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A numerical method is proposed to calculate the eigenvalues of the Zakharov—Shabat system based on Chebyshev
polynomials. A mapping in the form of tanh(ax) is constructed according to the asymptotic of the potential function for
the Zakharov—Shabat eigenvalue problem. The mapping can distribute Chebyshev nodes very well considering the gradient
for the potential function. Using Chebyshev polynomials, tanh(ax) mapping, and Chebyshev nodes, the Zakharov—Shabat
eigenvalue problem is transformed into a matrix eigenvalue problem. This method has good convergence for the Satsuma—
Yajima potential and the convergence rate is faster than the Fourier collocation method. This method is not only suitable
for simple potential functions but also converges quickly for a complex Y-shape potential. It can also be further extended

to other linear eigenvalue problems.
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1. Introduction

The nonlinear Schrodinger (NLS) equation is an impor-
tant integrable equation that is derived from hydrodynamics
and has been used to describe the propagation of optical soli-
tons, Langmuir waves in plasma physics, Bose—Einstein con-
densation, and other physical phenomena.!!™*! Considering
the initial value problem for the nonlinear Schrédinger (NLS)
equation

{ ig; + que+2A1q|2q =0, "

q(x,O) = QO(x)a

where go(x) is a given function defined in Schwartz space
S(R), subscripts x and ¢ represent the partial derivatives with
respect to space and time, respectively. When A = 1, equa-
tion (1) is called a focusing NLS equation, and when A = —1,
equation (1) is called a defocusing NLS equation. The NLS
equation (1) is integrable and admits the following Lax pair:

_( —ik ¢
wx(_w ik)w, 2

[ 2ik* +Ailg]* 2kq+Aigy
"’"(-2k1q+qu 2id —2ilg2 )Y @

where y is a column vector with a shape of 2 x 1, k is a spectral
parameter defined in complex field C, g is the potential func-
tion, and g represents the complex conjugation of ¢g. A long
but standard computation shows that the compatibility con-
dition yy; = y;, for the eigenfunction y is equivalent to the
NLS equation ig, + g + 24|q|*q = 0 for classical solutions
¢.1°1 Equation (2) is called the Zakharov—Shabat (ZS) system,
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which is the x-part of the Lax pair. The properties of the so-
lution for the NLS equation are determined by the eigenvalues
for the ZS system. [©]

The inverse scattering transform is an important method
for solving integrable equations®’ and was a milestone of
mathematical physics in the twentieth century. The inverse
scattering transform of the NLS equation was proposed by Za-
kharov and Shabat.[®! The inverse scattering transform con-
sists of direct scattering and inverse scattering. In direct scat-
tering, we need to solve the ZS system and calculate the scat-
tering data. The ZS system (2) is an eigenvalue problem and
we need to find the k so that the ZS system exists as a non-
trivial solution, where k represents the eigenvalue and  is the
corresponding eigenfunction. The eigenvalues for the ZS sys-
tem consist of the discrete eigenvalues k;, K; (j = 1,2,...,n1)
and the continuous eigenvalues, where k; € C\R. The con-
tinuous spectrum of the ZS system is the real axis R, so we
only need to calculate the discrete eigenvalues of the ZS sys-
tem. The number of solitons that emerged in g(x,0) for the
NLS equation is equal to nj. It is worth noting that the dis-
crete eigenvalue of the ZS system can be an empty set and the
solution will not evolve into solitons at this time. The ampli-
tude of the soliton is determined by the imaginary part of k.
The velocity of the soliton is determined by the real part of ;.

It is important to develop simple and effective methods
to calculate the eigenvalues of the ZS system. In most cases,
the eigenvalues of the ZS system (2) cannot be obtained an-
alytically. Therefore, it is difficult to calculate the eigenval-
ues of the ZS system analytically. Calculating the eigenvalues
of the ZS system is an important step in the inverse scatter-
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ing transform. If we cannot efficiently calculate the discrete
eigenvalues of the ZS system, then we will not be able to solve
the equation by the inverse scattering transform. Meanwhile,
calculating the eigenvalues of the ZS equation is of great sig-
nificance for the study of the evolution of solutions. By ana-
lyzing the number and magnitude of discrete eigenvalues, we
can obtain the number and properties of solitons, which are
closely related to the “soliton resolution conjecture”.!”] The
numerical implementation of the inverse scattering transform
attracted special attention when the NLS equation soliton so-
lutions were proposed as potential candidates for fiber opti-
cal transmission. At present, increasing the accuracy and ef-
ficiency of computational methods for solving the direct ZS
system remains an urgent problem in nonlinear optics.

Several numerical methods have been proposed to calcu-
late the eigenvalues of the ZS system. Boffetta and Osborne
developed a numerical algorithm for computing the direct scat-
tering transform for the NLS equation.'®! Bronski considered
the semi-classical limit of the ZS eigenvalue problem.®! The
finite difference method was used to compute the ZS eigen-
value problem numerically.!'%!?] Hill’s method can be used
to calculate the eigenvalues of the ZS system.!'!! The Fourier
collocation method (FCM) is an effective method to calcu-
late the eigenvalues of the ZS system.!!”) Vasylchenkova et al.
summarized several nonlinear Fourier transform (NFT) meth-
ods, and compared their quality and performance.!'3] These
methods can be divided into two types: the first is the iterative
method for the zero point of Jost function, and the second is to
solve the matrix eigenvalue problem.!'#

In this paper, we proposed an efficient numerical method
for calculating the eigenvalues for the ZS system. We use
Chebyshev polynomials and tanh(ax) mapping to extract the
key information of the potential function, and then transform
the ZS eigenvalue problem into a matrix eigenvalue problem.
By solving the matrix eigenvalue problem, we can get the
eigenvalues for the ZS system. This method not only has good
convergence for the Satsuma—Yajima potential but also con-
verges quickly for complex Y-shape potential. In addition, this
method can be further extended to other linear systems.

This paper is structured as follows. In Section 2, the theo-
retical knowledge of Chebyshev polynomials is presented and
our numerical method is presented in detail. In Section 3, our
method is used to calculate the eigenvalues of the ZS system
with the Satsuma—Yajima potential, the sech(2ex) e 'sech(2€x)/ e
potential, and the exp(—ix)sech(x) potential. The conver-
gence of our method is analyzed. Our method has spectral
accuracy and its convergence rate is fast. Finally, some dis-

cussions are given in Section 4.

2. Methodology

The details of our method will be introduced in this sec-
tion. Our method is summarized in the following steps. For
the ZS system (2), Chebyshev polynomials are used to approx-
imate the eigenfunction y and the potential function g with the
help of mapping H(x) = tanh(ax) (a > 0). Using Chebyshev
nodes, we turn the ZS eigenvalue problem into a matrix eigen-
value problem. We can then obtain the eigenvalues of the ZS
system by calculating the matrix eigenvalue problem.

We define the n Chebyshev nodes by

n—2 1 T
x=\|—-1,cos| —m], ... cos T), 1] .
n—1 n—1

For the given function f(x) defined in unit interval I, we

can approximate f(x) by

fx) =Tx)Ff(x), “4)

where

T(x) =[To(x),...,Th—1(x)],

700 = (£ (- 1eos (2=37) ) ,...,f<1>)T,

F is obtained by an appropriately scaled discrete cosine trans-
form of f(x), F = [T (x)]~".

Ti(x) (k=0,1,...,n—1) is the Chebyshev polynomial of
the first kind,

To(x)
T] (x)

1,

X,

Tk(x) = 2)6ka1 ()C) — Tk,Q ()C)

Chebyshev polynomials and their derivatives satisfy the

relationship!!>!
0
a[To(x),Tl %)y, Th1(x)] = [To(x), T1 (x),. .., T—1 (x)] - D,
(©)
where
0103+ n—1
0040 --- 0
0006 ---2(n—1)
D= . for odd n,
0000---2(n—1)
0000 --- 0 e
0103 --- 0
0040 2(n—1)
0006 --- 0
D= . for even n.
0000 - 2(n—1)
0000 --- 0 e
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Using Egs. (4) and (5), the function d f/dx can be ap-
proximated by Chebyshev polynomials

aof

3= T(x)DFf(x), forx 1. (6)

For a given function g(x) defined in real field R, we can
approximate g(x) by Chebyshev polynomials and mapping
H(x) = tanh(ax)

g) =T*(x)Fg(H '(x)), x€R, (7)

where TR (x) = T(H(x)) = [To(H(x)),...,Th-1(H(x))], H™!
represent the inverse mapping of H(x). H(x) is a one-to-one
mapping, which maps the real field R to the unit interval L.
The results of mapping H(x) are shown in Fig. 1.

1.0
0.5¢
D
~ 07
T —a=0.3
| —a=0.2
—05 a=0.1
—1.0

-30 —-20 —-10 O 10 20 30
T

Fig. 1. Results of mapping H (x) about different a.

By using Egs. (5) and (7), and the chain rule, dg/dx can
be approximated by Chebyshev polynomials
dg(x) _ IH(x)

— = TT]R(x)pfg(ﬁrl(X)), forxeR.  (8)

In this way, the function g(x) and its derivatives dg/dx are
approximated by Chebyshev polynomials.

If a given function changes rapidly in a certain region,
then we call this interval its ‘rapid-changed interval.” H(x) =
tanh(ax) changes near O rapidly, and its rapid-changed interval
is expressed as [—Lj,L;]. L is obtained by solving

tanh(ax) = ay,

where a; is a real number close to 1. Taking a; =0.9951 as an
example, the rapid-changed interval of H(x) = tanh(0.3x) is
[—10,10], the rapid-changed interval of H(x) = tanh(0.2x) is
[—15,15], and the rapid-changed interval of H (x) = tanh(0.1x)
is [—30,30].

The mapping H (x) distributes more Chebyshev nodes in
the rapid-changed interval and distributes fewer Chebyshev
nodes outside the rapid-changed interval. So in the rapid-
changed interval, we can effectively identify the key informa-
tion of the given function with the help of tanh(ax) mapping.

It is worth noting that the value of a will influence the
calculated result. Choosing an appropriate a is important
in our numerical method. For the selection of parameter a

(0 <a< 1), we give the following recommendation. The

value of a affects the range of rapid-changed interval and the
range of rapid-changed interval will increase as a decreases.
For the potential function defined in Schwartz space, it also
has the rapid-changed interval. The rapid-changed interval of
the potential function must be included in the rapid-changed
interval of tanh(ax) mapping. If not, then we will be unable to
completely extract the information of the potential function.

Rewriting the ZS system (A = 1) into a linear eigenvalue
problem gives

J
o 4 Vi_ . (W
(q i)(%) ‘k<%>' ©

Using Egs. (7) and (8), we appropriate the eigenfunction
v, Y, and the potential function g by Chebyshev polynomials
with n nodes,

v = TR0 Fy;(H ' (X)),

i M 12 yp 7 (x),
q(x) = T*(x)Fq(H ' (X)), (10)
where j = 1,2.

By substituting Eq. (10) into Eq. (9), we get
( ~ MW PRO)DF  TR(x) FgR(x) TR (x)]—")

TR FFE)TR(x)F — HWTR)DF
Vi) _ o (TR@F ()
X(@uﬂk(ﬂwf@uﬁ’ 1y

where ¢*(x) = g(H™'(x)), §*(x) = 4(H ' (x)), ¥} (x) =
vi(H ' (x)), (j=1,2).
Setting x = H~! (), equation (11) is rewritten into
~diag [ 4% | F1DF  diag [q(H " (x))]
diaglg(H ' (x))] ~ diag |75 | F-1DF

2nx2n
R R
v (x)) . (% (x))
X =ik ; (12)
(WZR(Z) 2nx1 W%Q(X) 2nx1
where
. [dH(x
diag | 856 )}
31;?) et } 0 0
H(x
. 0 85() |x:cos(%n) 0
0 0 W

Equation (12) is recorded as Ay = iky, where
([ —-A1 B
A= < B Ay ) ’
where A| = diag {%}]—" ~IDF, Bt is the Hermitian of B,

B =diag {q(H" (x))} . In fact, equation (12) is a 2n X 2n ma-
trix eigenvalue problem. Note that A; is the differentiation
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matrix for dy in our method and B is a diagonal matrix that is
composed of Chebyshev series for g(x).

The eigenvalue problem (12) can be solved by the quadra-
ture right-triangle (QR) algorithm. '] In the QR algorithm, the
matrix A is decomposed into A = QR, where Q is an orthogo-
nal matrix and R is an upper triangular matrix.

The steps of the OR algorithm are as follows:

A1 =A=(01Ry,
A =R101 = Q1A101 = QxRy,

Ap=0nRy=(0102...0)TA(Q102... 1),

diagonal elements of A,, are the eigenvalues of A as n — oo,

Regarding the accuracy of this method, it does not need
to truncate the interval and has spectral accuracy!!”! for the
smooth potential function. Because we do not truncate the
calculated interval, our method will not produce a truncation
error for the analytic potential.

3. Numerical results

Our method is used to calculate the eigenvalues of ZS
system (A = 1) (2) with three potentials and the convergency
of the method is analyzed. All of the numerical examples that
are reported here are run on an Asustek computer with Intel(R)
Core(TM) 17-11800H processor and 16 GB memory.

3.1. The Satsuma-Yajima potential

Our numerical method is used to calculate the eigenval-
ues of the ZS system (A = 1) with Satsuma—Yajima potential.

Numerical results are compared with the analytical results and
the performance of our numerical method is compared with
the performance of the FCM. [°]

When g = Asech(x), Satsuma and Yajima exactly calcu-
lated the discrete eigenvalues of the ZS system.!!”] Satsuma
and Yajima found that the discrete eigenvalue in the upper-half
complex plane C is

K‘n:i(AJrffn), (13)

where 7 is a positive number satisfying n < A + % Due to the
symmetry of the discrete eigenvalues,!!”! the ZS system with
Asech(x) potential has the discrete eigenvalues &, in C_.

In the specific calculation, we calculate the eigenvalues
of g(x) = 1.8sech(x). When ¢(x) = 1.8sech(x), the ZS system
has four discrete eigenvalues k) = 1.31, k» =0.31, kK = —1.3i
and k¥, = —0.3i. The number of Chebyshev nodes n is set
to 200 and the value of a is set to 0.15. The calculation re-
sults are shown in Fig. 2. Figure 2(a) shows the calculated
eigenvalues of the ZS system with the Satsuma—Yajima poten-
tial. There are four discrete eigenvalues in Fig. 2(a), which is
consistent with the theoretical result. Figure 2(b) shows the
calculated eigenfunction in point k7 and figure 2(c) gives the
calculated eigenfunction in point k>. The absolute error be-
tween the calculated k; and the exact x; is 1.85 x 10713, and
the absolute error between the calculated k, and the exact k;
is 1.61 x 10716, The method takes about 0.2 s to finish. These
results show that our method is efficient.

2 : : : 0.2 —— 0.2
(a) (b) (o)
* Exact *
0.1 0.1
* Calculated
X Ko
é 0'................"................l O 77777777777777777 0 e —
*
—1 —0.1 —0.1
*
23 ) 0 1 2 7025575010 0 10 20 30 %230 -20-10 0 10 20 30
Re x x

Fig. 2. The calculated results of ZS system with 1.8sech(x) potential. (a) The calculated eigenvalues (red) and exact eigenvalues (blue) of
1.8sech(x) potential. (b) Numerical results of y; (red line) and y» (green line) at k = k. (c) Numerical results of y; (red line) and y» (green

line) at k = K.

The stability and convergency of our method need to be
analyzed. In area [a,n] € [0.1,0.33] x [21,251], we calculate
the eigenvalues of the ZS system with g(x) = 1.8sech(x), the
absolute error in k = k is shown in Fig. 3(a). There are three
routes in Fig. 3(a) (blue route 1, black route 2, and green route
3), the convergency of our method is analyzed along the three
routes. In the Fourier collocation method, the calculated in-

terval is truncated to [—25,25]. The relationship between the

error and n is shown in Fig. 3(b), the red line is the error curve
calculated by the Fourier collocation method (FCM), the blue
line is the error curve calculated by our method along Fig. 3(a)
“route 17, the black line is the error bar calculated by our
method along Fig. 3(a) “route 2”, and the green line is the
error bar calculated by our method along Fig. 3(a) “route 3”.
Figure 3(b) shows that our method is more accurate than the

FCM and the convergence rate of our method is faster than

010201-4



Chin. Phys. B 33, 010201 (2024)

FCM, so our method is more efficient. Because the error cal-
culated by the FCM decays exponentially with the number of
nodes,!!”! the error of our method also decays exponentially
with the number of nodes and its error decays faster than any
~1

power of n Thus the spectral accuracy of the method is

confirmed.

(a) The absolute error
Route 1

1072
10~4
1076
10-8
10—10
10—12
10714
10—16
0.1

50 100 150

n

200 250

(b) Error diagram versus the number of nodes

0 T T T T

““““““ Our method (route 1)
---Our method (route 2)

§ ——Our method (route 3)

§ 107°] —FCM 1

® N

et

=

210710

<

10719 ;
50 100 150 200 250
n

Fig. 3. The absolute error in area [a,n] € [0.1,0.33] x [21,251]. (a) The
absolute error picture (k = k7). (b) The error diagram along route 1 (blue
line), the error diagram along route 2 (black line), the error diagram along
route 3 (green line), and the error diagram of the Fourier collocation
method (red line).

We also explored the computational efficiency of our

method and compared it with the FCM. We calculated the dis-
crete eigenvalues of the 1.8sech(x) potential at different num-
bers of nodes and the time is shown in Table 1.

Table 1. The time required to complete the program at different nodes n.

n 50 100 150 200 250 300 350 400 450

Time (FCM) (s) 0.20 0.26 0.43 0.60 0.82 1.10 1.49 2.07 2.79
Time (our method) (s) 0.07 0.10 0.12 0.17 0.22 0.33 0.41 0.55 0.71

The minimum error generated by our method is about
10~ 15 level. This method can achieve machine accuracy. Since
the calculated accuracy of the mathematical software is 16 sig-
nificant figures, there will be an error of about 10~!3 level in
the calculation process. Our method can greatly improve the
calculated accuracy, especially when the number of Cheby-
shev nodes is small.

3.2. The Y-shape potential

Bronski  computed the eigenvalues of the
sech(2ex)eisech(2ex)/€ potential and found that the shape
of the discrete eigenvalues is “Y”.[° Setting n = 400 and
a = 0.02, our method is used to compute the eigenvalues of
the sech(2ex) e ech(2€4)/€ potential with € = 0.2, ¢ = 0.1 and
€ = 0.05, and the calculated results are shown in Fig. 4. The
calculations are finished within 0.6 s.

When € = 0.2, there are three discrete eigenvalues in
C4; when € = 0.1, there are six discrete eigenvalues in C_;
and when € = 0.05, there are 12 discrete eigenvalues in C..
The calculated results are consistent with Bronski’s results
(Ref. [9], p. 385, Table 1). The calculated discrete eigenvalues
become Y-shaped with the decrease of €, which are consistent
with the theoretical results.

There are six discrete eigenvalues in C, in Fig. 4(b), and
their values are shown in Table 2.

1 . 1 1
(a) €e=0.2 (b) e=0.1 (c) e=0.05
. . L] . L]
E 0 E o0 - N -
. . :
-3 0 1 iy 0 1 4 0 1
Re Re Re

Fig. 4. The calculated eigenvalues of ZS system with sech(2€x) eisech2ex)/e potential (a = 0.02).

From Table 2, we learn that the sech(0.2x)e!0isech(0-2%)
potential has two pure imaginary eigenvalues and four com-
Thus, the ¢(x,0) =
sech(0.2x) e'015e¢h(0-2%) jnjtial profile will evolve into a second-

plex discrete eigenvalues in C,.

order breather and four solitons for the NLS equation. The

[18]

Fourier spectral method! ®' is used to calculate the evolution of

the NLS equation with g(x,0) = sech(0.2x) ¢ '01se¢h(02) " The
density of the calculated result is shown in Fig. 5. In Figs. 5(a)
and 5(b), the initial profile g(x,0) = sech(0.2x)e!0isech(0-2%)
evolves into four solitons and a second-order breather, which
is consist with Fig. 4(b).

The correctness of the calculated result is verified by ana-
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lyzing the convergence of the method. When n =400 and a =
0.02, we obtain the eigenvalue k1 = —1.78524894765016 x
10715 4-0.116148026898534i of the sech(0.2x)e!0isech(0.2)
potential. Under different n Chebyshev nodes, we calculate
10isech(0.2x) po-

tential at kj. The calculated result is shown in Fig. 6. The

the Cauchy error for the g(x,0) = sech(0.2x)e

Cauchy error in Fig. 6 is defined by
Cauchy error = |k (n) — k1,

where K (n) is the calculated x; under n Chebyshev nodes and
Kk = —1.78524894765016 x 1015 4+ 0.1161480268985341.

Table 2. The values for the calculated discrete eigenvalues of the ZS
system with sech(0.2x) e 1015e¢h(02%) poential.

No. The discrete eigenvalues

K] —1.78524894765016 x 10~15 4-0.116148026898534i
K 5.16823894592694 x 10715 4-0.269496534408172i
K3 0.150457991591637 4-0.4181612742467071

K4 —0.150457991591641 4 0.418161274246702i

Ks 0.319248334509386 + 0.6303814275549101i

Ko —0.319248334509384 +0.6303814275549071

(a) 2D image

Fig. 5. The evolution of the initial profile g(x,0) = sech(0.2x) e 10isech(0-2%)
for the NLS equation.

0

10~°

1071

Cauchy error

10-15 R e L
100 200 300 400 500 600
n

Fig. 6. The Cauchy error for the sech(2ex) e seh(2e)/€ in ;.

In Fig. 6, the method gradually converges as n increases,
and generates an error of 10~ level.

3.3. The solitonic potential

Optical solitons have very important applications in all
optical networks, optical communication, and optical logic de-
vices. The soliton solution of the NLS equation is considered
to be a potential solution for fiber optic transmission, so it is
important to calculate its discrete eigenvalues. In this sub-
section, our method is used to calculate the eigenvalues of
gso = exp(—ix)sech(x). The initial value of the optical soli-
tons can describe the propagation of signals in optical fibers.

As we all know, g, has a discrete eigenvalue x; = 0.5 +
0.5i in C+.“0] Setting n = 200 and a = 0.1, our method is
used to compute the spectrum of g5, = exp(—ix)sech(x), the
calculated result is shown in Fig. 7. The absolute error be-
tween the calculated k; and the exact xy is 7.77 x 10716, and
the absolute error between the calculated x> and the actual x>
is 6.31 x 10713, The calculation is finished within 0.3 s. Our

method is more accurate and faster than the NFT method.[!3!

2

—2 —1 0 1 2
Re

Fig. 7. The calculated eigenvalues of the g5, = exp(—ix)sech(x) potential.

4. Conclusion

A numerical method is proposed to calculate the discrete
eigenvalues for the ZS system. The tools that are used are
Chebyshev polynomials and tanh(ax) mapping. We can effec-
tively identify the key information of the given function with
the help of tanh(ax) mapping and realize the high-efficiency
calculation.

Our method has following advantages. First, we do not
need to truncate the calculated region for analytical poten-
tials, so our method will not produce truncation error when us-
ing Chebyshev polynomials to appropriate the given function.
Second, the method can calculate the discrete eigenvalues for
the ZS system with spectral accuracy. This method is high-
precision and efficient. We calculate the discrete eigenval-
ues of the Satsuma—Yajima potential and compare the method
with the Fourier collocation method, and find that the conver-
gence rate of our method is faster than the Fourier collocation

isech(2ex)/e

method. For the complex sech(2ex)e potential, our

010201-6
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method still converges quickly. It is worth mentioning that our
method can be further extended to solve other linear eigen-
value problems.
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