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The origins of superconductivity and pairing symmetry of order parameters are still controversial problems for FeSe
thin films up to date. Under the Neumann boundary conditions, the electromagnetic properties of this system are inves-
tigated using the two-band Ginzburg–Landau theory. We calculate the temperature dependence of upper critical field in
arbitrary direction and critical supercurrent density through the FeSe film. It is revealed that the normalized upper critical
field is independent of the film thickness and all of our theoretical results are in accordance with the experimental data.
These thus strongly indicate the existence of two-gap s-wave superconductivity in this material.
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1. Introduction
The discovery of iron-based materials with high super-

conducting transition temperatures has triggered great inter-
est for both fundamental research and practical applications
in this field.[1] Among these superconductors, the FeSe sys-
tem has the simple crystal structure, clean superconducting
phase, and low toxicity, thus making it an appealing candi-
date for studying the superconducting properties of iron-based
compounds.[2] Although the superconducting transition tem-
perature for bulk FeSe is relatively low (Tc ∼ 8 K),[2,3] it can
be significantly enhanced by applying high pressure,[4–6] inter-
calating alkali metal atoms like potassium[7–15] or most amaz-
ingly, by growing FeSe thin films on SrTiO3 substrates with
reported values of Tc up to 100 K.[16–18] Several approaches to
the deposition of FeSe films such as pulsed laser deposition
and molecular beam epitaxy techniques have been reported
so far.[19–21] The FeSe layers consist of square lattices of Fe
atoms with tetrahedrally coordinated covalent bonds to the Se
anions, and the lattice constant perpendicular to the layered
plane is about 0.55 nm.[22] This textured structure is suitable
for research of low-dimensional electronic transport on sub-
strates. For instance, Farrar et al. have observed signatures of
the Berezinskii–Kosterlitz–Thouless transition for FeSe thin
films and reported that a highly two-dimensional pairing chan-
nel dominates the superconductivity in this system.[23]

Recent studies on the electronic band structures have sug-
gested that strong electron correlation plays a crucial role in
understanding the physical properties of the FeSe compound.
Based on dynamical mean field calculations, the existence of a
lower Hubbard band is demonstrated for the electronic struc-
ture and this correlated electron system exhibits the non-Fermi

liquid behavior due to the formation of local moments over
an extended temperature range.[24] With soft-x-ray and hard-
x-ray photoemission spectroscopy, the detection of the Fe 3d
band narrowing and the energy shift of the band toward the
Fermi level also indicate the importance of the electron corre-
lation effect in FeSe.[25] Later, Jiang et al. pointed out that the
Fe–Fe interatomic Coulomb repulsion actually offers a natu-
ral explanation for the emergent nematic order, the absence
of magnetism, and at a more fundamental level, the unusually
large band renormalization in the FeSe system.[26] Based on
the extended Hubbard model, it has also been argued that the
interatomic Coulomb interactions favor s-wave pairing[27] and
will play an important role in stabilizing the s-wave pairing
symmetry in Fe-based superconductors.[28]

To date, there have been several investigations on the
pairing symmetry of the superconducting FeSe film. The ex-
perimental data of superfluid density for an ultrathin FeSe
system can be fitted down to 10 K using the standard
Bardeen–Cooper–Schrieffer (BCS) theory, which gives a gap
of 10.1 meV at zero temperature and shows the nodeless struc-
ture in the excitation spectrum.[29] However, the unusual up-
turn of the superfluid density around 5 K may also point to
the presence of a second (small) gap in this system. Mean-
while, the measurements from the scanning tunneling mi-
croscopy have reported the gap structure with double peaks
at 2.3 meV and 1.5 meV for the superconducting state of the
FeSe compound.[30] Moreover, the anisotropy of the upper
critical fields decreases with the decreasing temperature and
reveals a pseudoisotropic behavior in this process, which is
also indicative of the multi-band character for this material.[31]

The strong temperature dependence of Hall sensitivity for the
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FeSe film shows the similar effect.[32] Thus, there is still no
general consensus on the form of superconducting order pa-
rameter in the FeSe film to date, and further explorations to
elucidate this issue are necessary.

The main purpose of this paper is to investigate the elec-
tromagnetic properties of the FeSe film using the two-band
Ginzburg–Landau (GL) theory. We derive the two-band GL
equations for the two-gap superconducting film, and then com-
pute the temperature dependence of upper critical field in arbi-
trary direction and critical supercurrent density through this
system. It is found that the normalized upper critical field
Hc2(T )/Hc2(0) is independent of the film thickness and all
the results are in good agreement with the experimental data.
These thus suggest that the FeSe film system is a two-gap s-
wave superconductor. As a byproduct, our calculations also
show that the ratio of the effective masses between these two
bands is about 6.2.

The rest of this article is organized as follows. In Sec-
tion 2, we introduce the two-band GL theory and apply this
formalism to the quasi-two-dimensional superconductor. In
Section 3, we compute the temperature and angular depen-
dence of upper critical fields in the FeSe film. In Section 4, we
calculate the temperature dependence of critical supercurrent
density through the film. Finally, we conclude this article in
Section 5.

2. The two-band Ginzburg–Landau theory
The GL free energy functional of two-gap superconduc-

tor with a small thickness d along the z (or c) direction can be
written as[33–40]

F =
∫ d/2

−d/2

(
f1 + f2 + f12 +

𝐻2

8π

)
dz, (1)

with

fγ =
h̄2

2mγ

∣∣∣(∇− i2e𝐴
h̄c

)
∆γ

∣∣∣2−αγ(T )|∆γ |2 +
βγ

2
|∆γ |4, (2)

f12 = − ε12(∆
∗
1 ∆2 + c.c.), (3)

where fγ is the free energy density for band γ (γ = 1,2),
f12 is the interaction free energy density between these two
bands, ∆γ is the superconducting order parameter, mγ repre-
sents the effective mass for band γ , and ε12 is the Josephson
coupling constant. The coefficient αγ is a function of tem-
perature, while βγ is independent of temperature. If the in-
terband interaction is neglected, the GL functional can be re-
duced to two independent single-band problems with corre-
sponding critical temperatures Tc1 and Tc2, respectively. Thus,
the coefficient αγ can be approximately expressed as αγ(T ) =
αγ0tγ(T ) = αγ0(1−T/Tcγ), with αγ0 being the proportionality
constant.[41] 𝐻 = ∇×𝐴 represents the magnetic field and 𝐴

is the vector potential.

Actually the GL functional for the two-gap superconduc-
tor can be derived from the two-band BCS model, and the mi-
croscopic forms of all the parameters in the GL theory have
been obtained in Ref. [35]. Without loss of generality, we
can assume that Tc1 corresponds to the band with the larger
gap. With ln(Tc1/T )≈ t1(T ), we can expand the microscopic
forms of α1 and α2 as linear functions of t1(T ), and obtain the
useful relation α10/α20 = Tc1/Tc2. Since two gaps at low tem-
perature appear at 2.3 and 1.5 meV, respectively,[30] we can
roughly approximate Tc1/Tc2 to 2.3/1.5 ≈ 1.5 from the BCS
theory. Meanwhile, from the microscopic two-band BCS the-
ory we can also obtain β1 = β2 ≡ β .[35] We notice that the GL
free energy in Eqs. (1)–(3) is invariant under the scaling trans-
formation: ∆γ →

√
l∆γ , mγ → lmγ , αγ → αγ/l, β → β/l2,

ε12→ ε12/l with l being the scaling factor. Thus for simplic-
ity, we can set m2 = me with me the electron mass.

For a smooth nonmagnetic insulator-superconductor or
vacuum-superconductor interface, we assume that there is
no current flowing through the boundary and the Neumann
boundary condition can be applied on the macroscopic scale.
Thus, the boundary conditions on both surfaces of the thin film
are given by d∆γ

dz

∣∣
z=±d/2 = 0. It is easy to see that if we approx-

imate the order parameter ∆γ to a constant along the z-axis, the
Neumann boundary condition will be automatically satisfied.

3. The upper critical field

Now let us solve the problem of the nucleation of super-
conductivity in the presence of magnetic field 𝐻 . Without los-
ing any generalization, we assume 𝐻 = (H sinθ ,0,H cosθ),
where θ is the directional angle of the field from the z-axis.
Then the vector potential can be chosen as 𝐴= (0,Hxcosθ −
Hzsinθ ,0). Noting that 𝐴 is only related to x and z, we
can write the solution in the form of ∆γ(x,y,z) = ργ(x,z)eikyy.
Plugging this form into Eqs. (2) and (3), and neglecting the
quartic terms in the free energy densities, we can rewrite fγ

and f12 as

fγ =
h̄2

2mγ

(
∂ργ

∂x

)2
+

h̄2

2mγ

(
∂ργ

∂ z

)2

+

[
2e2(xcosθ−zsinθ)2H2

mγ c2 −
2eh̄ky(xcosθ−zsinθ)H

mγ c

+
h̄2k2

y

2mγ

−αγ

]
ρ

2
γ , (4)

f12 = −2ε12ρ1ρ2. (5)

Meanwhile, the requirement of the Neumann boundary con-
ditions demands that in the lowest order the wavefunction ργ

will have no z dependence, i.e., ργ(x,z) = ργ(x). With this ap-
proximation, we then perform the integration on z in Eq. (1)
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and obtain the total free energy as follows:

F
d
= ∑

γ

[
h̄2

2mγ

( dργ

dx

)2
+

1
2

mγ ω
2
γ (x− x0)

2
ρ

2
γ +σγ ρ

2
γ

]
−2ε12ρ1ρ2 +

𝐻2

8π
. (6)

Here we define

ωγ =
2eH cosθ

mγ c
, x0 =

h̄cky

2eH cosθ
, σγ =

(edH sinθ)2

6mγ c2 −αγ .

(7)

By minimizing the free energy with ργ in Eq. (6), the lin-
earized two-band GL equations in the thin film can be written
as [
− h̄2

2m1

d2

dx2 +
1
2

m1ω
2
1 (x− x0)

2 +σ1

]
ρ1− ε12ρ2 = 0, (8)[

− h̄2

2m2

d2

dx2 +
1
2

m2ω
2
2 (x− x0)

2 +σ2

]
ρ2− ε12ρ1 = 0. (9)

Obviously, the inclusion of the factor x0 only shifts the loca-
tion of the minimum of the effective potential, so it will be
neglected hereafter.

In the absence of the magnetic field and close to the crit-
ical temperature, ργ can be treated as constant, then Eqs. (8)
and (9) are simplified to

α1ρ1 + ε12ρ2 = 0, α2ρ2 + ε12ρ1 = 0. (10)

From Eq. (10), we can obtain ε2
12 = α1(Tc)α2(Tc), which will

be used to determine ε12 in our calculations.
Now we try to work out the upper critical field of the FeSe

film under the applied magnetic field. In the case of ε12 = 0,
we can obtain the solution to Eqs. (8) and (9) immediately by
noting that, for each band, it is the Schrödinger equation for a
particle bound in a harmonic oscillator potential. The resulting
eigenvalues are Eγ,n = (n+1/2)h̄ωγ +σγ with n being a non-
negative integer, and the ground wavefunctions corresponding
to these two bands take the form of (ν0/π)1/4 e−ν0x2/2, with
ν0 = 2πH/Φ0 and the magnetic flux quantum Φ0 = π h̄c/e.

If ε12 6= 0, Eqs. (8) and (9) describe a system of the two
coupled oscillators. To obtain the minimum eigenvalue of the
coupled oscillators, we follow a variational approach. We pro-
pose the solution in the form of ργ = aγ(ν0/π)1/4 e−ν0x2/2,
where aγ is constant. Thus for n = 0, Eqs. (8) and (9) can be
transformed to (1

2
h̄ω1 +σ1

)
a1− ε12a2 = 0,(1

2
h̄ω2 +σ2

)
a2− ε12a1 = 0. (11)

Then the upper critical field Hc2 can be obtained from Eq. (11)
as (1

2
h̄ω1 +σ1

)(1
2

h̄ω2 +σ2

)
= ε

2
12 (12)

at H = Hc2.
When θ = 0◦, from Eq. (12) we can obtain the exact ex-

pression of the upper critical field parallel to the z-direction
as

H‖c2(T ) =
Φ0

2πξ 2
0

{
1.5ηmt1(T )+ t2(T )

+
√
[1.5ηmt1(T )− t2(T )]2 +6ηmt1(Tc)t2(Tc)

}
.

(13)

For θ = 90◦, we can obtain the upper critical field perpendic-
ular to the z-direction as

H⊥c2(T ) =

√
6Φ0H‖c2(T )

πd2 . (14)

Here ξ 2
0 = h̄2/m2α20 and the effective mass anisotropy ηm =

m1/m2.
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Fig. 1. The temperature dependence of normalized upper critical field
parallel to the c-axis for the FeSe film thickness d = 14 nm, 24 nm,
58 nm, and 100 nm. The experimental data are taken from Ref. [23].
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Fig. 2. Temperature dependence of normalized upper critical field per-
pendicular to the c-axis for the FeSe film. The experimental data of the
FeSe films with the thickness d = 14 nm, 24 nm, 58 nm and 100 nm are
taken from Ref. [23].

We can easily obtain from Eqs. (13) and (14) that the
normalized upper critical fields Hc2(T )/Hc2(0) are indepen-
dent of the film thickness d, and can be explicitly calculated
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with two scale-invariant parameters ηm and ηt = Tc1/Tc. We
choose ηm = 6.2 and ηt = 0.93 to fit the experimental data of
the FeSe films. From Fig. 1, we can see that the data points of
H‖c2 are almost linear in the whole temperature range below Tc

and our calculations are consistent with the experimental mea-
surements. Due to the simple relation between H⊥c2 and H‖c2
in Eq. (14), our theoretical results of H⊥c2 show the parabolic
behavior and also well fit the experimental data with various
film thicknesses in Fig. 2.

Furthermore, we can also perform the numerical compu-
tations on the angular dependence of the upper critical field
according to Eq. (12). By taking one more parameter ξ0 =

0.36 µm, we plot our results at T = 2 K for the 14 nm-thick
FeSe film in Fig. 3. From Fig. 3, we can see that the upper
critical field Hc2 increases monotonously with the angle θ and
our numerical calculations are consistent with the experimen-
tal data.

10

8

6

4

2

0
0 20 40 60 80

H
c
2
 (
q
)/

H
c
2
 (
q
=

0
)

q (O)

Experimental data at 2 K for d=14 nm

Two-band GL theory for d=14 nm

Fig. 3. Angular dependence of upper critical field at T = 2 K for the
FeSe film. The experimental data of FeSe with the thickness d = 14 nm
are taken from Ref. [23].
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g
H

Fig. 4. The anisotropy parameter of the upper critical fields as a function
of temperature for the FeSe film. The experimental data of the 520 nm-
thick FeSe film with length 750 µm and width 150 µm are taken from
Ref. [31].

In this stage, we can also define an anisotropy parame-
ter for the upper critical fields γH = H⊥c2/H‖c2 and plot it as

a function of temperature in Fig. 4. From Fig. 4, we can
see that γH decreases with the decreasing temperature and
our calculations are in accordance with the experimental data.
Since temperature-independent behavior of γH is expected for
single-band superconductors, this temperature dependence is a
manifestation of multi-band superconductivity.[42] All of our
theoretical results thus strongly suggest the two-gap s-wave
superconductivity in this material.

It is worth noting that from the fitting of our numerical
data the band with the larger gap corresponds to the larger ef-
fective mass, and the ratio of effective masses between these
two bands equals 6.2, which is consistent with the effective
mass anisotropy ηm = 5.7 from the measurement of the angle-
resolved photoemission spectroscopy.[43,44]

4. The in-plane critical supercurrent
Now let us investigate the uniform critical supercurrent

density jc through the FeSe film. We would like to declare
that there is no external magnetic field applied to the layered
system in this circumstance. We can suppose the supercurrent
in the x-direction and take the solution of the two-band GL
theory with the form ∆γ(x) = |∆γ |eiφγ (x). To minimize the in-
teraction free energy density in Eq. (3), we have φ1(x) = φ2(x)
for ε12 > 0 or φ1(x) = φ2(x)+π for ε12 < 0. In either case, we
can define the supercurrent velocity vγ =

h̄
mγ

dφγ

dx for each band
and have the same relation v2/v1 = ηm.

We can easily rewrite the GL free energy Eq. (1) with the
form of ∆γ following the standard procedure[45]

F
d
= ∑

γ

(
−αγ |∆γ |2 +

1
2

mγ v2
γ |∆γ |2 +

β

2
|∆γ |4

−2|ε12| · |∆1| · |∆2|
)
. (15)

Then, for the fixed vs we can minimize Eq. (15) with |∆γ | and
find the optimum value of |∆γ | satisfying

D1|∆1|+β |∆1|3−|ε12| · |∆2|= 0, (16)

D2|∆2|+β |∆2|3−|ε12| · |∆1|= 0, (17)

where Dγ(T ) = mγ v2
γ/2−αγ . We can solve Eqs. (16) and (17)

to the cubic order of |∆γ | and obtain

|∆1|2 =
ε4

12− ε2
12D1D2

β (ε2
12D2 +D3

1)
, |∆2|2 =

ε4
12− ε2

12D1D2

β (ε2
12D1 +D3

2)
. (18)

Similar to the single-band case,[45] we thus calculate the
uniform supercurrent density from the two-band GL theory as

j(T ) = 2e|∆1|2v1 +2e|∆2|2v2

=
2e
β

(
ε4

12− ε2
12D1D2

ε2
12D2 +D3

1
v1 +

ε4
12− ε2

12D1D2

ε2
12D1 +D3

2
v2

)
. (19)

With Eq. (19), we can apply the condition d j(T )
dv1

∣∣
v1=v1c

= 0 to
find the maximum j(T ), which is exactly the uniform critical
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supercurrent density jc(T ). It is easy to see from Eq. (19) that
the ratio of critical supercurrent density jc(T )/ jc(0) is inde-
pendent of β , and we plot our results in Fig. 5. From Fig. 5, we
can see that our numerical calculations can fit the experimental
measurements in a wide temperature range, and especially the
positive curvature behavior near Tc, which generally indicates
the multi-band character of the corresponding systems.

0.0 0.2 0.4 0.6 0.8 1.0

T/Tc

Experimental data for d=520 nm

Two-band GL theory

1.0

0.8

0.6

0.4

0.2

0.0

j c
(T

)/
j c

(0
)

Fig. 5. Temperature dependence of critical supercurrent density for the
FeSe film. The experimental data of the 520 nm-thick FeSe film with
length 750 µm and width 150 µm are taken from Ref. [46].

5. Conclusion
In summary, based on the two-band GL theory we have

investigated the temperature and angular dependence of the
upper critical field in the FeSe thin film. It is found that the
normalized upper critical field as a function of temperature is
independent of the film thickness and our results are consis-
tent with the experimental data. Furthermore, we also calcu-
late the critical supercurrent density through the FeSe system
which is also in accordance with the experimental measure-
ments. Combining all of these facts, our theoretical work thus
strongly suggests that the FeSe film is a two-gap s-wave super-
conductor. In addition, our mean-field analyses also show that
the band with the larger gap corresponds to the one with the
larger effective mass, and the ratio of the effective masses be-
tween these two bands is about 6.2. We hope that our theoreti-
cal results will inspire further research on better understanding
the pairing symmetry and superconducting properties in iron-
based materials.
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