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In the field of ultrafast magnetism, i.e., subpicosecond or femtosecond time scales, the dynamics of magnetization
can be described by the inertial Landau–Lifhitz–Gilbert equation. In terms of this equation, the intrinsic characteristics
are investigated in detail for the theoretical limit of the magnetization reversal field. We can find that there is a critical
value for the inertia parameter τc, which is affected by the damping and anisotropy parameter of the system. When the
inertial parameter factor τ < τc, the limit value of the magnetization reversal field under the ultrafast magnetic mechanism
is smaller than that of the fast magnetic mechanism. When τ > τc, the limit value of the magnetization reversal field will
be larger than the limit value under the fast magnetic mechanism. Moreover, it is important to point out that the limit
value of the magnetization reversal field under the ultrafast magnetic mechanism decreases with the increasing inertial
factor, as τ < τc/2, which increases with inertial factor τ as τ > τc/2. Finally, with the joint action of damping and
anisotropy, compared with fast magnetism, we find that the limit value of the magnetization reversal field has rich variation
characteristics, i.e., there is not only a linear and proportional relationship, but also an inverse relationship, which is very
significant for the study of ultrafast magnetism.

Keywords: inertial effect, minimum magnetic field, ultrafast magnetism

PACS: 75.78.–n, 71.70.Ej, 72.25.Rb DOI: 10.1088/1674-1056/acd3de

1. Introduction

Understanding how magnetization moves and how it is
manipulated on femtosecond time scales is of great signifi-
cance for ultrafast and efficient data processing and storage
applications. The magnetization dynamics in the writing pro-
cess is described by the Landau–Lifhitz–Gilbert (LLG) equa-
tion, which correctly simulates the magnetization reversal on
the nanosecond time scale.[1,2] The study of these fast magne-
tization reversals has great potential applications to the future
development of high-speed information industry.[3] Until 20
years ago, it was believed that all relevant magnetization dy-
namics were included in this equation, and the optimization
of storage devices was based on it alone. In recent years, the
study of magnetization dynamics in the nanoscale systems has
become very important. Hot topics include current-induced
domain wall motion and the demagnetization effect of fem-
tosecond laser pulses.[4–7]

However, the pioneering experiment of Bigot et al. in
1996 revealed the occurrence of spin dynamics on subpi-
cosecond scales,[1,8] and Ciornai and Fähnle[9,10] et al., and
other theorists[4] also pointed out that in the magnetization
dynamics of very short time scale, the lack of inertial is
questionable.[11] Since then, many studies have also begun
to focus on the inertial effect in the dynamics of ultrafast
magnetization,[12–14] which was revealed by the ultrafast opti-
cal techniques[15] in 2016. The existence of the inertial effect

will give birth to the field of ultrafast magnetism, which could
not be described by the LLG equation. The LLG equation
only describes precession and relaxation, but does not include
nutation.[4] Recently, the LLG equation was reformulated to
include a term to obtain a physically correct inertial response
that does not exist in the original formula.[16–22] With the dis-
covery of ultrafast magnetism,[23] people’s interest in ultrafast
magnetization on femtosecond scale has greatly increased.

In the future, the rapid growth of information will require
rapid processing of information, which in principle depends
on the ultrafast reversal of magnetization. The magnetization
reversal is how to change the magnetization from one state to
another, i.e., how to turn the magnetic moment from bit “1” to
bit “0” (here, the bit “1” represents that the magnetic moment
is upward and the bit “0” represents that the magnetic moment
is down). The driven reversal force can be a laser, a spin-
polarized current, or a magnetic field. Many reversal schemes
have been proposed and tested in fast magnetism.[24–29] Also,
for the issue of a minimal reversal field the classical result is
the famous Stoner–Wohlfarth limit.[30] However, in ultrafast
magnetism, the research on the magnetization reversal field
has not been well explored. In this paper, the inertial LLG
equation is analyzed in detail, and simulated numerically by
the fourth-order Runge–Kutta algorithm. The limit of the min-
imum field for the magnetization reversal under inertial effect
is obtained[16,17] by a tedious calculation. Compared with the
magnetization reversal field in fast magnetism, a smaller value
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of reversal field has the more advantages in ultrafast mag-
netism owing to the inertial effect.

2. Effective field form of the magnetic inertial ef-
fect
Until recently, with the discovery of ultrafast magnetiza-

tion dynamics, the inertial effect has been added into the di-
mensionless LLG equation,[31–35] which takes the form

𝑚̇=−𝑚×ℎeff +α𝑚× (𝑚̇+ τ𝑚̈) , (1)

where 𝑚 is the normalized magnetization, 𝑚 ≡𝑀/Ms, 𝑀
is the localized magnetization, and Ms is the saturation mag-
netization. In Eq. (1), 𝑚̇ represents the derivative with re-
spect to time, and the time is measured in units γMs with
γ being the gyromagnetic ratio. The effective field ℎeff in-
cludes both external and internal fields, and its form is given
below. The parameter α is the Gilbert damping factor. The last
term on the right side in Eq. (1) denotes the inertial effect, in
which τ is the angular momentum relaxation time,[12,36] and
we found that in Refs. [9,33] the approximate estimation re-
sult of the theoretically derived inertial parameter τ is about
10 fs–100 fs. In Ref. [1], the fundamental value of τ collected
experimentally was extracted from the resonance linewidth by
approximately 10 ps. In Ref. [37], the estimated time-resolved
magneto-optical measurements of Co thin films τ value is ap-
proximately 1 ps. It is obvious that the first term on the right
side of Eq. (1) denotes the magnetization precession and the
second term represents the damping effect of precession. From
Eq. (1) we have 𝑚̈=−(1/ατ)(𝑚×𝑚̇+𝑚× (𝑚×ℎeff))−
α𝑚̇/τ −|𝑚̇|2𝑚. It is to say that under the action of the in-
ertial effect, i.e., the second derivative of magnetization 𝑚̈ on
the femtosecond time scale, this will include the trend toward
the direction of 𝑚. That is exactly what causes magnetiza-
tion nutation. In this short time scale, the precession mo-
tion of magnetization is superimposed with the rotating cir-
cuit, and the inertial effect becomes very important. For ultra-
fast switching, the state space of the possible paths is different
from the one in the absence of inertial effect — it will produce
nutation. It is pointed out that the existence of inertia-driving
magnetization dynamics opens up a way to surpass the limit
of precession for ultrafast magnetic switch.[38,39] By iterating
Eq. (1) once, we have(

1+α
2)𝑚̇=−𝑚×ℎ′eff−α𝑚×

(
𝑚×ℎ′eff

)
, (2)

where ℎ′eff = ℎeff−ατ𝑚̈. Equation (2) clearly shows that the
inertia effect not only affects the precession of magnetization,
but also acts as an effective damping. It also implies that the
motion of magnetization can be driven by the inertial effect in
some special conditions.

3. Inertial effect on the magnetization reversal
field
For simplicity, we consider only the uniaxial anisotropy

model, in which the z axis is selected as the easy axis. Then,
the effective field has the expression as follows, ℎeff = ℎ+

hi𝑒z, where ℎ is the applied external field, hi = kmz denotes the
internal field due to the magnetic anisotropy. In the spherical
coordinates

{
𝑒r,𝑒θ ,𝑒ϕ

}
, i.e., 𝑚 = (1,0,0), we can simplify

Eq. (2) into the form(
1+α

2)
θ̇ = h′ϕ +αh′θ −αk cosθ sinθ ,(

1+α
2)sinθϕ̇ = αh′ϕ −h′θ + k cosθ sinθ , (3)

where h′
θ

= hθ − ατθ̈ + ατϕ̇2 sinθ cosθ , h′ϕ = hϕ −
2ατθ̇ ϕ̇ cosθ −ατϕ̈ sinθ , with ℎ≡

(
hr,hθ ,hϕ

)
, in which hr,

hθ and hϕ is the field components along 𝑒r, 𝑒θ and 𝑒ϕ , re-
spectively. The above results show that h′

θ
and h′ϕ can be con-

sidered as an effective magnetic field, including the correc-
tion caused by the inertial effect. Using Eq. (3), it is obtained
that h′

θ
= αθ̇ − sinθϕ̇ + k cosθ sinθ , h′ϕ = θ̇ +α sinθϕ̇ . Let

g≡ h′2
θ
+h′2ϕ =

(
1+α2

)
θ̇ 2+2αk cosθ sinθθ̇ +(α sinθϕ̇)2+

sin2
θ (ϕ̇− k cosθ)2, here g does not depend explicitly on

ϕ for a uniaxial model. According to Ref. [24], we adopt
mathematical methods to find extreme values ∂g/∂ ϕ̇ = 0,
∂ 2g/∂ ϕ̇2 > 0, where it can be obtained that ϕ̇ = (k/α1)cosθ

with α1 ≡ 1+α2. Under such a reversal trajectory we find that
h′

θ
= αh′ϕ , with which we can simplify Eq. (3) as the form

hθ = αθ̇ +
α2k
2α1

sin2θ +ατθ̈ − α

2
τϕ̇

2 sin2θ , (4)

hϕ = θ̇ +
αk
2α1

sin2θ +ατϕ̈ sinθ +2ατθ̇ ϕ̇ cosθ . (5)

In the following, we need to consider what kind of time-
dependent magnetic field is added, so that the magnetization
can be easily reversed, and the smaller the applied magnetic
field, the better. It is obvious that the hr does not appear
in Eq. (3), and one can reduce the switching field by al-
ways putting hr = 0, and then h2 = h2

θ
+ h2

ϕ . We also know
that when the magnetic moment reverses, 0 ≤ θ ≤ π , i.e.,
θ̇ ≥ 0. In order to obtain a smaller magnetic moment re-
versal field, we put θ̇ = 0, and from Eqs. (4) and (5) obtain

h = (αk/(2α1))sin2θ

√
1+(α− (τk/α1)cos2 θ)2.

By using ∂h/∂θ = 0, ∂ 2h/∂θ 2 < 0, we can obtain θ =

π/4, which implies the theoretical limit value of the minimum
external magnetization reversal field (the maximum value of
the minimum applied magnetization reversal field in the trajec-
tory of magnetic moment changing from bit “1” to “0”) under
the ultrafast magnetization mechanism is determined by

hc =
kα

2α1

√
1+[1− τk/(2αα1)]

2
α2. (6)
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The above equation clearly clarifies how the inertial parameter
τ determines the theoretical limit value of the magnetization
reversal field with the different damping α , and anisotropy k.

In Eq. (6), we can see that when τ = 0, which is the in-
fluence of inertia effect is not considered, the results are con-
sistent with that of the mechanism of fast magnetization dy-
namics in Ref. [24], h1c = kα/(2

√
α1), which has a linear re-

lationship with anisotropy k and is directly proportional to α .
Also, when α is very large, whether it is ultrafast magnetism
or fast magnetism, hc gradually tend to the same value and this
value is close to the result of Stoner–Wohlfarth.[30] Theoretical
analysis of Eq. (6), we can know that under the influence of the
inertia effect, the relationship between hc and the anisotropic
parameter k is no longer a simple linear relationship, and the
relationship with α becomes more complex. From the simple
analysis, we can see that compared with the fast magnetiza-
tion dynamics, the theoretical limit value of the magnetization
reversal field in ultrafast magnetism has changed significantly.
So does this change make sense, that is can we get a better
magnetization reversal field in ultrafast magnetism than that
of fast magnetism?

From the analytical results of Eq. (6), we can find that
there is a critical value for the inertia parameter, i.e., when the
value of the external magnetic field generated is equal to the
theoretical limit value of the magnetization reversal magnetic
field under the fast magnetic mechanism, the corresponding
angular momentum relaxation time

τc = 4
αα1

k
, (7)

which is affected by the damping α and anisotropy parameter
k of the system. When the inertial parameter factor τ is greater
than this critical value, i.e., τ > τc, the theoretical limit value
of the magnetization reversal field under the ultrafast magnetic
mechanism is greater than that of the fast magnetic mecha-
nism, i.e., hc > h1c. When the inertial parameter factor is less
than this critical value, i.e., τ < τc, we have hc < h1c. This
result entirely confirms that, in ultrafast magnetism, to get a
smaller magnetic moment switching field, it is not that greater
τ is better. What is interesting is how the theoretical limit
value of the magnetization reversal field changes with the in-
crease of the inertial factor under the ultrafast magnetic mech-
anism. In order to reveal this phenomenon more accurately,
we take the derivative of hc against the inertia factor τ , i.e.,
∂hc/∂τ = 0. Through detailed calculation, we find that there
is another critical value, i.e., τ = τc/2. The inertial effect on
the theoretical limit value of the magnetization reversal field
is illustrated in Fig. 1. From Fig. 1 we observe that the the-
oretical limit value of the magnetization reversal field under
the ultrafast magnetic mechanism decreases with the increas-
ing inertial factor, as the inertial factor is less than the criti-
cal value, i.e., τ < τc/2. However, when the inertial factor is

greater than the critical value, i.e., τ > τc/2, the situation is
just the opposite. Also, when τ = τc/2, we get the smallest
limit value of magnetization reversal field under the ultrafast
magnetic mechanism

hcmin =
kα

2α1
, (8)

this equation indicates that when τ = τc/2, the limit value hc

of the magnetization inversion field is only related to Gilbert
damping and anisotropy, which is illustrated in Fig. 2. From
Fig. 2 we find that the smallest magnetization reversal field
hcmin has a linear relationship with anisotropy k and hcmin is
directly proportional to α firstly and then inversely propor-
tional.
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Fig. 1. The variation of the limit value of the magnetization reversal field
hc depends on the inertia parameter τ . The parameters are α = 0.2, 0.3,
and k = 0.25, respectively. Inset: hc vs. τ in a small range.
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Fig. 2. The smallest limit value of the magnetization reversal field hcmin
changes with damping α and the anisotropy k, in which (a) k = 0.1, 0.2,
0.3, and (b) α = 0.1, 0.2, 0.3, respectively.

We also find that the limit value of the magnetization
reversal field hc and the inertia factor τ are in a quadratic
parabolic relationship under the condition |τ− τc/2| � 2α1/k
with the help of Eq. (6). However, a larger reversal field will
be generated and the limit value of the magnetization rever-
sal field hc increases linearly with the inertial factor τ under
the the condition τ � τc/2+ 2α1/k. It is very similar to the
case that the limit value of the magnetization reversal field hc

increases linearly with the anisotropy k with the absence of in-
ertial effect τ = 0. This result shows that under the ultrafast
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magnetic mechanism, the inertial effect profoundly affects the
limit value of the magnetization reversal field. As can be seen
from Eq. (2), the inertial effect can be considered as part of
the modified effective field, which will affect the magnitude
of the critical magnetic field value. Therefore, the relationship
between the reversal field and the inertial parameter is non-
monotonic. In the experiment, the minimum magnetic field
can be driven to flip the magnetization by adjusting the inertia
effect under different materials and damping, which has great
energy-saving significance in the field of information process-
ing.

From Eq. (6) we see that the limit value of the magneti-
zation reversal field increases linearly with the anisotropy k in
the fast magnetic mechanism, i.e., τ = 0. However, under the
ultrafast magnetic mechanism, the dependence of limit value
of the magnetization reversal field on the anisotropy of the sys-
tem material has some characteristics, as shown in Fig. 3. The
critical value τc changes with the anisotropy k is plotted in
Fig. 3(a). Also, in this ultrafast magnetic mechanism it satis-
fies that hc > h1c, as τ > τc, and hc < h1c, as τ < τc, such as
the four lines above and below the blue solid line in Fig. 3(b).
With the help of Eq. (6), we find that when the inertial parame-
ter factor τ � τc, the magnetization reversal field hc increases
almost linearly with the anisotropy k of the system. It is amaz-
ing that when the inertial parameter factor is far from this crit-
ical inertia value, i.e., τ � τc, the magnetization reversal field
hc almost increases quadratically with the anisotropy k.

k
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τ/

τ/

Fig. 3. The graphical representation of the limit value of the magnetiza-
tion reversal field hc with the anisotropy k. The parameters are α = 0.5,
(a) the variation of critical inertial value τc changes with the anisotropy
k, (b) the inertial parameter factor is less, i.e., τ = 2, 5, and is larger, i.e.,
τ = 26, 30, respectively.

Under the influence of different inertial parameter factors
τ , the effect of damping on the limit value of magnetization re-
versal field is different. In order to fully observe the relation-
ship between the magnetic moment reversal field and damp-
ing, we have adopted a wide range of damping parameter val-
ues because the damping value is theoretically unlimited. For
comparison with the results in Ref. [24], we chose the larger
α , as shown in Fig. 4. The critical value τc changes with the
damping factor α , as plotted in Fig. 4(a). It can still be proved

that when the inertial parameter factor is τ less than critical
value τc, the limit value of the magnetization reversal field un-
der the ultrafast magnetic mechanism is less than that of the
fast magnetic mechanism, i.e., hc < h1c, while when the in-
ertial parameter factor is greater than the critical value τc, we
get hc > h1c. These results are shown by the four lines above
and below the blue solid line in Fig. 4(b), in which the blue
solid line denotes the case of τc. We also found when the in-
ertial parameter factor is smaller, the magnetization reversal
field hc increases almost proportional with the damping factor
α . However, when the inertial parameter is larger, the hc in-
creases first, then decreases, and then increases finally. Both
cases eventually increase until it is close to the result of the
Stoner–Wohlfarth.[3]
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Fig. 4. The illustration of the limit value of the magnetization reversal
field hc with the damping α (theoretically, α can take a larger value).
The parameters are k = 0.3. (a) The variation of critical inertial value τc
changes with damping α . (b) The inertial factor τ is less, i.e., τ = 3, 6,
and is larger, i.e., τ = 13, 16, respectively.

4. Conclusion
In summary, we investigate the magnetization reversal

field for the ultrafast (femtosecond time) processes, which is
described by the inertial LLG equation. The rich properties of
the limit value of the magnetization reversal field are discussed
in detail. The most important findings are that the inertial ef-
fect greatly affects the magnetization reversal field. In the ul-
trafast magnetism, there is a critical value τc for the inertia
parameter, which determines that the limit value of the mag-
netization reversal field, when τ < τc, the minimum magnetic
field theoretical limit value less than the fast magnetic mech-
anism will be generated. When τ = τc/2, we get the smallest
limit value of the magnetization reversal field under the ultra-
fast magnetic mechanism. We expect that these results will
have potential energy-saving significance in the field of infor-
mation processing in the future.

Appendix A: Magnetization dynamics under in-
ertial effect

By iterating Eq. (1) once, we have

𝑚̇ = −𝑚×ℎeff +α𝑚× (𝑚̇+ τ𝑚̈)

127506-4
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= −𝑚×ℎeff +ατ𝑚×𝑚̈

+α𝑚× (−𝑚×ℎeff +α𝑚× (𝑚̇+ τ𝑚̈)) . (A1)

With the help of the cross multiplication formula of vectors,
we obtain

𝑚× (𝑚×𝑚̇) = (𝑚 ·𝑚̇)𝑚− (𝑚 ·𝑚)𝑚̇=−𝑚̇. (A2)

Substituting the above result into Eq. (A1), we get(
1+α

2)𝑚̇ = −𝑚× (ℎeff−ατ𝑚̈)

−α𝑚× [𝑚× (ℎeff−ατ𝑚̈)] , (A3)

in which we take a correction ℎ′eff = ℎeff−ατ𝑚̈, and equa-
tion (2) can be obtained.

Appendix B: Inertial LLG equation in spherical
coordinates

In spherical coordinates, the second derivative of the mag-
netization can be written as

𝑚̈ = −
(
θ̇

2 + ϕ̇
2 sin2

θ
)
𝑒r +

(
θ̈ − ϕ̇

2 sinθ cosθ
)
𝑒θ

+
(
2θ̇ ϕ̇ cosθ + ϕ̈ sinθ

)
𝑒𝜙. (B1)

Substituting this relation into Eq. (1) we obtain

ατθ̈ = hθ + ϕ̇ sinθ −αθ̇ +
1
2
(
ατϕ̇

2− k
)

sin2θ , (B2)

ατ sinθϕ̈ = hϕ − θ̇ −αϕ̇ sinθ −2ατθ̇ ϕ̇ cosθ . (B3)

The equilibrium condition in our simulation is defined as θ =

π/2, ϕ = π/2, θ̇ = 0, ϕ̇ = 0. Then, by using the fourth-order
Runge–Kutta algorithm we numerically integrate Eqs. (B2)
and (B3). The diagram of the numerical inertial dynamics
has been shown in Fig. B1(a), and the schematic diagram in
Fig. B1(b) can be used to better understand the inertial mag-
netization dynamics.

1.5690

1.5695

1.5700

1.5705

1.5710
(a)

0 1 2 3 4
t

θ

(b)

heff

m

Fig. B1. The diagram of numerical inertial dynamics and schematic dia-
gram. (a) Time dependence of θ for the inertial LLG equation. (b) The
red solid dashed curve denotes schematically the magnetization nutation
by the superposition effect of Gilbert damping and inertia.

Acknowledgments
Project supported by the National Natural Science Foun-

dation of China (Grant No. 61774001), the Program of State
Key Laboratory of Quantum Optics and Quantum Optics De-
vices, Shanxi University, China (Grant No. KF202203), the
NSF of Changsha City (Grant No. kq2208008), and the NSF
of Hunan Province (Grant No. 2023JJ30116).

References
[1] Neeraj K, Awari N, Kovalev S, Polley D, Zhou Hagström N, Areka-

pudi S S P K, Semisalova A, Lenz K, Green B, Deinert J C, Ilyakov I,
Chen M, Bawatna M, Scalera V, d’Aquino M, Serpico C, Hellwig O,
Wegrowe J E, Gensch M and Bonetti S 2021 Nat. Phys. 17 245

[2] Vlasov V S, Lomonosov A M, Golov A V, Kotov L N, Besse V, Alekhin
A, Kuzmin D A, Bychkov I V and Temnov V V 2020 Phys. Rev. B 101
024425

[3] Sun Z Z and Wang X R 2005 Phys. Rev. B 71 174430
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[10] Fähnle M, Steiauf D and Illg C 2013 Phys. Rev. B 88 219905
[11] Li Y, Barra A L, Auffret S, Ebels U and Bailey W E 2015 Phys. Rev. B

92 140413
[12] Neeraj K, Pancaldi M, Scalera V, Perna S, d’Aquino M, Serpico C and

Bonetti S 2022 Phys. Rev. B 105 054415
[13] Makhfudz I, Olive E and Nicolis S 2020 Appl. Phys. Lett. 117 132403
[14] Mondal R, Berritta M and Oppeneer P M 2016 Phys. Rev. B 94 144419
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