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An extreme event may lead to serious disaster to a complex system. In an extreme event series there exist generally
non-trivial patterns covering different time scales. Investigations on extreme events are currently based upon statistics,
where the patterns are merged into averages. In this paper from extreme event series we constructed extreme value series and
extreme interval series. And the visibility graph is then adopted to display the patterns formed by the increases/decreases
of extreme value or interval faster/slower than the linear ones. For the fractional Brownian motions, the properties for
the constructed networks are the persistence, threshold, and event-type-independent, e.g., the degree distributions decay
exponentially with almost identical speeds, the nodes cluster into modular structures with large and similar modularity
degrees, and each specific network has a perfect hierarchical structure. For the volatilities of four stock markets (NSDQ,
SZI, FTSE100, and HSI), the properties for the former three’s networks are threshold- and market-independent. Comparing
with the factional Brownian motions, their degree distributions decay exponentially but with slower speeds, their modularity
behaviors are significant but with smaller modularity degrees. The fourth market behaves similar qualitatively but different
quantitatively with the three markets. Interestingly, all the transition frequency networks share an identical backbone
composed of nine edges and the linked graphlets. The universal behaviors give us a framework to describe extreme events
from the viewpoint of network.

Keywords: extreme events, visibility graph
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1. Introduction
Extreme events occur frequently in complex systems such

as the global climate system and the stock markets over the
world. The occurrence of an extreme event implies generally
an unreasonable large deviation from the formal state, leading
to serious damage to and even collapse of the system.[1]

A complex system is composed of many elements. Mon-
itoring the dynamical process of the system produces a
mono/multi-variate time series. Herein we adopt a simple defi-
nition of extreme event, namely, the value of a specific variable
surmounts a threshold. From the time series for the interested
variable, one finds the extreme events, each of which is com-
posed of the value of the variable and the occurring time point.
The successive values and the time intervals form the extreme
value (EV) and the extreme interval (EI) series, called EV/EI-
event type series, respectively.

Detailed works have been done on the behaviors of ex-
treme events from the viewpoint of rare event statistics.[2] For
example, starting from different initial distributions, there will
appear three types of asymptotic distributions for maximum
and minimum values, which are widely used in risk manage-
ment, finance, material science, and so on. From the viewpoint
of nonlinear dynamics, extreme events usually occur near the
edges between different attractors. Accordingly, the unreason-

able large of fluctuation and the significant strong of autocor-
relation are widely used as early-warning signals for extreme
events.[3–5] The extreme event series has generally short/long-
term memory,[6–10] i.e., there exist nontrivial structures from
microscopic to macroscopic scales. But these structures are
lost in the procedure of statistics. Hence, displaying the non-
trivial relation structures in extreme event series is a key step
to understand extreme events.

Complex network theory is a natural tool to illustrate
the relation structures in time series.[11,12] Network-based
time series analysis is initially proposed by Zhang et al. in
2006.[13–15] From a pseudo-periodic time series, the periodic
segments are extracted and taken to be nodes. For each pair
of nodes, let the short one slide along the other and calcu-
late the absolutes of the cross-correlation coefficients for the
matched segments. If the largest one is larger than a specified
threshold the two nodes are linked. An alternative strategy
is to separate the time series into segments with a specified
length, and calculate the distances between the segments. The
segments are mapped to nodes and linked subsequently into a
network by, e.g., connecting only the pairs whose distances are
less than a specified threshold,[16–20] filtering out some distant
edges to be sure the resulting network can be embedded in a
two-dimensional (2D) surface,[21] or linking each node with a
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specified number of its nearest nodes.[22]

People usually expect a linear increase/decrease of EV or
EI. In the present work we take the linear increase/decrease
as a reference, and are interested in the increases/decreases
faster/slower than it. Accordingly, we adopt the visibility
graph[23–26] to map the EV and EI series to networks. Techni-
cally, all the EVs/EIs are regarded as nodes. A pair of EVs/EIs
is said to be visible each other only if a direct link between
them has no intersection with the EVs/EIs between them. If
two nodes are visible each other, we construct an edge be-
tween them. The resulting networks are called EV visibility
graph and EI visibility graph, respectively. To our knowledge,
our solution, i.e., converting the extreme event series into EI
and EV series and mapping subsequently them into visibility
graphs, is proposed by us for the first time.

We consider the fractional Brownian motions (fBm) with
different Hurst exponents. The properties of the constructed
visibility graphs are independent with the Hurst exponent, the
threshold, and the event-type. The degree distributions decay
exponentially with almost identical speeds. The nodes in the
visibility graphs each cluster into high-modular structures with
almost identical modularity degrees. In each visibility graph
the communities at different scales are organized into a perfect
hierarchical structure.

The volatilities of the indices for four stock markets dis-
tributed over the world are also considered. For the three mar-
kets of NSDQ, SZI, and FTSE100, the properties for the visi-
bility graphs are event-type dependent. The degree distribu-
tions decay exponentially also, but the decaying speeds for
the EV series and EI series are similar with and significantly
smaller than that for the fBms, respectively. The modularity
degrees are also very large, however, they are comparatively
smaller and distribute in a wider range. The nodes in each
visibility graph for the EV series are organized into a hierar-
chical structure, but the visibility graph for every EI series has
not a hierarchical structure. The properties are threshold- and
market-independent.

From each constructed visibility graph we extract all the
linking patterns for series segments with a specified length,
and reckon the successively occurring, i.e., transition frequen-
cies for all the pairs of distinguishable patterns. Interestingly,
in all the transition frequency networks for both the fBm and
the stock market indices, there exists an identical backbone
composed of nine edges and the linked patterns. The differ-
ences between the visibility graphs can be described with the
weights of the edges.

These findings, especially the universal qualitative behav-
iors, may provide us a framework to understand and compare
the extreme events from the viewpoint of complex network.

2. Methodology and materials
2.1. Materials

The fBm is used to generate extreme event series. An
fBm is a continuous-time Gaussian process widely used to
mimic the long-term correlations in empirical time series,
such as the volatilities of stock markets.[27] Its increment se-
ries, {z(t,τ)≡ fBm(t + τ)− fBm(t), t = 1,2, . . .}, is station-
ary. The distribution function of the increments has a form
of ∼ (1/τH)F

(
(z/τH)

)
, implying var[z(τ)] ∼ τ2H , i.e., it has

a scaling-invariant (persistent) behavior measured with the
Hurst exponent 0 ≤ H ≤ 1. Choosing τ = 1 and H ∈ [0.5,1],
one generates a increment series z, whose length should be
large enough to be sure the extreme events (the values larger
than the specified value of θ ∈ [1,3] in the normalized series
of z) reaches a specified number of N.

In calculations, to make the results comparable with each
other, we first generate a normalized series the number of the
values bigger than a large threshold θ0 (e.g., three times of the
standard deviation) in which reaches N. And the extreme event
series with θ < θ0 are extracted simply from the generated ex-
treme event series for θ = θ0. The extreme event numbers are
all chosen to be 2000. The generated EV and EI series are
denoted as

Zev(H,θ)≡ {zev(H,θ ,m),m = 1,2, . . . ,2000},

Zei(H,θ)≡ {zei(H,θ ,m),m = 1,2, . . . ,1999}, (1)

where zev(H,θ ,m) is the value for the m-th extreme event
(the m-th EV), and zei(H,θ ,m) the time interval between the
(m+1)-th and m-th extreme events (the m-th EI).

We consider also the daily closing price series for four
stock markets distributed over the world, including the NSDQ
from America, the SZI and HSI from China, and FTSE100
from British. The time duration starts from January 2004 and
ends at June 2022, covering a period of 18 years, the lengths
of which are ∼ 4000. The original data are downloaded from
the Website for Yahoo Finance.[28]

The volatility series are used. Denoting the closing price
index series for a specific market with {p(t), t = 1,2, . . . ,T +

1}, the corresponding volatility series reads

V =

{∣∣∣∣log
[

p(k+1)
p(k)

]∣∣∣∣ , t = 1,2, . . . ,T
}
. (2)

Let us denote the normalized series of V with v. The con-
structed EV and EI series from v read

vev(θ)≡ {vev(θ ,m),m = 1,2, . . . ,M},

vei(θ)≡ {vei(θ ,m),m = 1,2, . . . ,M−1}, (3)
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respectively. Here vev(θ ,m) is the value for the m-th extreme
event (the m-th EV), and vei(θ ,m) the time interval between
the (m+ 1)-th and m-th extreme events (the m-th EI), M the
total number of extreme events.

2.2. Visibility graph

As an illustration, now we adopt the concept of visibil-
ity graph[23] to map the EV series vev(θ) to a network. One
maps the total of T entities in vev(θ) as nodes numbered with
1,2, . . . ,T , respectively. Two nodes are defined to be visible
if they can “see” each other. Obviously, each pair of nearest
neighbors are visible each other. For a pair of nodes separated
by a total of m > 1 nodes, e.g., the k-th and (k +m+ 1)-th
nodes, their being visible each other implies that the straight
line linking them is over all the m nodes between them. Math-
ematically it can be described with a set of inequalities

vev(θ ,k)+
vev(θ ,k+m+1)− vev(θ ,k)

m+1
× p≥ vev(θ ,k+ p),

p = 1,2, . . . ,m. (4)

Linking all the visible pairs of nodes results into a network,
called EV visibility graph, represented with an adjacency ma-
trix Aev whose entity Aev(i, j) equals (0) 1 when the nodes i
and j are (dis-)connected.

One can understand the physical implication of the links
in visibility graph from the viewpoint of prediction. If we link
with straight lines the k-th node and the nodes numbered k+1,
k+ 2, . . ., k+m, their slopes are all smaller than the one for
the straight line between the k-th and the (k+m+ 1)-th node
[vev(θ ,k+m+1)− vev(θ ,k)]/(m+1). If we predict the value
of the (k+m+1)-th node by extending the straight lines each,
the predictions are all smaller than the real one. The predic-
tions are called expected linear increases/decreases, and their
being smaller than the real one is called the faster increase or
slower decrease. The visibility graph is a realization of the
idea “faster/slower than linear increase/decrease”.

An analogous procedure can map the EI series vei(θ) to a
network, represented with adjacency matrix Aei whose entity
Aei(i, j) equals (0) 1 when nodes i and j are (dis-)connected.

2.3. Network properties

Several properties, including the degree distribution, the
community, the hierarchy, and transition between graphlets,
are used to display the structural heterogeneities of constructed
graphs from microscopic to macroscopic scales.[29]

(i) Degree distribution The degree of a node is the num-
ber of edges that connect directly this node with other nodes.
In some networks the degrees distribute mainly in a sharp in-
terval, i.e., the average of all the degrees is a good character-

istic of the network. For instance, the degrees in an Erdos–
Renyi network obeys a Poisson distribution characterized by
the mean degree. For some other networks, the degrees dis-
tribute in wide ranges, i.e., there exists not a specific degree
taking as characteristic. A typical example is the scale-free
network, in which the degree distribution obeys a power-law.
Theoretical analysis shows that the visibility graph algorithm
maps the fBm increment series to a scale-free network, the
decaying exponent for which is determined by the the Hurst
exponent H.[25,30] Degree distribution is a measure of micro-
scopic heterogeneity at the individual node scale.

(ii) Community Generally speaking, in a network the
nodes cluster into different dense communities, i.e., within
each community the nodes are tightly connected with edges,
and between the communities there exist few edges. Exten-
sive works have been devoted to the detection of communities,
among which the Newman–Girvan algorithm[31,32] is widely
accepted, where a quantity Q ∈ [0,1] is defined to measure
the modularity degree. A larger Q implies a higher modular
behavior. Obviously, Q is a measure of macroscopic hetero-
geneity at the global level.

(iii) Hierarchy Clustering coefficient for a specific node
k, denoted with Ck, is the ratio of the existing number over
the possible number of edges between its neighbors, describ-
ing the probability of its neighbors’ being connected. In many
empirical networks, the average of the clustering coefficients
for the nodes with identical degrees obeys a power-law with re-
spect to the degree, i.e., 〈C(d)〉 ∼ d−γ , where d is degree. The
scaling exponent γ is network structure-dependent. Analytical
and numerical works show that if the network has a hierarchi-
cal structure, i.e., the communities can be divided into sub-
communities iteratively, and the sub-communities at smaller
scales are organized into the ones at larger scales with identi-
cal laws, the scaling exponent is unity, γ = 1.[33]

In this work, this power-law is used to detect the hierar-
chical behavior of the constructed visibility graphs. For in-
stance, for the k-th node in the graph Aev, its clustering coeffi-
cient reads,

Cev
k =

[Aev ·Aev ·Aev]kk

D(k) · [D(k)−1]
,

where D(k) = [Aev ·Aev]kk is the degree of the node k. If we
have the relation of 〈Cev(d)〉 ∼ d−γ , we conclude that the vis-
ibility graph is built from the microscopic to the macroscopic
structure in a hierarchical way.

(iv) Graph-lets Let a window with a specified length w
slide along the EV/EI series, the visibility graphs for the cov-
ered series segments are called graph-lets, representing the
states of the system in the corresponding time durations.[34–43]

The successive graph-lets gives us the evolutionary trajectory
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of the system. One enumerates all the possible distinguish-
able graph-lets and give them each identification numbers such
as 1,2, . . . ,G, forming a graph-let dictionary. From the pairs
of visibility graph-lets corresponding to successive series seg-
ments, we obtain the pattern transition frequency matrix, Afreq,
the entity Afreq(m,n) (m,n = 1,2, . . . ,G) of which is the occur-
ring frequency of the jump from the present n-th graph-let to
the next m-th one. By this way all the possible graph-lets are
linked by the transition frequencies between them into a tran-
sition frequency network, represented with the adjacency ma-
trix Afreq. The edges with significantly large frequencies and
the graph-lets linked by them form the structural backbone.

Herein, for each node in the transition frequency network,
we are specially interested in its out-weight-degree dW(·) and
out-entropy-degree dE(·), which read,

dW(n) =
G

∑
m=1

Afreq(m,n),

dE(n) =− 1
lnG

G

∑
m=1

Afreq(m,n)

∑
G
i=1 Afreq(i,n)

ln
[

Afreq(m,n)

∑
G
i=1 Afreq(i,n)

]
,

n = 1,2, . . . ,G. (5)

The former tells us the times of transitions from the interested
graph-let to the other ones (including itself), and the later the
concentration behavior of the transitions. A smaller dE(·) im-
plies the transition concentrates on fewer destinations, i.e., the
transition is much more predictable.

3. Results
3.1. Constructed EI and EV series

For the fBm, the threshold θ is chosen to be 1.0+ 0.1×
(κ − 1),κ = 1,2, . . . ,21, i.e., θ ∈ [1,3], to construct the ex-
treme events, shown in Fig. 1 are typical examples of EI series
(panels Figs. 1(a1)–1(b1)) and EV series (panels (c1)–(d1) for
H = 0.65 and H = 0.75 with θ = 1.0, 1.5, 2.0, 2.5, and 3.0,
respectively. For the stock market volatility series, the thresh-
old θ is chosen to be 0.5 and 1.0, to be sure the number of
constructed extreme events is large enough for statistics, the
EI and EV series corresponding to which are displayed in the
panels (a2)–(b2) and (c2)–(d2), respectively. The series be-
have clustering, i.e., bigger/smaller values tend to cluster to-
gether, forming fluctuation peaks/valleys.
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Fig. 1. Constructed EI and EV series. (a1)–(b1) and (c1)–(d1) The EI and EV series constructed from fBm with H = 0.65 and H = 0.75, respectively; θ = 1.0,
1.5, 2.0, 2.5, 3.0. For EI series, the log-scale is used for visual convenience. (a2)–(b2) and (c2)–(d2) The EI and EV series constructed from the stock market
volatility series with θ = 0.5, 1.0 [(c2)–(d2)], respectively. The curves are shifted vertically for visual convenience.

3.2. Degree distributions

Figure 2 presents the degree distributions for all the
constructed EI series (panels (a1)–(a3)) and EV series (pan-
els (b1)–(b3)) generated by the fBm with H = 0.65,0.75, and
0.85. When the degree is large enough (> 7) the curves
all decay exponentially in a wide range of degree d, i.e., ∼
exp(−αd). The decaying exponents for the EI and EV series
fall in the ranges of [0.18,0.23] and [0.19,0.24], whose means
and standard deviations read 0.20± 0.018 and 0.22± 0.016,
respectively. They are also very close with each other, being
independent with H,θ and EI/EV-event type.

For the EI and EV series constructed from the stock
volatility series, the degree distributions decay exponentially

also. All the decaying exponents for the EI series (panels (c1)–
(d1)) are very close with each other (0.16± 0.01), except the
smaller one for the HSI with θ = 1 (α = 0.12). All the decay-
ing exponents for the EV series (panels (c2)–(d2)) are almost
identical (α = 0.22± 0.01), except the smaller one for HSI
with θ = 1 (α = 0.17). The corresponding shuffled series are
also generated, as shown in the panels (d1)–(d2) two typical
results for the NSDQ with θ = 1.0 (the open circles), whose
decaying exponents turn out to be significantly different with
that for the original series.

Hence, except that for the HSI, the decaying behavior for
each specific EI/EV-event type degree distribution is indepen-
dent of the threshold θ and the market.
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θ = 1.0, 1.5, 2.0, 2.5, 3.0. (b1)–(b3) The EV series constructed from fBm. H = 0.65, 0.75, 0.85 and θ = 1.0, 1.5, 2.0, 2.5, 3.0. (c1)–(d1)
The EI series constructed from the stock volatility series. θ = 0.5, 1.0. (c2)–(d2) The EV series constructed from the stock volatility series.
θ = 0.5, 1.0. The curves are shifted vertically for visual convenience, which does not impact the estimation of the decaying exponents. Open
circles are the results for shuffled EI and EV series. The least-square regression is adopted to estimate the slopes. In the shuffled series the
elements are positioned in a completely random order.

3.3. Modularity and hierarchy

Figure 3 provides the modularity Q for all the constructed
visibility graphs. The values of Q for the EI series (panel (a1))
and the EV series (panel (a2)) constructed from fBm fall in the
ranges of [0.82,0.88] and [0.83,0.86], respectively.

From the Q values for the EI and EV series constructed
from the stock volatility series (panel (b1)) one can find that,
comparatively for each specific market and threshold θ , the Q
for the EV series is significantly larger than that for the EI se-
ries. For each specific market and EI/EV-event type, the larger

value of θ = 1 implies a smaller value of Q. The Q value
for the EI series of HSI decreases from 0.72 to 0.54 with the
increase of θ from 0.5 to 1.0, the difference between which
is significantly larger compared with that for the other mar-
kets. The values of Q for all the visibility graphs except the
anomalous one of 0.54 are in the interval of [0.66,0.81], i.e.,
the visibility graphs each are composed of significant modular
structures. Panel (b2) gives the modularity values for the cor-
responding shuffled series, which are comparatively larger but
close with each other and undistinguishable with that for the
fBm series.
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Fig. 3. Modularity degrees Q for the visibility graphs. (a1)–(a2) The EI and
EV series constructed from fBm. (b1) The EI and EV series constructed from
stock volatility series. (b2) The shuffled EI and EV series constructed from
stock volatility series.
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(a) EI series

(b) EV series

Fig. 4. Two examples of visibility graphs for EI series (a) and EV series
(b) constructed from fBm. H = 0.75, θ = 3.0. The strategy of node
repulsion and equal length bias is adopted to realize the layouts.

Figure 4 provides the topological structures for the EI
series (panel (a)) and the EV series (panel (b)) constructed
from fBm with (θ ,H) = (3.0,0.75). The networks each are
composed of non-overlapping communities, and they each are
composed of distinguishable sub-communities, and the sub-
communities the sub-sub-communities, resulting into several
levels of modular structures. The topological structures for

the EI and EV series for the four stock markets with θ = 1 are
shown in Fig. 5. The layouts of the nodes are realized by using
the strategy of node repulsion and equal length bias.

EI series

EV series

(a1) NSDQ (b1) SZI

(d1) FTSE100(c1) HSI

(a2) NSDQ (b2) SZI

(d2) FTSE100(c2) HSI

Fig. 5. Visibility graphs for EI series [(a1)–(d1)] and EV series [(a2)–(d2)]
constructed from the stock volatility series. θ = 1.0. The strategy of node
repulsion and equal length bias is adopted to realize the layouts.

These findings are consistent with the scaling behaviors in
the relations of average of clustering coefficients for the nodes
with identical degrees versus degree, as shown in Fig. 6. For
the EI series (panels (a1)–(a3)) and the EV series (panels (b1)–
(b3)) constructed from fBm, when the degree is larger than 7
the curves 〈Cei(d)〉 and 〈Cev(d)〉 versus the degree d all satisfy
power-laws with scale-invariant exponents of γ ∈ [0.85,1.09],
whose mean and standard deviation read 0.97±0.06. Hence,
the networks have almost perfect hierarchical structures.

For the EI series constructed from the stock volatility se-
ries (panels (c1)–(d1)), the curves decay exponentially with
different exponent values, being different with the power-laws
for the fBm series. The corresponding visibility graphs have
subsequently not hierarchical structures. For the EV series
constructed from the stock volatility series (panels (c2)–(d2)),
the curves each (when d ≥ 5), obey perfect power-laws. The
values of the scaling exponents read γ = 0.86± 0.05, being
significantly smaller than that for the fBm series (0.97±0.06),
implying that the visibility graphs have hierarchical structures
but not perfect as that for the corresponding fBm series. The
corresponding shuffled series have different behaviors, e.g.,
the relation for the shuffled EI series constructed from the
NSDQ volatility series (the circles in panel (d1)) obeys a
power-law rather than an exponential one.
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Fig. 6. The average of clustering coefficients for the nodes with identical degrees. (a1)–(a3) the EI series and (b1)–(b3) the EV series constructed
from fBm. θ = 1.0, 1.5, 2.0, 2.5, 3.0, H = 0.65, 0.75, and 0.85. (c1)–(d1) the EI series and (c2)–(d2) the EV series constructed from the stock
volatility series. θ = 0.5, 1.0. The curves are shifted vertically for visual convenience. The circles in panels (d1) and (d2) are the results for
the shuffled EI and EV series for the NSDQ market. The least-square regression is adopted to estimate the slopes. In the shuffled series the
elements are positioned in a completely random order.

3.4. Transitions between graphlets: A universal backbone

Figure 7 gives the average frequencies of transitions be-
tween the visibility graph-lets. The length of the series seg-
ments is chosen to be w = 5, corresponding to which there
are totally G = 25 distinguishable graph-lets, numbered 1 to

25.[44] The pattern transition frequency matrix Afreq is com-
posed of 25×25= 625 edges. Herein each edge is re-assigned
a new identification number, called edge ID. The reassigning
rule is, (i, j) −→ ( j− 1) · 25+ i, i.e., the edge from j to i is
renumbered with ( j−1) ·25+ i.
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Fig. 7. The average frequencies of transitions between graph-lets. The transition from the j-th graphlet to the i-th graph-let is assigned an identifi-
cation number (edge ID) of ( j−1) ·25+ i. (a1)–(a2) the EI series and the EV series constructed from fBm. θ = 1.0, 1.1, . . ., 3.0. Panels (b1)–(b2)
and (c1)–(c2) are the EI series and the EV series constructed from the stock volatility series, with θ = 0.5 and 1.0, respectively. The red open circles
are the results for the shuffled extreme series. In the shuffled series the elements are positioned in a completely random order.

(a) EI series

(b) EV series (c) Graphlets

Graphlet ID 7

Graphlet ID 5

Graphlet ID 3

Fig. 8. The average transition frequency networks for the EI series (a) and the
EV series (b) constructed from fBm. In panel (a) the backbone is composed of
the bidirectional transition 3↔ 4 and the loop 3−→ 5−→ 6−→ 7−→ 3. In
panel (b) the backbone is composed of the bidirectional transition 3↔ 4 and
the loop 3−→ 5−→ 7−→ 3. (c) The topological structures for the graph-lets
with IDs 3,5, and 7. The visibility graphs for the EI and EV series constructed
from the stock volatility series have an identical backbone.

For the EI and EV series constructed from fBm, the
average and standard deviation for each specific edge are
obtained from the totally 21 networks corresponding θ =

1.0,1.1,1.2, . . . ,3.0. The averages for the cases with different
H are close with each other, and the standard deviations are all
small, resulting sharp confidence regions (panels (a1)–(a2) in
Fig. 7), i.e., the transition frequency for each edge is weakly
dependent with the Hurst exponent H and the threshold θ . Ac-
cordingly, in Fig. 8 we draw only the average transition fre-
quency networks for the EI series (panel (a)) and the EV series
(panel (b) in Fig. 8). Some transitions with high frequencies
form a backbone. For example, the backbone in panel (a) is
composed of the bidirectional transition of 3↔ 4 and the loop
of 3−→ 5−→ 6−→ 7−→ 3, and that in panel (b) the bidirec-
tional transition of 3↔ 4 and the loop of 3−→ 5−→ 7−→ 3.
The structures for the graph-lets numbered 3, 5, and 7 are also
displayed in Fig. 8(c).
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Fig. 9. The relation of out-entropy-degree versus out-weight-degree. (a) EI and EV series constructed from fBm. (b1)–(c1) EI series and (b2)–(c2)
series constructed from the stock volatility series with θ = 0.5 and 1.0, respectively. The graph-let numbered 7 has the large out-weight-degree and
the small out-entropy degree. Once it occurs, we can predict confidently the following pattern. Its structure is depicted in panel (a).

For the EI and EV series constructed from the stock
volatility series, the average and standard deviation for each
specific edge are obtained from the four networks correspond-
ing to each specified θ and Ei/EV-event type. As shown in
panels (b1)–(b2) and (c1)–(c2) in Fig. 7, each average edge
has a sharp confidence region, i.e., it is weakly dependent
with the market. If we select the thresholds for the cases of
θ = 0.5 and 1.0 to be 10 and 20 (about unitary standard de-
viations larger than the averages) respectively, the backbones
for the totally 16 transition frequency networks (not shown)
share a pattern formed by seven edges, 4←→ 3 −→ 5 −→
7 −→ 3 −→ 8←− 2. In the eight transition frequency net-
works for the EI series, two additional linkages join in this
pattern, i.e., 5−→ 6−→ 6−→ 7, forming an extended pattern
(not shown). A simple comparison with the patterns displayed
in Fig. 8 shows that the topological structure for the extended
pattern is identical with that for the corresponding backbone

for the fBms. Hence, this backbone pattern spans a topolog-
ical space, in which a specific transition frequency network
can be represented with the weights of edges on the pattern. A
simple comparison of the results for the shuffled extreme se-
ries (red open circles and the bars in panels (c1)–(c2) in Fig. 7)
with that for the original extreme series shows that, the shuf-
fling procedure does not destroy the backbone but the weights
are significantly different.

The scatter diagrams for out-entropy degree versus out-
weight degree are presented in Fig. 9. Most of the out-entropy
degrees for all the graph-lets are all significantly smaller than
that for the homogenously transition case, i.e., max(dE(n),n=
1,2, . . . ,25) = 0.45� 1.0 (see panel (a) for the EI and EV
series constructed from fBm, and panels (b1)–(b2) and (c1)–
(c2) in Fig. 9 for that from the stock volatility series). And
the graph-let numbered 7 has a small value of dE(7) and a
large value of dW(7), i.e., it occurs in the series with a high
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frequency, and once it occurs one can predict the following lo-
cal pattern of the time series. The topological structure for it
and that numbered 12 are drawn (red graph-lets). The transi-
tion 7 −→ 3 in the backbone pattern occurs with significantly
higher probability.

4. Conclusion
A series of extreme events stores rich patterns that can

not only shed light on the underlying event’s occurring mech-
anism, but also help us in management of risks in the complex
system. The approaches in literatures are currently based upon
the theory of statistics. Most of the patterns and their relation-
ships are lost in the shared procedure of statistical average. In
the present work, by using the concept of visibility graph we
investigate the patterns formed by the increases/decreases of
extreme event size faster/slower than the linear ones.

For the extreme event series extracted from fBm series,
the properties of the corresponding visibility graphs are inde-
pendent with the persistent behavior (measured with the Hurst
exponent H), the threshold θ , and the EI/EV-event-type. For
instance, the degree distributions decay exponentially with al-
most identical exponents (0.20±0.016). The visibility graphs
all have high modular behaviors (Q = 0.83± 0.03). In each
visibility graph, the communities at different scales are orga-
nized into a perfect hierarchical structure.

For the extreme event series extracted from the volatil-
ity series of three stock market indices (NSDQ, SZI, and
FTSE100), the degree distributions decay also exponentially,
the decaying speeds for which are however EI/EV-event-type
dependent, i.e., the exponents for the EI and EV series fall
in 0.16± 0.01 and 0.22± 0.01, respectively. The modular-
ity degrees Q are in a wider range of 0.74± 0.08 compared
with that for the fBms. The communities for each EV series
are also organized into a hierarchical structure, but the val-
ues of γ fall in 0.86± 0.05, significantly smaller than that in
fBms (0.97±0.06∼ 1.0), i.e., the hierarchical behavior is sig-
nificantly weak compared with that for the fBms. The com-
munities for the EI series are not organized into hierarchical
structures. Hence, the topological structures for the empirical
records are event-type dependent, and threshold and market
independent.

Interestingly, all the transition frequency networks for the
fBm and the stock market indices share an identical back-
bone composed of nine edges and the linked graphlets, i.e.,
4←→ 3 −→ 5 −→ 6 −→ 6 −→ 7 −→ 3 −→ 8←− 2. They
span a topological space, in which each transition frequency
network can be coordinated by using its specific weights for
the nine edges.

Comparing with the statistics based methods, the visibil-
ity graphs (complex networks) mapped from time series can
preserve and show us the details of the structures, especially

the high-order structures in time series. The EI and EV se-
ries constructed from the fBm series with different long-term
memories (measured by the Hurst exponent H) share the uni-
versal characteristics for the structural properties. This fact tell
us that the difference in the long-term memory behaviors leads
not significant changes to the high-order structures. A large
amount of empirical investigations show us that the stock mar-
ket volatility series have long-range correlations. The EI and
EV series constructed from the stock market volatility series
expose rich characteristics for the structural properties com-
pared with that from the fBm series. This finding tells us that
besides the persistent behavior shared with the fBm series, the
volatility series have some new high-order structures. Deep
understanding of the characteristics needs detailed works on a
large amount of data in future works.
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