical model
The evolutions of 1+1-dimensional optical beams in non-

local nonlinear media can be described by the nonlocal non-
linear Schrödinger equation (NNLSE)[18]

i
∂φ

∂ z
+

1
2

∂ 2φ

∂x2 +∆nφ = 0, (1)

where φ(x,z) is a paraxial beam, z denotes the evolution coor-
dinate, x is the transverse coordinate, and ∆n(x,z) is the non-
linear refractive index change induced by light fields, which
can be expressed as[17]

∆n(x,z) =
∫∫

R(x− x′)|φ(x′,z)|2dx′, (2)

where R(x) is the response function of the medium to op-
tical beams. The response functions discussed widely are
positive definite and localized, such as the logarithmic re-
sponse function[23] in the lead glass, the exponential-decay
response function in the nematic liquid crystal for the (1+1)-
D case[24] and the zeroth-order modified Bessel function for
the (1+2)-D cylindrically symmetrical case.[25] Recently, the
sine-oscillation function has gradually drawn the attentions of
researchers.[20,26–28] In this paper, we take Gaussian response
function

R(x) =
1√

2πwm(z)
exp
[
− x2

2w2
m(z)

]
, (3)

and consider that the characteristic length wm(z) can vary with
the propagation distance z. The characteristic length repre-
sents the spatial occupation scale of the response function in
nonlocal nonlinear media. In other words, the characteristic
length implies the ability to affect the neighboring optical field
by a given optical field at the given point. The larger the char-
acteristic length is, the larger region one optical field can influ-
ence. For the choice of the response function (3), there are two
points to be illustrated. First, although the Gaussian response
is phenomenological, the analytical solutions can be obtained
in this case. In addition, the physical properties do not depend
closely on the specific shapes of the response functions for the
nonlocal nonlinear media.[29] Second, it is possible to design
a z-dependent response in actual nonlinear media along the
propagation directions of beams. For example, in the nematic
liquid crystals the characteristic length of the response func-
tion wm is found to depend closely on the bias electric field.[25]

If the nematic liquid crystal cell has the trapezoidal cross pro-
file (upper and lower surfaces along propagation coordinates z
are not parallel), the thickness will be linearly varied. When
the bias voltage is applied between upper and lower surfaces
of the cell, the linearly varying electric field, then the linearly
varying wm, can be achieved.

3. Variational results and discussions

We can discuss evolutions of optical beams in nonlo-

cal nonlinear media when the characteristic length of the re-

sponse function varies with propagation distances with the

aid of variational approach. It is known that[19] the choice

of the trial function for the variational approach is crucial,

which should be close to the exact solution of the nonlin-

ear Schrödinger equation. In the case of the Gaussian re-

sponse, it has been demonstrated that the soliton solutions of

the NNLSE exhibit the profiles similar to Gaussian ones when

the degree of nonlocality goes from the strongly nonlocal limit

down to the local limit.[2] Therefore, we take the Gaussian

trial solution when the characteristic length of the response

function is slowly varying.[21] It is also applicable to choose

the Hermite–Gaussian function, the higher-order mode of the

Gaussian modes, as the trial function. We take the following

Hermite–Gaussian trial beams:

φ(x,z) =AnHn

[ x
w(z)

]
exp
[
− x2

2w2(z)

]
exp[ic(z)x2

+ i(2n+1)ψ(z)], (4)

where An =
√

P/(2nn!
√

πw), Hn[
x

w(z) ] is the n-th order Her-

mite polynomial, ψ(z) is the phase of the complex amplitude,

w(z) is the beam width, c(z) is the phase-front curvature. The

parameters above all can vary with propagation distance z. Al-

though the following variational calculations are conducted for

the first-order Hermite–Gaussian beam

φ(x,z) = A(z)
2x

w(z)
exp
[
− x2

2w2(z)

]
exp[ic(z)x2 +3iψ(z)],

(5)

the process is the same as that for any higher-order Hermite–

Gaussian modes.[19,30]

The Lagrangian density function of the system described

by the NNLSE is[30]

ℒ=
i
2

(
φ
* ∂φ

∂ z
−φ

∂φ *

∂ z

)
− 1

2

∣∣∣∂φ

∂x

∣∣∣2 + 1
2
|φ |2∆n. (6)

Substituting the trial solution (5) into Eq. (6) and integrating

yield the Lagrangian function of the system as

L =

√
πA2

4w

[√
2A2w3(3w4 +4w2w2

m +4w4
m)

(w2 +w2
m)

5/2

−24c2w4 −2(3+6w4c′+4w2
ψ

′)

]
,

where the primes denote the derivatives with respect to z. Fol-

lowing the standard procedures of the variational approach,[19]
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we can obtain the variations of L with ψ , c, c′, w and A, respec-
tively. Among them,

∂L
∂ψ

= 0 (7)

represents the fact that the beam power P =
∫
|φ |2dx =

2
√

πA2w is conservative. From variations to c and c′ we can
obtain

c =
w′

2w
, (8)

from variations to A and w we can obtain

c′ = − Pw4

8
√

2π(w2 +w2
m)

7/2
− Pw4

m

2
√

2π(w2 +w2
m)

7/2

−2c2 +
1

2w4 . (9)

Substituting Eqs. (8) and (9) into the first derivative of Eq. (8),
we then have the differential equation about the beam width as
follows:

d2w
dz2 =

1
w3 − Pw(w4 −4w4

m)

4
√

2π(w2 +w2
m)

7/2
. (10)

Under the strongly nonlocal case, i.e., wm ≫ w,

d2w
dz2 ≈ 1

w3 − Pw√
2πw3

m
, (11)

which is the same as the case of trial Gaussian beams discussed

in Ref. [21]. It means that the evolution of the beam width does

not matter with the order of the Hermite–Gaussian beams even

if the characteristic length varies with propagation distances.

The first and last two terms on the right-hand side of Eq. (10)

correspond to linear diffraction effect and nonlinear effect, re-

spectively. When the two terms are equal, linear diffraction

effect and nonlinear effect reach an accurate balance. Letting

Eq. (10) equal zero, we obtain the critical power

Ps =
4
√

2π(w2 +w2
m)

7/2

w4(w4 +4w4
m)

. (12)

For a fixed wm, Hermite–Gaussian beams will be solitons

when the initial input power P equals Ps.[31]

We first consider the simplest case, that is,

wm(z) =


20, 0 ≤ z ≤ 20,
20+0.2(z−20), 20 ≤ z ≤ 50,
26−0.2(z−50), 50 ≤ z ≤ 80,
20, 80 ≤ z ≤ 100,

the variation of wm is linear with respect to z as shown in

Fig. 1(a). We set P = Ps and P = 1.5Ps, respectively, to make

the beam in soliton state and breather state at the beginning.
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Fig. 1. (a) Variation of wm on propagation distance z; (b) evolution of beam intensity for P = Ps; (c) evolution of beam intensity
for P = 1.5Ps; (d) evolution of beam width for P = Ps; (e) evolution of beam width for P = 1.5Ps. The plots are for the first-order
Hermite–Gaussian soliton and breather, respectively. The optical intensity is I(x,z) = |φ(x,z)|2, which is the same hereafter.

After propagation distance z = 20, wm is gradually in-

creased, the self-focusing effect becomes weaker. Both the

minima and the maxima of the beam intensity decrease with

the propagation distance z, as shown in Figs. 1(b) and 1(c).

As wm decreases from its maximum at z = 50, the inverse

evolution appears. When wm recovers to its initial value, the
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soliton state or breather state comes back. It illustrates that
the first-order Hermite–Gaussian breather can evolve adiabati-
cally. We also checked evolutions of Hermite–Gaussian beams
of other orders, and found that the adiabatic evolution all can
occur as long as the characteristic length varies slowly with
propagation distances. Here the term “adiabatic evolution” is
only a borrowed concept, which is related to the adiabatic the-
orem of Hamiltonian in quantum systems.[32] The quantum
adiabatic theorem gives the evolution of the eigenstates when
the Hamiltonian changes very slowly. Yet, in this paper we
discuss the evolution of optical beams in nonlocal nonlinear
media when the characteristic length of the response function
changes slowly from one value to another. The two problems

are similar although they belong to different fields.

In fact, the adiabatic evolution does not depend on the the

concrete variation forms of the characteristic length. In order

to show this point, we adopt the sinusoidally varying charac-

teristic length

wm(z) =


40, 0 ≤ z ≤ 20,
44−4cos[π(x−20)

30 ], 20 ≤ z ≤ 80,
40, 80 ≤ z ≤ 100,

as shown in Fig. 2(a), and numerically simulate the evolutions

of Hermite–Gaussian beams of the second, fourth, and seventh

orders. The results are summarized in Figs. 2(b)–2(e).
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Fig. 2. (a) Variation of wm; the induced evolution of intensity for the second- (b), fourth- (c), and seventh-order (d) HG breathers when
P = 1.5Ps; (e) evolution of beam width for the fourth-order HG breather at varied wm given in (a) when P0 = 1.5Ps. The insets in (e)
show the comparison between numerical simulations (red solid curves) and variational results (blue dashed curves). The numerical
simulation in this study takes the split-step Fourier method.[22]

When wm comes back to its initial value after one period,

the beams all can adiabatically restore to their own original

states. The variational results agree well with the numerical

simulations. Then we investigate the adiabatic evolution of

another structured beam

φ(x,z) =A(z)cos
[ x

w(z)

]
exp
[
− x2

2w2(z)

]
× exp[ic(z)x2 + iψ(z)], (13)

which cannot be regarded as solitons of the NNLSE (1), and

therefore can be regarded as an “arbitrary” beam. Follow-

ing the same procedures of the variational approach as given

above, we can obtain the differential equation about the beam

width

d2w
dz2 =

1
4(e2 −1)

√
πw3(w2 +w2

m)
5/2

×

{
−
√

2Pw6
[
1+2e2 + e

2w2

w2+w2m +4e
1+ w2

2(w2+w2m)

]
+4(1+ e)× (1+3e)

√
π

√
w2 +w2

m(2w2w2
m +w4

m)

+w4

[
√

2Pw2
m × (−1−2e2 +3e

2w2

w2+w2m )

+4(1+4e+3e2)
√

π

√
w2 +w2

m

]}
. (14)

From the evolution process shown in Fig. 3, it can be found
that this special beam indeed can propagate adiabatically.

We also tested the beam of φ(x,0) = Aexp(−|x|), and
simulated its propagation in nonlocal nonlinear media when
wm slowly varies. The simulation results are shown in Fig. 4,
indicating that the adiabatic evolution can still exist.

In the end, we discuss the evolution of optical beams
when the characteristic length changes dramatically, for ex-
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ample,

wm(z) =


40, 0 ≤ z ≤ 20,

60−20cos
[

π(z−20)
25

]
, 20 ≤ z ≤ 45,

80, 45 ≤ z ≤ 75,

(15)

as shown in Fig. 5(a). With the characteristic length increasing
from one value to another one in relatively quickly manner, the
Hermite–Gaussian solitons of different orders will evolve into
breathers of larger widths. When the characteristic length in-

creases, the nonlinearity experienced by optical beams drops,
then the beams will expand, which can be confirmed by the
increase of beam width shown in Fig. 5(b). At the new value
of the characteristic length, the original solitons can not main-
tain their soliton states anymore due to the rapid change of
the characteristic length. However, if the characteristic length
changes slowly enough, the solitons can smoothly transit to
the different ones of different widths, which is just the case
discussed in Ref. [33].
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Fig. 3. (a) Variation of wm on propagation distance z; evolutions of optical intensity (b) and beam width (c) of the beam (13) when P = 1.5Ps.
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Fig. 5. (a) Variation of wm on propagation distance z given by Eq. (15); (b) evolutions of beam width for Hermite–Gaussian solitons
of different orders. The optical power is set as P = Ps.

4. Conclusion

The evolution of Hermite–Gaussian beams of different or-

ders is discussed in nonlocal nonlinear media when the char-

acteristic length varies on propagation distance. It is found

that all the Hermite–Gaussian beams can adiabatically prop-

agate if the characteristic length varies slowly enough by the

variational approach. The variational results agree well with

the numerical simulations. When the characteristic length

gradually comes back to its initial value after one period, all

the Hermite–Gaussian beams can adiabatically restore to their

own original states. It is proved that optical beams of arbi-

trary shapes can realize their adiabatical evolution in nonlocal

nonlinear media of gradual characteristic length. The results

supply a tool to engineer the beam propagation states in actual

nonlocal nonlinear media.
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