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Quantifying entanglement in quantum systems is an important yet challenging task due to its NP-hard nature. In
this work, we propose an efficient algorithm for evaluating distance-based entanglement measures. Our approach builds
on Gilbert’s algorithm for convex optimization, providing a reliable upper bound on the entanglement of a given arbitrary
state. We demonstrate the effectiveness of our algorithm by applying it to various examples, such as calculating the squared
Bures metric of entanglement as well as the relative entropy of entanglement for GHZ states, W states, Horodecki states,
and chessboard states. These results demonstrate that our algorithm is a versatile and accurate tool that can quickly provide
reliable upper bounds for entanglement measures.
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1. Introduction
Entanglement plays a unique role in quantum mechanics

and has no exact analog in the classical world. It is also a
valuable resource in various applications of quantum informa-
tion processing,[1,2] making it crucial for its accurate detec-
tion and quantification. Numerous methods have been devel-
oped for detecting entanglement, including the positive par-
tial transpose (PPT) criterion,[3] which is both necessary and
sufficient for 2×2 and 2×3 states, and the computable cross-
norm or realignment (CCNR) criterion,[4,5] which is necessary
for all separable states. In more general cases, entanglement
witness[6–11] is a complete criterion for all entangled states.

While limitations exist for analytical methods to de-
tect entanglement, numerical approaches are often required
in the general scenario. A typical example of such meth-
ods is semidefinite programming (SDP),[12,13] which decom-
poses the target state into a convex combination of states in
a convex set.[14] Recently, there have been works that use
Gilbert’s algorithm[15] for entanglement detection and related
problems.[16–19] Simply put, Gilbert’s algorithm is able to
search for an approximation of a given state within a convex
set, such as the set of all separable states. Gilbert’s algorithm
has shown its power by providing more accurate bounds in
certain problems, and can also be easily generalized to larger
systems.

In addition to entanglement detection, quantifying entan-
glement is also an important task, which can be achieved using
well-defined entanglement measures. The initial approach for
quantifying entanglement is operational entanglement mea-
sures, such as distillable entanglement, entanglement cost, and

distillable key.[20] Axiomatic measures, such as those based on
the convex-roof construction including concurrence and entan-
glement of formation,[21] can also be defined. These measures
are known to be monotone under local operations and classi-
cal communication (LOCC).[22] Distance-based entanglement
measures are another type of axiomatic measures that maintain
monotonicity.[23,24]

In general, the same as entanglement detection, quanti-
fying entanglement is an NP-hard problem,[25,26] hence nu-
merical approaches are needed to approximate entanglement
measures. Axiomatic measures are particularly suitable, as
they can be formulated as optimization problems. Then the
distance-based entanglement measures can even be written
as convex optimization problems, making them particularly
amenable to various convex optimization techniques. There-
fore, inspired by the success of Gilbert’s algorithm for entan-
glement detection,[17–19] in this work we extend its application
to the quantification of entanglement using distance-based en-
tanglement measures.

This paper is structured as follows. In Section 2, we
briefly review the notion of entanglement measures that are
based on certain distances. Then the algorithm is presented
in Section 3. In Section 4, various applications are shown to
demonstrate the efficacy of our algorithm. Finally, we con-
clude in Section 5.

2. Distance-based entanglement measures
If a pure state of two parties can be written as the tensor

product of two states, i.e., |ψ⟩= |a⟩⊗|b⟩, then it is called sep-
arable; otherwise, it is entangled.[2] A pure state of n parties is
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called k-separable if it can be expressed as

|ΦSk⟩=
k
⊗
j=1

|φ j⟩ , (1)

where |φ j⟩s are states on the subsets of the n parties. For a
mixed state ρ , it is k-separable if it can be written as

ρ = ∑
i

pi
k
⊗
j=1

|φi j⟩⟨φi j| , (2)

where pis form a probability distribution. This could be in-
terpreted as a convex combination of k-separable pure states.
Consequently, all k-separable states for a given k form a con-
vex set, where the extreme points of this set are given by all
the possible |ΦSk⟩s. Meanwhile, each k-separable set is also
known as a stochastic local operation and classical communi-
cation (SLOCC) class.[27,28] A SLOCC operation can be rep-
resented as

𝐴SLOCC =⊗ j𝐴 j, (3)

where 𝐴 j is a matrix describing the local operation acting on
the j-th party.[17] All the states in the SLOCC class are equiv-
alent to the corresponding SLOCC operations. For example,
three-qubit states could be divided into three different SLOCC
classes, that is GHZ class, W class, and separable class.

Intuitively, the closer the state ρ is to the set of separable
states (or more generally, any arbitrary SLOCC class) 𝒞, the
less entangled it is. Thus, the class of entanglement measures
based on distances can be defined as[23]

E𝒟,𝒞(ρ) = inf
σ∈𝒞

𝒟(ρ,σ), (4)

where 𝒟(ρ,σ) denotes the distance between the given state
ρ and the state σ ∈ 𝒞. We require that the distance 𝒟 should
satisfy

𝒟(ρ,σ)≥𝒟
(
Λ(ρ),Λ(σ)

)
, (5)

where Λ denotes an LOCC operation. Obviously, one has
𝒟(ρ,σ) = 0 if ρ = σ , which implies the nonnegativity of 𝒟.
Once the convex set 𝒞 is specified, one can calculate E𝒟,𝒞 with
different distance measures 𝒟.

In this work, we focus on two kinds of distance
measures.[23,24] One is the squared Bures metric

B2(ρ,σ) = 2−2
√

F(ρ,σ), (6)

where F(ρ,σ) = (tr
√√

ρσ
√

ρ)2 denotes the fidelity. Then
the squared Bures metric of entanglement can be defined as

EB2 = inf
σ∈𝒞

B2(ρ,σ). (7)

The second is the relative entropy between two states ρ

and σ , i.e.,

S(ρ|σ) = tr
[
ρ
(
log2 ρ − log2 σ

)]
, (8)

which is an important function in quantum information theory.
Then the relative entropy of entanglement is

ER = inf
σ∈𝒞

S(ρ|σ), (9)

which turns out to be an upper bound for entanglement
of distillation.[29,30] It uniquely describes entanglement in a
paradigm, where LOCC operations are replaced with nonen-
tangling operations.[31]

3. The algorithm
In this section, we describe how Gilbert’s algorithm can

be adapted to construct an efficient algorithm for evaluating
distance-based entanglement measures.

Gilbert’s algorithm is an iterative method that, at each it-
eration, identifies the point that minimizes the target convex
function on the segment between the current point and the ex-
treme point of the convex set. By updating the previous point,
the algorithm can approximate the minimum of the function
over the set. One notices that the convex set 𝒞 comprises all
separable states whose extreme points are pure states, while
distance-based measures are convex functions, thus Gilbert’s
algorithm is well applicable. In this work, our goal is to find
the closest state in the convex set 𝒞 to a given state ρ under
certain distance-based entanglement measures 𝒟. Then the
pseudocode for the algorithm is described below.

Algorithm 1 Gilbert for entanglement measures
Input: Target state ρ , entanglement measure 𝒟, dimension
of local Hilbert space dl, number of parties npart, and maximal
iteration M.
Output: The closest state to the given state ρ (with given
threshold) under the entanglement measure 𝒟.

1: function GILBERTSLOCC(ρ , opt)
2: Choose any ρ𝒞

1 ∈ 𝒞.
3: for k = 1 to M do
4: Solve σk = argmaxσ∈𝒞

[
(ρ −ρ𝒞

k ) ·σ
]
.

5: Solve xm = argminx∈[0,1]𝒟
(
ρ,x ·ρ𝒞

k +(1−x) ·σk
)
,

6: Update ρ𝒞
k+1 ≡ xm ·ρ𝒞

k +(1− xm) ·σk.
7: Termination criterion!

end for
function

Specifically, each iteration consists of two main steps. In
the first step, the goal is to find the extreme point σk, which is a
pure separable state. Instead of searching over the entire con-
vex set 𝒞, we only need to optimize over pure states. We start
with an arbitrarily chosen pure separable state σ = |ψ⟩⟨ψ|,
usually selected randomly, then optimize over 𝒞. The opti-
mization procedure we used is presented in Ref. [16], which is
based on Gilbert’s algorithm for quadratic minimization. This
approach is usually much faster, especially around the mini-
mum, as compared to choosing states randomly.
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Next, we move on to the second step, which involves find-
ing the state on the line segment between σk and ρ𝒞

k that is
closest to ρ . The resulting state ρ𝒞

k+1 is a convex combination
of two states within 𝒞, ensuring that the update remains within
the convex set. We can thus obtain an upper bound on the
distance-based entanglement measure E𝒟,𝒞(ρ) by computing
𝒟(ρ,ρ𝒞

k+1).
Optimizing the distance-based measures can be done us-

ing gradient descent or similar algorithms, but numerical er-
rors accumulate over iterations, leading to inaccurate results.
To overcome this issue, we use an alternative approach with a
fixed number of iterations, which is less sensitive to rounding
errors. The subroutine for this optimization is outlined below.

Algorithm 2 Subroutine: find the minimum
Input: Target state ρ , current state ρ𝒞

k , boundary state σk, and
two constants N and K.
Output: xm that minimizes 𝒟

(
ρ,x ·ρ𝒞

k +(1− x) ·σk
)
.

1: function FINDMIN(ρ , opt)
2: Initialize, xmin = 0, xmax = 1.
3: for k = 1 to K do
4: Divide x = xmin : (xmax − xmin)/N : xmax.
5: for i = 1, · · · ,N +1 do
6: Di =𝒟

(
ρ,xi ·ρ𝒞

k +(1− xi) ·σk
)
.

end for
7: Find i′ that minimizes Di.
8: Update xmin = xi′−1, xmax = xi′+1, xm = xi′ .

end for
function

To reduce the range of x and approach the minimum
within the limit of rounding errors, we divide the range of x
into N sections then iteratively search for the section where
the distance-based entanglement measures can be minimized.
We then update the range of x based on the new minimum, and
repeat this procedure K times. Since it is unknown on which
side of xi the true minimum lies, the range should be updated
on both sides of the minimum. After K iterations, one obtains
the minimum xm with an error no greater than (2/N)K .

To ensure a reliable numerical solution, we need to set
a convergence criterion for the algorithm. The straightfor-
ward approach is to stop when the descending speed is be-
low a given threshold. However, the descending speed during
the iterations has some randomness as well. To address this
issue, we calculate the average descending speed across multi-
ple iterations and perform multiple runs of Gilbert’s algorithm
to reduce the effect of randomness. Since the convergence
speed of the distance measure cannot be controlled, we set a
maximum iteration number M to terminate the iterations. In
consideration of the truncation and rounding errors of the nu-
merical solution, in the end an upper bound is obtained for the
distance-based entanglement measure E𝒟,𝒞(ρ).

Based on extensive testing runs, we have determined
the appropriate values for the parameters in our subroutine.

Specifically, we set N = 20 to reduce the range of x to 1/10 in
each iteration, and K = 8 to achieve a maximum accuracy of
10−7 to 10−8, by taking into account the rounding errors that
may arise during the computation. For the main algorithm, we
set the maximum iteration number to be M = 7× 104, which
balances the computational speed with the scaling of errors.

4. Applications
In this section, we demonstrate the versatility of our algo-

rithm by applying it to various scenarios. One common prob-
lem in quantum information theory is to determine the sepa-
rability threshold when a pure entangled state is subjected to
white noise.[14,32] Here we go beyond to quantify the entan-
glement by computing an upper bound of the distance-based
entanglement measures for the noisy state

ρE(p) = pρE +(1− p)
1

d
, (10)

where ρE is a multipartite entangled state and the noise param-
eter p ∈ [0,1]. This allows us to explore how white noise af-
fects the entanglement of different classes of entangled states,
such as the GHZ states and W states. Furthermore, we apply
our algorithm to the 3 × 3 Horodecki states and chessboard
states, which are typical examples of weakly entangled states.

4.1. The n-qubit GHZ and W states

First, we consider two kinds of maximally entangled
states, i.e., the GHZ states and W states. An n-qubit GHZ
state is given by

|GHZn⟩=
1√
2
(|00 · · ·0⟩+ |11 · · ·1⟩), (11)

while an n-qubit W state takes the structure of

|Wn⟩=
1√
n
(|10 · · ·00⟩+ |01 · · ·00⟩+ · · ·+ |00 · · ·01⟩). (12)

To quantify the entanglement of the noisy states ρGHZ(p) and
ρW (p) as in Eq. (10), we consider two types of convex set 𝒞,
namely the fully separable set and the bi-separable set. Then
our algorithm is applied to compute the distance-based entan-
glement measures for these states, and the results are presented
in Figs. 1 and 2, respectively.

The results demonstrate that ρGHZ(p) and ρW (p) are
strongly entangled states when p is large enough, but become
weakly entangled or even separable as p decreases. This is
expected such that a ball of separable states exist around the
white noise.[16] In all the cases, the solid lines are above the
dashed ones. This is due to the fact that the fully separable set
is a subset of the bi-separable set, thus the distance to the fully
separable set should always be larger than or equal to that to
the bi-separable set. The vertical lines in the plots indicate the
lower bounds for the corresponding convex sets as proved in
Ref. [17]. Hence in the ideal scenario, all the curves should be
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exactly zero on the left sides of the vertical lines since all the
states on this side are within the convex sets. However, due to
truncation errors, they do not reach zero exactly, indicating the

error of our algorithm. Numerically, as one can see from the
plots, these errors are not significant, typically in the order of
0.01 or 0.02.

0 0.2 0.4 0.6 0.8 1.0
p

0

0.2

0.4

0.6(a)

3-qubit fully-separable

3-qubit bi-separable

4-qubit fully-separable

4-qubit bi-separable

0 0.2 0.4 0.6 0.8 1.0
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0

0.2

0.4

0.6

0.8(b)

3-qubit fully-separable

3-qubit bi-separable

4-qubit fully-separable

4-qubit bi-separable

E
B

2

E
R

Fig. 1. Upper bounds of distance-based entanglement measures for the noisy GHZ states ρGHZ(p) with respect to the fully separable set and
the bi-separable set, using two different measures of entanglement, namely the squared Bures metric of entanglement EB2 in panel (a) and the
relative entropy of entanglement ER in panel (b). The vertical lines indicate the bounds for separability as reported in Ref. [17], where all the
states on the left are separable.

0 0.2 0.4 0.6 0.8 1.0
p

0

0.2

0.4

0.6

0.8(a)

0 0.2 0.4 0.6 0.8 1.0
p
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0.4

0.6

0.8
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B

2

E
R

3-qubit fully-separable

3-qubit bi-separable

4-qubit fully-separable

4-qubit bi-separable

3-qubit fully-separable

3-qubit bi-separable

4-qubit fully-separable

4-qubit bi-separable

Fig. 2. Upper bounds of distance-based entanglement measures for the noisy W states ρW (p) with respect to the fully separable set and the bi-
separable set, using two different measures of entanglement, namely the squared Bures metric of entanglement EB2 in panel (a) and the relative
entropy of entanglement ER in panel (b). The vertical lines indicate the bounds for separability as reported in Ref. [17], where all the states on
the left are separable.

4.2. The 3×3 Horodecki states

For the next application, we consider the family of 3× 3
bound entangled states introduced by Horodecki,[33] which
can be written as

𝜌a
PH =

1
8a+1



a 0 0 0 a 0 0 0 a
0 a 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 a 0 0 0 0 0
a 0 0 0 a 0 0 0 a
0 0 0 0 0 a 0 0 0

0 0 0 0 0 0 1+a
2 0

√
1−a2

2
0 0 0 0 0 0 0 a 0

a 0 0 0 a 0
√

1−a2

2 0 1+a
2


,(13)

with the parameter 0 < a < 1. All these states are entangled,
yet they cannot be detected by the PPT criterion and are not
distillable, thus bound entangled. To investigate how white
noise weakens the entanglement of Horodecki states, we con-
sider the noisy state 𝜌a

PH(p) following Eq. (10).
We present two kinds of distance-based entanglement

measures for the noisy Horodecki states, i.e., the squared
Bures metric of entanglement EB2 and the relative entropy
of entanglement ER in Fig. 3. The color of each point on
the surface corresponds to the entanglement measure, with
the lighter color indicating higher degree of entanglement.
The purple curves in the plots indicate a lower bound for
entanglement,[32] such that all the states above the curve are
entangled while states below may still have non-zero entan-
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glement measure. Within rounding and truncation errors, one
can see that our results follow well the purple boundaries.

0 0.2 0.4 0.6 0.8 1.0
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Τ10-3

EB2

ER

Bdet

Bdet

Fig. 3. (a) The squared Bures metric of entanglement EB2 and (b) the rel-
ative entropy of entanglement ER for the noisy Horodecki states 𝜌a

PH(p)
as a function of the two parameters a and p. The purple curves are the
entanglement criterion Bdet from Ref. [32], where all the states above are
entangled.

4.3. The 3×3 chessboard states

The 3×3 chessboard state[34] is defined as follows:

𝜌chessboard = N
4

∑
j=1

|Vj⟩⟨Vj| , (14)

where

|V1⟩= |m,0,s,0,n,0,0,0,0⟩ ,
|V2⟩= |0,a,0,b,0,c,0,0,0⟩ ,
|V3⟩= |n*,0,0,0,−m*,0, t,0,0⟩ ,
|V4⟩= |0,b*,0,−a*,0,0,0,d,0⟩ , (15)

with

s = a · c*/n*, t = a ·d*/m*, N = 1/
4

∑
j=1

⟨Vj|Vj⟩. (16)

Figure 4 shows the percentage distribution of the entan-
glement measure EB2 for the chessboard states. Altogether
2000 samples are randomly generated with the parameters a,
b, c, d, m, and n ranging uniformly over [0,1]. The main part
of the figure shows that most states have entanglement mea-
sures in the range of 0 to 0.05, with a concentration between

0.01 and 0.03. The subplot presents the distribution of states
whose entanglement measures are less than 0.01. These obser-
vations are consistent with the fact that all chessboard states
are weakly entangled.

0 0.02 0.04 0.06 0.08 0.10 0.12 0.14
0%

5%

10%

15%

20%

25%

10-8 10-6 10-4 10-2
0%

5%

10%

EB2

Fig. 4. Distribution of the squared Bures metric of entanglement EB2 for
the 3× 3 chessboard states.[34] Altogether 2000 samples are randomly
generated with parameters ranging from 0 to 1. For states with entan-
glement measure less than 0.01, a separate subplot is provided to better
display their distribution.

5. Summary
Detecting and quantifying entanglement are basic yet

crucial tasks in quantum information theory. In this work,
we have proposed a highly efficient algorithm for evaluating
distance-based entanglement measures, including the squared
Bures metric of entanglement and the relative entropy of en-
tanglement. The algorithm builds on Gilbert’s algorithm for
convex optimization, providing an upper bound on the entan-
glement of a given arbitrary state. The efficacy of our algo-
rithm is demonstrated by testing a wide range of entangled
states, such as the GHZ states, W states, Horodecki states, and
chessboard states. As an outlook, the methodology of our ap-
proach can be easily adapted to other applications involving
convex optimizations.
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[19] Pandya P, Sakarya O and Wieśniak M 2020 Phys. Rev. A 102 012409
[20] Plenio M B and Virmani S 2007 Quantum Inf. Comput. 7 1
[21] Uhlmann A 1998 Open Sys. Inf. Dyn. 5 209
[22] Vidal G, Jonathan D and Nielsen M A 2000 Phys. Rev. A 62 012304
[23] Vedral V, Plenio M B, Rippin M A and Knight P L 1997 Phys. Rev.

Lett. 78 2275
[24] Vedral V and Plenio M B 1998 Phys. Rev. A 57 1619
[25] Gurvits L and Barnum H 2003 Phys. Rev. A 68 042312
[26] Gharibian S 2010 Quantum Inf. Comput. 10 343
[27] Dür W, Vidal G and Cirac J I 2000 Phys. Rev. A 62 062314
[28] Acı́n A, Bruß D, Lewenstein M and Sanpera A 2001 Phys. Rev. Lett.

87 040401
[29] Schumacher B and Westmoreland M D 2000 arXiv: quant-

ph/0004045[quant-ph]
[30] Vedral V 2002 Rev. Mod. Phys. 74 197
[31] Brandão F G S L and Plenio M B 2008 Nat. Phys. 4 873
[32] Chen Z H, Ma Z H, Gühne O and Severini S S 2012 Phys. Rev. Lett.

109 200503
[33] Horodecki P 1997 Phys. Lett. A 232 333
[34] Bruß D and Peres A 2000 Phys. Rev. A 61 030301

080307-6

https://doi.org/10.26421/QIC3.3-1
https://doi.org/10.1007/s11128-005-5664-1
https://doi.org/10.1016/S0375-9601(96)00706-2
https://doi.org/10.1016/S0375-9601(00)00401-1
https://doi.org/10.1103/PhysRevA.62.052310
https://doi.org/10.1103/PhysRevA.62.052310
https://doi.org/10.1080/09500340110105975
https://doi.org/10.1103/PhysRevLett.95.150504
https://doi.org/10.1103/PhysRevA.74.010301
https://doi.org/10.1103/PhysRevA.74.010301
https://doi.org/10.1103/PhysRevA.76.032318
https://doi.org/10.1103/PhysRevLett.103.160404
https://doi.org/10.1103/PhysRevLett.103.160404
https://doi.org/10.1103/PhysRevA.86.032307
https://doi.org/10.1103/PhysRevA.86.032307
https://doi.org/10.1137/0304007
https://doi.org/10.48550/arXiv.1609.05011
https://doi.org/10.1103/PhysRevLett.120.050506
https://doi.org/10.3390/quantum2010004
https://doi.org/10.3390/quantum2010004
https://doi.org/10.1103/PhysRevA.102.012409
https://doi.org/10.26421/QIC7.1-2-1
https://doi.org/10.1023/A:1009664331611
https://doi.org/10.1103/PhysRevA.62.012304
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevA.57.1619
https://doi.org/10.1103/PhysRevA.68.042312
https://doi.org/10.1103/PhysRevA.62.062314
https://doi.org/10.1103/PhysRevLett.87.040401
https://doi.org/10.1103/PhysRevLett.87.040401
https://doi.org/10.48550/arXiv.quant-ph/0004045
https://doi.org/10.48550/arXiv.quant-ph/0004045
https://doi.org/10.1103/RevModPhys.74.197
https://doi.org/10.1038/nphys1100
https://doi.org/10.1103/PhysRevLett.109.200503
https://doi.org/10.1103/PhysRevLett.109.200503
https://doi.org/10.1016/S0375-9601(97)00416-7
https://doi.org/10.1103/PhysRevA.61.030301

	1. Introduction
	2. Distance-based entanglement measures
	3. The algorithm
	4. Applications
	4.1. The n-qubit GHZ and W states
	4.2. The 33 Horodecki states
	4.3. The 33 chessboard states

	5. Summary
	References

