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Based on the Hirota bilinear and long wave limit methods, the hybrid solutions of m-lump with n-soliton and n-
breather wave for generalized Hirota–Satsuma–Ito (GHSI) equation are constructed. Then, by approximating solutions of
the GHSI equation along some parallel orbits at infinity, the trajectory equation of a lump wave before and after collisions
with n-soliton and n-breather wave are studied, and the expressions of phase shift for lump wave before and after collisions
are given. Furthermore, it is revealed that collisions between the lump wave and other waves are elastic, the corresponding
collision diagrams are used to further explain.
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1. Introduction

Nonlinear partial differential equations (NLPDEs) play
an important role in fluid mechanics, plasma, quantum field
theory, and so on.[1–3] The exact solution of NLPDEs can
describe various physical properties exhibited by the equa-
tion, therefore, the search for effective methods of solv-
ing NLPDEs has received a lot of attention. Until now,
many useful methods have been proposed, such as Darboux
transformation,[4,5] Bäcklund transformation,[7] inverse scat-
tering transformation,[8] variable separation method,[9,10] Hi-
rota bilinear method,[11–13] etc. Among them, Hirota bilin-
ear method is most studied by many scholars owing to its
simplicity and directness. In Refs. [14–19], the lump solu-
tions to many NLPDEs were presented through Hirota bilinear
method. Lump wave is a special rational function wave, which
is localized in all directions of space. Manakov et al. gave
the analytical expression of the lump solution when he studied
the rational solution of the KP equation[20] firstly. In recent
years, the interaction between lumps and solitons, breathers,
rogue waves, etc. has become a research focus in the soliton
theory. Li et al. investigated the high-order lumps, breathers,
and hybrid solutions of the (2+1)-dimensional fifth-order KdV
equation.[21] Wang constructed lump and interaction solutions
to the (2+1)-dimensional Burgers equation in Ref. [22]. Zhou
et al. studied n-lump and interaction solutions of localized
waves to the (2+1)-dimensional generalized KDKK equation
in Ref. [23]. In Ref. [24], Zhang et al. provided the trajec-
tory equation and phase expression of a lump before and after

collisions with line and breather waves based on the hybrid so-
lutions of the KP equation. In Ref. [25], Zhang et al. derived a
new class of nonlinear superposition between lump waves and
other waves of KPI equation. Xia et al. discussed the trajec-
tory equation of a lump before and after collisions with n-line
and n-breather waves for (2+1)-dimensional Sawada–Kotera
equation in Ref. [26].

In this paper, we will study the following (2+1)-
dimensional GHSI equation

ρ1(3(vxvt)x + vxxxt)+ρ2vyt +ρ3vxx +ρ4vxt = 0, (1)

where ρi (i = 1, . . . , 4) are arbitrary constants. Equation (1)
is an important model in shallow water wave theory, which
is proposed by Hirota and Satsuma via a Bäcklund transfor-
mation of the Boussinesq equation, it is an extension of the
Hirota–Satsuma shallow water wave equation. In Refs. [27–
31], the authors have studied Eq. (1) from different perspec-
tives, mainly including multi-soliton solution, lump solution,
breather solution, hybrid solutions, etc. However, there is no
relevant research on the trajectory equation before and after
the interactions of the GHSI equation with other nonlinear
waves until now. This will be the main work of our paper.

The rest of this paper is organized as follows: In Sec-
tion 2, the n-soliton solution of Eq. (1) is constructed via the
Hirota bilinear method. In Section 3, by employing the long
wave limit method, the hybrid solutions consisting of m-lump
and n-soliton wave, m-lump, and n-breather wave for Eq. (1)
are obtained. In Section 4, the trajectory equation and phase

†Corresponding author. E-mail: xiayarong2014@126.com
‡Corresponding author. E-mail: rxyao@snnu.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

100201-1

https://doi.org/10.1088/1674-1056/acd62c
mailto:xiayarong2014@126.com
mailto:rxyao@snnu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 100201 (2023)

change of the lump wave before and after collisions with n-
soliton and n-breather wave are given. The last section con-
tains a discussion and summary.

2. The N-soliton solution for generalized
Hirota–Satsuma–Ito equation
Through the dependent variable transformation

v = 2(lnτ)x, (2)

equation (1) can be converted into the following bilinear equa-
tion:

(ρ1D3
xDt +ρ2DyDt +ρ3D2

x +ρ4DxDt)τ · τ = 0, (3)

where τ = τ(x,y, t), the D is the bilinear differential operator
defined by

Dr
xDs

t τ · f

=

(
∂

∂x
− ∂

∂x′

)r(
∂

∂ t
− ∂

∂ t ′

)s

τ(x, t) f (x′, t ′)
∣∣
x′=x,t ′=t . (4)

That is, if τ is a solution to Eq. (3), then v = 2(lnτ)x is a solu-
tion to Eq. (1).

Based on the Hirota bilinear method and transforma-
tion (2), the n-soliton solution of Eq. (1) is

τ = ∑
µ=0,1

exp
( N

∑
i=1

µiζi +
N

∑
i< j

µiµ jHi j

)
,

ζi = pix+qiy+ωit +ϕi,

ωi =−
ρ3 p2

i

ρ1 p3
i +ρ4 pi +ρ2qi

, (5)

exp(Hi j) = (ρ2
1 p2

i p2
j(p2

i − pi p j + p2
j)(pi− p j)

2

+ρ1 pi p j(pi− p j)(pi(3ρ4 pi p j +ρ2 piq j−3ρ4 p2
j)

+ρ2 p j(2piqi−2piq j− p jqi))

+ρ
2
2 (piq j− p jqi)

2)/(ρ2
1 p2

i p2
j(p2

i + pi p j + p2
j)

×(pi + p j)
2 +ρ1 pi p j(pi + p j)(pi

×(3ρ4 pi p j +ρ2 piq j +3ρ4 p2
j)

+ρ2 p j(2piqi +2piq j + p jqi))

+ρ
2
2 (piq j− p jqi)

2),

where pi,qi,ωi, and ϕi are arbitrary constants, ∑ µ=0,1 repre-
sents the sum of all possible combinations of µi = 0,1 (i =
1, . . . ,N).

3. The M-lump solution and hybrid solutions for
generalized Hirota–Satsuma–Ito equation
The long wave limit method is an effective method to con-

struct lump solution for nonlinear differential equations. In
this section, we will explore this method to the GHSI equa-
tion.

3.1. The M-lump solution for generalized Hirota–
Satsuma–Ito equation

Taking the long wave limit for the n-soliton solution (5)

qi = Qiε, pi = Piε, ε → 0,

ϕi = Iπ, i = 1,2, . . . ,N, N = 2M, P1 = P2,

P3 = P4, . . . , P2M−1 = P2M,

Q1 = Q2, Q3 = Q4, . . . , Q2M−1 = Q2M, (6)

we can get the m-lump solution of Eq. (1) as

v = 2(lnτ)x,

τ =
N

∏
i=1

θi +
1
2

N

∑
i, j

Ki j

N

∏
l 6=i, j

θl + · · ·+
1

M!2M

×
N

∑
i, j,...,m,n

M︷ ︸︸ ︷
Ki jKkl · · ·Kmn ∏

p6=i, j,...,m,n
θp + · · · , (7)

with
θi = Pix+Qiy−

ρ3P2
i t

ρ4Pi +ρ2Qi
,

Ki j =−
6ρ1P2

i P2
j (2ρ4PiPj +ρ2PiQ j +ρ2PjQi)

ρ2
2 (PiQ j−PjQi)

2 .

(8)

When N = 2,M = 1 for Eq. (6) and Eq. (7), the following
1-lump solution can be derived:

v = 2(lnτ)x, τ = θ1θ2 +K12. (9)

When N = 4, M = 2, the 2-lump solution of Eq. (1) is

v = 2(lnτ)x,

τ = θ1θ2θ3θ4 +K12θ3θ4 +K13θ2θ4 +K14θ2θ3

+K23θ1θ4 +K24θ1θ3 +K34θ1θ2

+K12K34 +K13K24 +K14K23. (10)

3.2. Hybrid solutions for generalized Hirota–Satsuma–Ito
equation

When we take the following partial long wave limit on
Eq. (5), that is constraints

N = 2M+n, qi = Qiε, pi = Piε, ε → 0,

ϕi = Iπ, i = 1,2, . . . ,2M, P1 = P2,

P3 = P4, . . . , P2M−1 = P2M,

Q1 = Q2, Q3 = Q4, . . . , Q2M−1 = Q2M, (11)

the hybrid solution between m-lump and n-soliton of Eq. (1)
can be derived.

For example, when m = 1, n = 1,

v = 2(lnτ)x,

τ = (K13K23 +K13θ2 +K23θ1 +θ1θ2 +K12)eζ3

+K12 +θ1θ2, (12)

equation (12) denotes the hybrid solutions of 1-lump and 1-
solitons, where

100201-2
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Ki j =


−6ρ1P2

i P2
j (2ρ4PiPj +ρ2PiQ j +ρ2PjQi)

ρ2
2 (PiQ j−PjQi)

2 , ( j < 3),

−6ρ1P2
i p2

j(ρ1Pi p3
j +2ρ4Pi p j +ρ2Piq j +ρ2Qi p j)

ρ2
1 P2

i p6
j +3ρ1ρ4P2

i p4
j +2ρ1ρ2P2

i p3
jq j +ρ1ρ2PiQi p4

j +ρ2
2 P2

i q2
j −2ρ2

2 PiQi p jq j +ρ2
2 Q2

i p2
j
, ( j ≥ 3).

(13)

When m = 1, n = 2, we can yield the hybrid solutions of 1-
lump and 2-solitons as

v = 2(lnτ)x,

τ = eH34(K13K23 +K13K24 +K13θ2 +K14K23

+K14K24 +K14θ2 +K23θ1 +K24θ1 +θ1θ2 +K12)eζ3+ζ4

+(K13K23 +K13θ2 +K23θ1 +θ1θ2 +K12)eζ3

+(K14K24 +K14θ2 +K24θ1

+θ1θ2 +K12)eζ4 +θ1θ2 +K12, (14)

where Ki j satisfies Eq. (13).
Similarly, taking the following partial long wave limit on

n-soliton solution (5):

N = 2(M+n), qi = Qiε, pi = Piε, ε → 0,

ϕi = Iπ, i = 1,2, . . . ,2M, P1 = P2,

P3 = P4, . . . , P2M−1 = P2M,

Q1 = Q2, Q3 = Q4, . . . , Q2M−1 = Q2M,

p2M+1 = p2M+2, . . . , p2M+2n−1 = p2M+2n,

q2M+1 = q2M+2, . . . , q2M+2n−1 = q2M+2n,

ϕ2M+1 = ϕ2M+2, . . . , ϕ2M+2n−1 = ϕ2M+2n, (15)

the hybrid solutions between m-lump and n-breather wave of
Eq. (1) can be obtained.

For example, when m = 1,n = 1, the hybrid solutions of
1-lump and 1-breather are

v = 2(lnτ)x,

τ = eH34+ζ3+ζ4(K13K23 +K13K24 +K13θ2

+K14K23 +K14K24 +K14θ2 +K23θ1

+K24θ1 +θ1θ2 +K12)

+ eζ3(K13K23 +K13θ2 +K23θ1 +θ1θ2 +K12)

+ eζ4(K14K24 +K14θ2 +K24θ1 +θ1θ2 +K12)

+θ1θ2 +K12. (16)

It is easy to found that although equations (14) and (16)
have the same expression form, they represent completely
different hybrid solutions due to different constraints condi-
tions (11) and (15).

4. Trajectory equation of a lump before and af-
ter collision with other waves for generalized
Hirota–Satsuma–Ito equation

According to Eq. (7), the 1-lump solution of the (2+1)-
dimensional GHSI equation can be expressed as

v = 2(ln(θ1θ2 +K12))x, (17)

where θi and Ki j are given by Eq. (8). Through the extreme
value theorem of binary functions, we can obtain the parame-
ter equation of the wave peak and valley of the 1-lump solution
for Eq. (1) as follows:

x =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+

√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
,

y = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

, (18)

x =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

−
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
,

y = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

. (19)

the parametric equations (18) and (19) can be converted into
the following general form

y = − ρ2P1P2x
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

+

√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
, (20)

y = − ρ2P1P2x
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

−
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (21)

From Eqs. (20) and (21), we know that the lump wave moves
along a straight line, and the wave speed is

v =

√
ρ2

3 (ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
2

(ρ4P2 +ρ2Q2)
2(ρ4P1 +ρ2Q1)

2 +
ρ2

2 ρ2
3 P2

1 P2
2

(ρ4P2 +ρ2Q2)
2(ρ4P1 +ρ2Q1)

2 . (22)
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The height of peak and the depth of valley are respectively

h =−
ρ2(P1Q2−P2Q1)

√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

3ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
, (23)

d =
ρ2(P1Q2−P2Q1)

√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

3ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (24)

It is well known that the research on the motion trajectory of the lump wave usually refers to study its peak motion. In
order to better understand the motion behavior of the 1-lump wave, we select the parameters ρ1 = 2, ρ2 = 2, ρ3 = 3, ρ4 = 3,
P1 = 1+(3/4)I, P2 = 1− (3/4)I, Q1 =−1/2+ I, Q2 =−(1/2)− I, the following image simulations are shown in Fig. 1.
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Fig. 1. Evolution behaviors of the 1-lump solution for Eq. (1) at t =−10, 0, 10. (a)–(c) Three-dimensional plots; (d)–(f) density plots.

4.1. Trajectory equation of 1-lump before and after colli-
sions with n-soliton

In this subsection, with the help of the motion trajectory
of a single lump, we mainly study the trajectory equation of
1-lump before and after collisions with n-soliton. In order to
give a concise form of the trajectory equation before and after
collisions, we refer to the following two function tokens:

h−(x) =
{

1, (x < 0),
0, (x≥ 0), h+(x) =

{
0, (x≤ 0),
1, (x > 0). (25)

4.1.1. Trajectory equation of 1-lump before and after
collisions with 1-soliton

To proceed, with the help of expression (12), we propose
the trajectory equation of 1-lump before and after collisions
with 1-soliton for Eq. (1) by Theorem 1, and the related proof
is given.

Theorem 1 If the hybrid solution between 1-lump and
1-soliton for Eq. (1) can be represented as Eq. (12), and

λ3 = −
ρ3 p2

3

ρ1 p3
3 +ρ4 p3 +ρ2q3

+
ρ3 p3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

− ρ2ρ3P1P2q3

(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)
6= 0, (26)

then, before and after the collisions of 1-lump and 1-soliton,
the trajectory equations for the lump wave are

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+h−(λ3)β3,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+h−(λ3)γ3,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+h+(λ3)β3,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+h+(λ3)γ3, (27)

with

βi =
Q1K2i−Q2K1i

P1Q2−P2Q1
, γi =

P2K1i−P1K2i

P1Q2−P2Q1
, (i = 3) (28)

the phase change of the lump wave is

∆ = sign(λ3)
P2

2 K13(ρ4P1 +ρ2Q1)−P2
1 K23(ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
.

(29)
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However, before and after the collisions, the height and depth
of the lump wave do not change, they still satisfy Eqs. (23) and
(24). Where sign(x) is a symbolic function, x−, y− and x+, y+
are the trajectory equations of the lump wave before and after
collisions with solitons respectively.

Proof Applying the following constraints:

x =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
+ c1,

y = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+ c2, (30)

to the second equation of Eq. (12), it can be transformed into

τ = χ1χ2 +K12 + exp(λ3t +η3)

×(K13K23±χ2K13±χ1K23 +χ1χ2 +K12), (31)

where

χi =
±(c1Pi + c2Qi)ρ2(P1Q2−P2Q1)+

√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)Pi

ρ2(P1Q2−P2Q1)
,

ηi =

(
±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
+ c1

)
pi + c2qi +ϕi. (32)

For Eq. (31), we first discuss the case of λ3 > 0.
When λ3 > 0 and t →−∞, equation (31) can be reduced

to the following form:

τ− = χ1χ2 +K12. (33)

When t→∞, due to the invariance of the solution v = 2(lnτ)x,

we multiply the expression exp(−λ3t−η3) to the right side of
Eq. (31) will get

τ+ = K13K23±χ2K13±χ1K23 +χ1χ2 +K12. (34)

Solving Eq. (30), c1 and c2 can be obtained below:

c1 = −ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t− (ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)x
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

∓
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
,

c2 =
ρ2ρ3P1P2t +(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)y

(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)
. (35)

Substituting Eq. (35) into Eqs. (33) and (34) leads to

τ− = θ1θ2 +K12,

τ+ = K13K23 +θ2K13 +θ1K23 +θ1θ2 +K12. (36)

Here, both τ− and τ+ satisfy the bilinear equation (3). There-
fore, before and after collisions, the trajectory equations of the
lump wave can be written as

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
Q1K23−Q2K13

P1Q2−P2Q1
,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
P2K13−P1K23

P1Q2−P2Q1
. (37)

The general forms of Eq. (37) are

y− = − ρ2P1P2x−
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
,

y+ = − ρ2P1P2x+
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

+
P2

2 K13(ρ4P1 +ρ2Q1)−P2
1 K23(ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (38)

Substituting x−, y− and x+, y+ into the solution v = 2(lnτ)x,
it can be verified that the height and depth of the lump wave
remain unchanged. For the case of λ3 < 0, the proof process
is similar to the case of λ3 > 0, it is omitted here.
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From Theorem 1, we find that the collision between 1-
lump and 1-soliton is elastic when λ3 6= 0. In order to better
characterize Theorem 1, let the parameters ρ1 = 2, ρ2 = 2,

ρ3 = 3, ρ4 = 3, P1 = −1/2, P2 = −1/2, Q1 = I, Q2 = −I,
p3 = 1/3, q3 = −5/6, ϕ3 = 0, the corresponding diagrams
plotted in Fig. 2.
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Fig. 2. Evolution behaviors of hybrid solution of 1-lump and 1-soliton for Eq. (1) at t =−10, 0,10: (a)–(c) three-dimensional (3D) plots; (d)–(f)
density plots.

4.1.2. Trajectory equation of 1-lump before and after
collisions with 2-soliton

In this part, the trajectory equation of 1-lump before and
after the collisions with 2-soliton is discussed from the 4-
soliton solution, and the trajectory equation of 1-lump collid-
ing with n-soliton is given.

Theorem 2 If the hybrid solution between 1-lump and
2-solitons for Eq. (1) can be represented as Eq. (14), and

λi = −
ρ3 p2

i

ρ1 p3
i +ρ4 pi +ρ2qi

+
ρ3 pi(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

− ρ2ρ3P1P2qi

(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)
6= 0, (i = 3,4), (39)

then, before and after collisions, the trajectory equations of the
lump wave are given below:

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
4

∑
i=3

h−(λi)βi,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
4

∑
i=3

h−(λi)γi,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
4

∑
i=3

h+(λi)βi,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
4

∑
i=3

h+(λi)γi, (40)

where βi and γi are determined by Eq. (28). Before and after
collisions, the phase change of the lump is

∆ =
4

∑
i=3

sign(λi)σi,

σi =
P2

2 K1i(ρ4P1 +ρ2Q1)−P2
1 K2i(ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (41)

But the height and depth of the lump do not change and are
consistent with Eqs. (23) and (24).

Proof By employing the condition (30), the second equa-
tion of Eq. (14) can be converted into

τ = (K13K23 +K13K24±K13χ2 +K14K23

+K14K24±K14χ2±K23χ1±K24χ1

+χ1χ2 +K12)eH34+λ3t+λ4t+η3+η4

+(K13K23±K13χ2±K23χ1 +χ1χ2 +K12)eλ3t+η3

+(K14K24±K14χ2±K24χ1 +χ1χ2 +K12)

× eλ4t+η4 +χ1χ2 +K12, (42)

where χi and ηi satisfy Eq. (32).
For Eq. (42), we need to consider the following cases

λ3 > 0, λ4 > 0; λ3 > 0, λ4 < 0; λ3 < 0, λ4 > 0, and λ3 < 0,
λ4 < 0. Here, we only discuss the first two cases, and the oth-
ers can be discussed in the same way.
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(i) When λ3 > 0, λ4 > 0, according to the method in The-
orem 1, when t→−∞ and t→∞, equation (42) can be written
as

τ− = χ1χ2 +K12,

τ+ = K13K23 +K13K24±K13χ2 +K14K23

+K14K24±K14χ2±K23χ1

±K24χ1 +χ1χ2 +K12, (43)

the trajectory equations of the lump wave before and after col-
lisions are given below:

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)
,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
Q1(K23 +K24)−Q2(K13 +K14)

P1Q2−P2Q1
,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
P2(K13 +K14)−P1(K23 +K24)

P1Q2−P2Q1
. (44)

The general forms of Eq. (44) are as follows:

y− = − ρ2P1P2x−
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
,

y+ = − ρ2P1P2x+
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

+
K13P2

2 (ρ4P1 +ρ2Q1)−K23P2
1 (ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

+
K14P2

2 (ρ4P1 +ρ2Q1)−K24P2
1 (ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (45)

By Eq. (45), we can yield the value of phase change in
Eq. (41). Substituting Eq. (44) into v = 2(lnτ)x, the height
and depth of the lump wave do not change.

(ii) When λ3 > 0, λ4 < 0, we have

τ− = K14K24±K14χ2±K24χ1 +χ1χ2 +K12,

τ+ = K13K23±K13χ2±K23χ1 +χ1χ2 +K12, (46)

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
Q1K24−Q2K14

P1Q2−P2Q1
,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
P2K14−P1K24

P1Q2−P2Q1
,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
Q1K23−Q2K13

P1Q2−P2Q1
,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
P2K13−P1K23

P1Q2−P2Q1
. (47)

The general equations corresponding to Eq. (47) are

y− = − ρ2P1P2x−
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

+
K14P2

2 (ρ4P1 +ρ2Q1)−K24P2
1 (ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
,

y+ = − ρ2P1P2x+
ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1

±
√
−6ρ1P1P2(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)P1P2

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

+
K13P2

2 (ρ4P1 +ρ2Q1)−K23P2
1 (ρ4P2 +ρ2Q2)

(P1Q2−P2Q1)(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)
. (48)

The values of Eq. (41) of the phase change can be obtained by
Eq. (48). Substituting Eq. (47) into v = 2(lnτ)x, we can verify
that the height and depth of the lump wave do not change.

To better explain the Theorem 2, by taking a set of pa-
rameters ρ1 = 2, ρ2 = 2, ρ3 = 3, ρ4 = 3, P1 = I/2, P2 =−I/2,
Q1 = 1+ I/4, Q2 = 1− I/4, p3 = 1/4, p4 = 1/7, q3 =−3/4,
q4 = −2, ϕ3 = 0, ϕ4 = 0, the collision diagrams of a lump
wave and two-kink soliton can be given in Fig. 3.

By further generalizing Theorem 1 and Theorem 2, the
trajectory equations before and after collisions of 1-lump and
n-solitons can be obtained below.

Theorem 3 If λi 6= 0, (i = 3, 4, . . . , 2+ n), then before
and after 1-lump wave collidings with n-solitons, the trajec-
tory equations of the lump wave are as follows:

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
2+n

∑
i=3

h−(λi)βi,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
2+n

∑
i=3

h−(λi)γi,
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x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
2+n

∑
i=3

h+(λi)βi,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
2+n

∑
i=3

h+(λi)γi. (49)

The phase shift of lump wave is

∆ =
2+n

∑
i=3

sign(λi)σi. (50)
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Fig. 3. Evolution behaviors of hybrid solution of 1-lump and 2-soliton for Eq. (1) at t =−30, 0, 30: (a)–(c) the 3D plots; (d)–(f) density plots.

4.2. Trajectory equation of 1-lump before and after colli-
sions with n-breather

In this subsection, the motion trajectories and phase ex-
pressions of the lump wave in the hybrid solutions of 1-lump
and 1-breather, 1-lump and n-breather will be investigated.

Theorem 4 If ℜ(λ3), ℜ(λ4) 6= 0, then the trajectory
equations of the collisions between 1-lump and 1-breather are

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
4

∑
i=3

h−(ℜ(λi))βi,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
4

∑
i=3

h−(ℜ(λi))γi,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
4

∑
i=3

h+(ℜ(λi))βi,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
4

∑
i=3

h+(R(λi))γi. (51)

and the phase shift of the lump wave is

∆ =
4

∑
i=3

sign(ℜ(λi))σi. (52)

Comparing Theorem 2 and Theorem 4, their proof procedures
are similar except for different constraint conditions, so the
proof process will not be given here. In order to better describe
the motion trajectory of 1-lump and 1-breather before and after
collisions, the collision diagrams can be given in Fig. 4 by se-
lecting parameters ρ1 = 2, ρ2 = 2, ρ3 = 3, ρ4 = 3, P1 = 3+ I,
P2 = 3− I, Q1 = 1 + 6I, Q2 = 1− 6I, p3 = 3I, p4 = −3I,
q3 = 5/2, q4 = 5/2, ϕ3 = 0, ϕ4 = 0.

Next, we further extend Theorem 4 to the case of 1-lump
collidings with n-breather. The specific content is shown in
the following Theorem 5.

Theorem 5 If ℜ(λi) 6= 0,(i = 3,4, . . . ,2+ 2n), then, be-
fore and after collisions of a lump and n-breather the trajectory
equations of the lump wave are

x− =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
2+2n

∑
i=3

h−(ℜ(λi))βi,

y− = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
2+2n

∑
i=3

h−(ℜ(λi))γi,

x+ =
ρ3(ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)
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±
√
−6ρ1P2P1(2ρ4P1P2 +ρ2P1Q2 +ρ2P2Q1)

ρ2(P1Q2−P2Q1)

+
2+2n

∑
i=3

h+(ℜ(λi))βi,

y+ = − ρ2ρ3P1P2t
(ρ4P2 +ρ2Q2)(ρ4P1 +ρ2Q1)

+
2+2n

∑
i=3

h+(R(λi))γi, (53)

and the phase shift of the lump wave is

∆ =
2+2n

∑
i=3

sign(ℜ(λi))σi. (54)
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Fig. 4. Evolution behaviors of hybrid solution of 1-lump and 1-breather for Eq. (1) at t =−30, 0, 30: (a)–(c) the 3D plots; (d)–(f) density plots.

5. Summary and discussion
In this paper, the trajectory equations of a lump before

and after collisions with other waves for generalized Hirota–
Satsuma–Ito equation are studied. Firstly, we start from the
multi-soliton solution of the (2+1)-dimensional GHSI equa-
tion, many different types of mixed solutions of the GHSI
equation are derived, such as the interaction between the lump
solution and the line-soliton solution, the lump solution, and
the breather solution. Secondly, under the constraint condi-
tions λi 6= 0, ℜ(λi) 6= 0 the trajectory equations of the lump
wave before and after collisions with n-soliton (Theorm 3) and
n-breather (Theorm 5) are proposed, and we have proved that
the collision between lump and other waves are elastic, and the
height and depth of the lump wave do not change. However,
what does it mean when λi = 0, ℜ(λi) = 0? It will be shown
in our subsequent research.
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