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The nonlinear radiation of the electron is a distinctive feature of the action of tightly focused linearly polarized lasers.
In this paper, from the perspective of radiation symmetry, the effect of laser parameters on the electron radiation power in
the time domain is studied systematically. An asymmetric bimodal structure is found in the time domain in the direction
of the maximum radiation. For this special structure, an explanation is given based on the electron dynamics perspective.
The structure is compared with the symmetric bimodal structure in the classical theory. The increase in laser intensity,
while significantly increasing the radiated power of the electron, exacerbates the asymmetry of the electron radiation.
The variation in the initial phase of the laser leads to a periodic variation in the electron motion, which results in a periodic
extension of the electron spatial radiation with a period of π . Moreover, the existence of jump points with a phase difference
of π in the range of 0–2π is found. The increase in pulse width reduces the radiated power, extends the radiation range, and
alleviates the radiation asymmetry. The results in this paper contribute to the study of electron radiation characteristics in
intense laser fields.

Keywords: laser optics, nonlinear Thomson scattering, tightly focused laser, asymmetric radiation
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1. Introduction

As an approximation of Compton scattering in the low-
energy region,[1] Thomson scattering refers to the elastic scat-
tering process between a free-charged particle and an electro-
magnetic field. In the 1980s, Mourou et al.[2] proposed the
chirped pulse amplification (CPA) technique, which greatly
improved the quality of laser pulses. The CPA technique is
able to compress the width of the laser pulse and increase
the peak power.[3–5] After proper focusing, a laser with rela-
tivistic light intensity can be obtained.[6,7] This great progress
has triggered a rethinking of Thomson scattering. Under the
action of a laser of relativistic light intensity, the oscillation
speed of the electron approaches the speed of light.[8] The ef-
fect of the magnetic field on the electron has been greatly en-
hanced and is already comparable to the electric field, which
leads to the nonlinear oscillatory motion of the electron. As
a result, Thomson scattering becomes a nonlinear problem,
namely, nonlinear Thomson scattering (NTS). High-energy
rays (e.g., x-rays) produced using NTS have many applica-
tions in medical diagnostics,[9,10] nuclear physics,[11,12] and
other fields.[13,14]

A number of theoretical and experimental studies have
been conducted to discuss the radiation properties of the elec-
tron under the action of the laser pulse.[15–17] From the per-
spective of the spatial domain, Lee et al.[18] numerically sim-
ulated the spatial characteristics of Thomson scattering from

stationary single electron under the action of intense lasers
with different polarization states. Chang et al.[19] discussed
the collimation of electron radiation using tightly focused cir-
cularly polarized laser pulses colliding with an ultrahigh en-
ergy electron. From the perspective of the frequency domain,
POPA et al.[20] gave an exact calculation of Thomson scat-
tering higher harmonics. Hartemann et al.[21] proposed that
the use of circularly polarized laser pulses with a planar enve-
lope could effectively improve the monochromatic nature of
the electron radiation. However, most of the existing studies
focus on the spatial and frequency domains, while ignoring the
radiation phenomenon of the electron in the time domain. To-
day, Cao et al.[22] exploited the nonlinear Thomson scattering
to achieve a single attosecond pulse. Lü et al.[23] used tightly
focused laser pulses to interact with the electron and found the
phenomenon of asymmetric radiation of the electron. How-
ever, the study by Lü et al. was limited to laser pulses with
specific parameters and ignored the discussion in the general
case.

To solve the above problems, the effects of various pa-
rameters on electron radiation under the action of a tightly fo-
cused linearly polarized laser pulse are comprehensively stud-
ied. The results show that although the increase in laser inten-
sity can significantly increase the maximum radiated power, it
exacerbates the asymmetry of electron radiation. On the con-
trary, the increase in the pulse width reduces the maximum
radiated power and alleviates the asymmetry of the electron
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radiation. In addition, the increase in the pulse width expands
the radiation range. With the variation in the initial phase, we
also find a periodic variation in the electron asymmetric ra-
diation with a period of π . In the range of 0–2π , there exist
jump points with the phase difference of π . Considering the
above phenomenon, reasonable explanations are given based
on electrodynamics.

The rest of the paper is organized as follows. In Section 2,
based on electrodynamic principles, expressions for the elec-
tromagnetic field of laser, equation of motion of the electron,
and the electron radiation (i.e., NTS radiation) are derived. In
Section 3, the effects of laser intensity, initial phase, and pulse
width on the electron radiation are analyzed. From the per-
spective of the time domain, we focus on the characteristics
of electron asymmetric radiation. In Section 4, the effects of
laser parameters on the electron asymmetric radiation are sum-
marized. In addition, the prospects of the application of this
research are presented.

2. Theory and formula

This paper is based on a single-electron model for numer-
ical simulation, which has the advantage of high accuracy and
high speed. The model is beneficial to improve the safety and
effectiveness of detecting laser parameters.

In the numerical simulation, the electron is set at the co-
ordinate origin. The electron interacts with a Gaussian tightly
focused linearly polarized laser pulse. The pulse propagates in
the +z direction, as shown in Fig. 1.

e-

y

z

x

Laser pulse
Radiation

Observer

θ

Φ

Fig. 1. Diagram of a tightly focused linearly polarized laser pulse inter-
acting with a stationary electron.

Based on the single-electron model, the rest mass of the
electron m = 9.11× 10−31 kg, and the charge of the electron
e = 1.6× 10−19 C. Meanwhile, the wavelength of the laser
pulse λ0 = 1 µm and the wave number k0 = 2π/λ0. The laser
frequency is ω0. The laser amplitude is a0, which is a dimen-
sionless physical quantity. The laser intensity is I in W·cm−2.

Note that a0 = 0.85×10−9
√

Iλ 2
0 .

In the next sections, the spatial and temporal coordinates
in each equation have been normalized by k−1

0 and ω
−1
0 .

2.1. Laser pulses

As mentioned in Section 1, the intensity of the laser pulse
can reach the level of relativistic light intensity after focus-
ing on a small dimension. Therefore, a detailed study of
the laser electric and magnetic fields near the beam focus is
required.[24] However, the field description based on low-order
Gaussian beams is not precise enough. Some scholars adopted
the near-axis approximation treatment to reduce the compu-
tational effort of numerical simulation.[17,19] The method ig-
nored the effect of the longitudinal field, which led to a high er-
ror between the simulation results and the actual situation.[17]

In contrast, the description of the laser electric and magnetic
fields using higher-order field effects is more accurate.

The laser beam shown in Fig. 1 is modeled by a linearly
polarized vector potential along the +x axis. Based on the
higher-order field effects of the laser electric field, the three
components of 𝐸 can be expressed as[24,26]

Ex = EL

{
S0 + ε

2
[

ξ
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4

]
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4
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− ρ2S3

4
−

ρ2
(
ρ2−16ξ 2

)
S4

16

−
ρ4
(
ρ2 +2ξ 2

)
S5

8
+

ρ8S6

32

]}
, (1)
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, (2)
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2
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5
[
− 3C3

8
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+
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16

− 3ρ6C6
8

+
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32

]}
. (3)

Similarly, the magnetic field component of a laser pulse can
be described as[24,26]

Bx = 0, (4)

By = EL

{
S0 + ε

2
[

ρ2S2

2
− ρ4S3

4

]
+ε

4
[
−S2

8
+
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4
+

5ρ
4S4

16
− ρ6S5

4
+

ρ8S6

32

]}
, (5)

Bz = ELκ

{
εC1 + ε

3
[

C2

2
+

ρ2C3

2
− ρ4C4

4

]
+ε

5
[

3C3

8
+

3ρ2C4
8

+
3ρ4C5

16
− ρ6C6

4
+

ρ8C7

32

]}
, (6)

where ξ = x/w0, κ = y/w0, r2 = x2 + y2, and ρ = r/w0.
ε = w0/zR is the diffraction angle, which is capable of mea-
suring the divergence of the beam. In tightly focused intense
laser pulses, the ε5 term contributes to ensure the accuracy of
describing the electromagnetic field. w0 is the waist radius.
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The cross section through the z-axis at any point is also circu-

lar with a radius of w = w0

√
1+(z/zR)

2. zR = πw2
0/λ0 is the

Rayleigh length.
The remaining physical quantities in Eqs. (1)–(6) can be

expressed as[25]

EL = E0
w0

w
e−

η2

L2 −
r2

w2 , (7)

sn =
(w0

w

)n
sin(ϕ +nϕG) , n = 0,1,2, . . . , (8)

Cn =
(w0

w

)n
cos(ϕ +nϕG) , n = 0,1,2, . . . , (9)

𝐸 =−1
c

∂𝐴

∂ t
, 𝐵 =∇×𝐴, (10)

where E0 = a0ω0mc/e is the electric field amplitude. c is
the speed of light, and c = 3× 108 m · s−1. η = ω0t − k0z.
L is the pulse width, i.e., half height full width. The phase
ϕ = ϕP +ϕG−ϕR +ϕ0. ϕP is the plane wave phase. ϕG =

tan−1z/zf is the Gooey phase related to the Rayleigh length.
ϕR = ω0(x2 +y2)/(2cR) is the phase relevant to the wavefront
curvature. R(z)= z(1+z2

R/z2) is the radius of curvature before
the pulsed laser. ϕ0 is the initial phase, which is determined by
the laser. It is worth noting that the fields given should satisfy
Maxwell’s equation ∇ ·𝐸 = ∇ ·𝐵 = 0.

2.2. Motion of electron

Under the action of a tightly focused intense laser pulse,
the equation of motion of electron can be determined by the
Lorentz equation and the energy equation[25]

d𝑝
dt

=−e[𝐸+𝑢×𝐵], (11)

dW
dt

=−ec𝑢 ·𝐸, (12)

where 𝑝 = γmc𝑢 is the momentum. W = γmc2 is the energy.
γ = (1−u2)−1/2 refers to the relativistic formula factor, which
is used for normalization. 𝑢 is the speed normalized by the
speed of c.

By observing Eqs. (11) and (12), both the laser electric
field and the laser magnetic field in Subsection 2.1 affects the
characteristics of the motion of the electron.[17] Meanwhile,
Eqs. (11) and (12) are in the form of differential equations
and are highly coupled. Considering the complexity of the
equations, it is difficult to derive a general analytical solution.
Combining Eqs. (1)–(6), differential equations are solved nu-
merically using the Runge–Kutta–Fehlberg (RKF45) method.
Then, we can obtain the trajectories, velocities, and accelera-
tions of the electron. Since the higher order field effects are
taken into account in Subsection 2.1, the numerical solution is
more accurate.

2.3. Angular distribution of spatial radiation

When the electron does relativistic acceleration motion
in the intense laser field, it emits electromagnetic radiation

in all directions of space. To accurately calculate the angu-
lar distribution of the NTS radiation, the right-angle coordi-
nate system in Fig. 1 is transformed into a spherical coor-
dinate system. Defining the radiation direction vector 𝑛 =

(sinθcosΦ ,sinθsinΦ ,cosθ), Φ is the azimuthal angle and θ

is the polar angle (marked in Fig. 2). The electromagnetic ra-
diation power per unit solid angle can be expressed as[23]

dP(t)
dΩ

=

[∣∣∣𝑛×[(𝑛−𝑢)×
(

d𝑢
dt

)]∣∣∣2
(1−𝑛 ·𝑢)6

]
t ′
, (13)

where P(t) is radiation power and dP(t)/dΩ is normalized
by e2ω2

0/(4πc). t ′ is the delay time of the electron. t is
the moment when the observer receives the radiation. t =
t ′+ d0−𝑛·𝐷. Note that d0 is the distance between the ob-
servation point of the detector and the point of action of the
laser and the electron. 𝐷 is the position vector of the electron.

The radiated energy per unit stereo angle of the electron
can be considered as the accumulation of radiated power over
a period of time. Hence, it can be expressed as the integral of
the radiated power per unit stereo angle

dW
dΩ

=
∫ +∞

−∞

∣∣∣𝑛×[(𝑛−𝑢)×
(

d𝑢
dt

)]∣∣∣2
(1−𝑛 ·𝑢)6 dt. (14)

3. Numerical results
In this paper, the radiation is observed on a sphere with

a radius of 1 m centered at the origin of the coordinates. To
eliminate the effects due to orders of magnitude, the radiated
power of the electron is normalized (i.e., divided by the max-
imum radiated power of the electron in the spatial domain).
As shown in Fig. 2, the color scale from blue to yellow indi-
cates the radiated power of electron gradually increases. The
brightest color (i.e., the yellowest place) indicates the maxi-
mum radiated power. The direction of the ray from the point
of origin through this observation point is defined as the maxi-
mum radiation direction. In other words, the maximum radia-
tion direction includes the azimuthal angle φmax and the polar
angle θmax.

.

.



↩.

↩.
↩.
↩. .


.

sinθcosφ

si
n
θ
si
n
φ

1.0

0.8

0.6

0.4

0.2

dP↼t↽/dΩmax

Fig. 2. Schematic diagram of the spatial spectrum of electron power
radiation.

124205-3



Chin. Phys. B 32, 124205 (2023)

It should be noted that the laser wavelength λ0 = 1 µm in
this paper. In this section, the laser intensity I is characterized
by the laser amplitude a0 (see the beginning of Section 2 for
the specific expression).

3.1. Laser intensity

According to the expression for the vector potential of a
Gaussian laser pulse, the laser intensity is on the exponential
term coefficient of the vector potential. Therefore, the increase
in the laser intensity makes the vector potential change drasti-
cally. This drastic change directly affects the spatial radiation
distribution of the electron.

3.1.1. Motion of the electron

As can be seen from Fig. 3, the motion of the electron un-
der the action of a tightly focused linearly polarized laser con-
sists of two main stages. In the first stage, the electron moves
oscillating around the central axis of laser propagation, along
the positive direction of the z-axis. The electron’s velocity
changes violently between two adjacent deflection points. Fi-
nally, the electron reaches the maximum radial distance from
the central axis. In the second stage, after the electron expe-
riences a violent acceleration, the rear of the laser is unable
to decelerate the electron vertically to the previous situation.
Therefore, the electron moves away from the central axis and
gains energy.

0 0.5 1.0 1.5 2.0
-0.3

-0.2

-0.1

0

0.1

0.2 (a)

0 50 100 150
-2

-1

0

1

2
(b)

0 1000 2000 3000 4000
-10

-5

0

5

10
(c)

Fig. 3. Electron motion trajectories under the action of lasers of different laser intensities. The beam waist w0 = 3λ0, the pulse width L = 3λ0,
and the initial phase ϕ0 = 0. The laser intensity is (a) a0 = 1, (b) a0 = 6, (c) a0 = 10.
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(b)

a0/

a0/

a0/

a0/

a0/

a0/

t

t

d
t
U
z

d
t
U
x

Fig. 4. Variation in acceleration of the electron under the action of
lasers of different laser intensities. Beam waist radius w0 = 3λ0, pulse
width L = 3λ0, and the initial phase ϕ0 = 0. (a) Variation in transverse
acceleration dtUx, (b) variation in longitudinal acceleration dtUz.

The above two stages of motion are closely related to the
intensity of the laser. When the laser intensity increases, the
maximum radial distance reached by the electron is greater in
the first stage. In the second stage, the off-axis motion of the
electron becomes more pronounced. The specific reason can

be explained based on the changes in the acceleration of the
electron. As shown in Fig. 4, under the action of more intense
laser pulse, the laser interacts with the electron for a longer pe-
riod of time. The acceleration of the electron increases signif-
icantly. The electron is able to gain more energy. Meanwhile,
the speed of the electron increases. This also explains the
longer distance the electron oscillates in the first stage when
the laser intensity increases (see Fig. 3).

In particular, when a0 > 6, the acceleration of the electron
changes extremely drastically, thus intensifying the oscillatory
motion of the electron in the first stage. Moreover, the move-
ment of the electron away from the central axis is more pro-
nounced in the second stage. The characteristic of the electron
motion leads to a change in the distribution of spatial radia-
tion, i.e., the bifurcation phenomenon. This feature will be
described in Subsection 3.1.2.

3.1.2. Spatial distribution of electron radiation

The Lorentz force generated by the laser magnetic field
causes an enhanced longitudinal motion of the electron. The
sharp change of longitudinal velocity causes the nonlinear
characteristics of radiation. As depicted in Fig. 5, the increase
in laser intensity leads to a smaller angular range of radia-
tion. This phenomenon can be explained using the proper-
ties of electron motion in Subsection 3.1.1. The radiation pro-
duced by the electron is mainly concentrated in the direction
of the motion.[8] Under the action of intense laser pulse, the
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velocity of the electron motion is mainly in the longitudinal
direction. When the laser intensity increases, the longitudi-
nal motion of the electron is more pronounced. Therefore, the
radiation angle of the electron is subsequently reduced. The
phenomenon indirectly indicates the improvement of the col-
limation of the electron radiation, which is another main char-
acteristic of electron nonlinear radiation.[19]

In Subsection 3.1.1, we mentioned that the acceleration of
the electron changes extremely drastically when a0 > 6. This

drastic change leads to a bifurcation of the electron radiation

in the space domain. In Fig. 5(b), when a0 = 6, the electron

radiation appears as two peaks in space. When a0 > 6 the

spatial distribution of electron radiation bifurcates, as shown

in Fig. 5(c). The increase in laser intensity leads to a larger

vector potential gradient. The velocity and acceleration of the

electron at different positions vary considerably. As a result,

radiation bifurcation occurs.

(a)
a0/

(b)
a0/

(c)

a0/

d
P
↼t
↽/
d
Ω

d
P
↼t
↽/
d
Ω

d
P
↼t
↽/
d
Ω

1.0

.

.

.

.



Fig. 5. Spatial distribution of electron radiation power under the action of lasers of different laser intensities. The beam waist w0 = 3λ0, the
pulse width L = 3λ0, and the initial phase ϕ0 = 0. The laser intensity is (a) a0 = 1, (b) a0 = 6, (c) a0 = 10.

3.1.3. Asymmetric radiation in the time domain

The dramatic changes in the electron acceleration lead
to large differences in the radiated power from different an-
gles. In this paper, the maximum value of the electron radi-
ated power is defined as the peak power. We have defined the
maximum radiation direction at the beginning of Section 3. As
vividly shown in Fig. 6, in the direction of maximum radiation,
a double peak appears on the curve of the radiated power per
unit stereo angle versus time for the electron.

Lee et al. also found a double-peaked phenomenon of
electron radiation in the time domain called the double-pulse
structure.[27] In this paper, we refer to this phenomenon as the
bimodal structure in the time domain for ease of understand-
ing. In the following sections, the bimodal structure refers to
the curve of the electron unit stereo angular radiation power

versus time in the direction of maximum radiation. The bi-

modal structure in the time domain is a special phenomenon

under the action of a linearly polarized laser. The appearance

of the bimodal structure is mainly related to the longitudinal

movement of the electron.[8,28] During half a period under the

action of a linearly polarized laser (i.e., when the electron

moves toward φ = φmax, θ = θmax), there exist zero points

in the derivative of the longitudinal momentum of the elec-

tron with respect to time.[8,27] The acceleration of the electron

produces peaks in radiated power for a brief period of time.

The brief time is due to the delay time between the detector

and the electron.[18,27] Therefore, the radiated power per unit

stereo angle of the electron has two distinct peaks in the time

domain.
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However, compared to Lee’s study, the bimodal structure
we found is asymmetric. A tightly focused linearly polarized
laser is different from a plane wave laser. The plane wave laser
cannot achieve acceleration of the electron. Under the action
of a plane wave laser, the acceleration and deceleration of the
electron cancel each other out. Thus, the velocity of the elec-
tron is not increased. However, under the action of a tightly
focused linearly polarized laser, the electron is able to main-
tain a certain speed and gain energy. Therefore, the bimodal
structure we found is asymmetric under the action of a tightly
focused linearly polarized laser.

As shown in Fig. 6, the bimodal structure in the time do-
main is significantly changed under the action of more intense
laser pulses. In order to clearly compare the differences in
the bimodal structure, we defined three parameters: the maxi-
mum radiated power dP(t)/dΩmax, the symmetry coefficient
S, and the bimodal interval ∆t. dP(t)/dΩmax is the power at
the highest peak. The symmetry coefficient S is to measure
the symmetry of the bimodal structure defined as the ratio of
the secondary peak to the primary peak. Its range is (0,1). The
closer the symmetry coefficient S is to 1, the better the symme-
try of the bimodal structure is. ∆t is the difference between the
moment of peak appearance tmax and the moment of secondary
peak appearance ts max, ∆t = |tmax− ts max|.

Table 1. Parameters of the bimodal structure in lasers of different laser
intensities.

a0 dP(t)/dΩmax S ∆t (fs)
1 4.3612 0.9929 0.0377
6 2.12×106 0.8208 0.0269

10 4.70×107 0.7204 0.0141

The specific data for the above parameters in Fig. 6 are
shown in Table 1. The peak of electron radiation power in-
creases under the action of more intense laser pulses. Ac-
cording to Eq. (13), it can be found that the radiated power of
the electron is related to the acceleration of the electron. The
higher the intensity of the laser, the greater the acceleration of
the electron, and the consequent increase in the peak power of
the radiation. However, under the action of more intense laser
pulse, the symmetry of the electron radiation decreases signif-
icantly, and the bimodal interval becomes smaller. Note that
the increase in laser intensity is unable to increase the maxi-
mum radiated power as well as the symmetry of the bimodal
structure at the same time.

As for the higher intensity laser pulses, they will be
specifically analyzed in the next section in combination with
the initial phase.

3.2. Initial phase

In practice, the intensity of the laser is often limited in or-
der to ensure the safety of the experiment. Within the limited

laser parameters, the initial phase can be adjusted to obtain a
larger radiated power. When the pulse width (i.e., half height
full width) of the intense laser is larger, the number of elec-
tron oscillations increases. As a result, the effect of the initial
phase on the electron radiation is masked.[29] In this section,
the pulse width of the laser is 3λ0, and the effect of the initial
phase is well represented. It is important to note that the initial
phase of the laser in this section varies from 0 to 2π with an
interval of π/18.

3.2.1. Periodic extension

Based on Subsection 3.1.1, the motion of the electron
mainly consists of two stages. The initial phase can change
the maximum radial distance reached by the electron in the
first stage. In the second stage, the initial phase is able to
change the direction of the electron away from the central
axis. As vividly depicted in Fig. 7, when the laser intensity
is fixed (e.g., a0 = 25), the motion trajectory of the electron
obeys a periodic variation with a period of 2π . When the initial
phase difference is π , the trajectory of the electron is symmet-
ric about the propagation central axis. In other words, when
the initial phase increases by π , the electron has equal maxi-
mum radial distance in the first stage. In the second stage, the
electron flips once in the direction away from the central axis.
When the initial phase is changed by 2π , the trajectories of the
electron almost overlap.

As can be seen from Fig. 8, it can be concluded that the
spatial radiation of the electron is mainly concentrated in the
plane of polarization (XOZ plane). It also indicates that the az-
imuth angle Φmax can only take the value of 0 or π . In Fig. 9,
we plotted the variation in azimuthal angle Φmax and polar an-
gle θmax under the action of lasers with different initial phases.
The azimuth angle Φmax is flipped once when the initial phase
changes by π . Interestingly, when the initial phase changes
by π , the electron changes once in the direction away from
the central axis in the second stage (as mentioned above). If
the azimuthal angle Φmax = 0, it means that the maximum ra-
diated power is generated when the velocity of the electron
in the x-direction (i.e., ux) is positive. If the azimuthal angle
Φmax = π , it means that the maximum radiated power is gen-
erated when the velocity of the electron in the x-direction (i.e.,
ux) is negative. Therefore, the maximum radiation direction is
closely related to the trajectory of the electron. In addition, it
can be found that the polar angle θmax shows a periodic varia-
tion with a period of π . Within a period (marked in Fig. 9), the
polar angle θmax shows an overall increasing trend. Consider-
ing that the polar angle θmax is less than π/2, the radiation of
the electron is forward radiation.

Based on the azimuthal angle Φmax and polar angle θmax

shown in Fig. 9, the maximum radiation direction can be deter-
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mined. Therefore, we plotted the curve of the radiated power
per unit stereo angle of the electron with time in the direction
of maximum radiation, as shown in Fig. 10. It can be found
that there is also a periodic variation in the bimodal structure
in the time domain. Due to the large number of selected initial

phases, it is not possible to describe each bimodal structure by
amplification. Therefore, we still describe the bimodal struc-
ture with the parameters in Subsection 3.1.3, i.e., the maxi-
mum radiated power dP(t)/dΩmax, the symmetry coefficient
S, and the bimodal interval ∆t.
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As shown in Fig. 11, the maximum radiated power
dP(t)/dΩmax shows a periodic variation. Interestingly, the
variation period of dP(t)/dΩmax is π , which is half of the pe-
riod of the electron motion trajectory. According to Eq. (13),
it can be found that the radiated power of the electron is non-
negative. Given the above analysis, it can be determined that
the trajectory of the electron is symmetric about the central
axis when the initial phase differs by π . In other words,

the maximum radial distance is the same, while the direction
away from the central axis is different. Therefore, the radiated
power per unit stereo angle of the electron is the same when
the initial phase differs by π . The only difference is whether
the velocity of the electron in the x direction (i.e., ux) is pos-
itive or negative when the maximum radiated power is gener-
ated. This is why the maximum radiated power dP(t)/dΩmax

shows a periodic extension with a period of π .
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Combining Figs. 11 and 12, it is found that the symmetry
coefficient S, the bimodal interval ∆t, and the moment of peak
appearance tmax also show periodic variations with a period
of π . However, the changes of S, ∆t and tmax are discontinu-
ous. There are large jumps in S, ∆t and tmax at the articulation
of some phases. In contrast, the maximum radiated power of
electron dP(t)/dΩmax is more continuous. The specific cycle
intervals have been labeled in Figs. 11 and 12. The specific
reasons for the jump will be described in Subsection 3.2.2.

In one cycle, the maximum radiated power of the elec-
tron dP(t)/dΩmax increases and then decreases. The max-
imum value of dP(t)/dΩmax is obtained in the middle of a
cycle. The symmetry of the bimodal structure shows an over-

all increasing trend within one cycle. In addition, the peak
appearance moment tmax and the bimodal interval ∆t show an
overall decreasing trend within one cycle. Therefore, within
the limited laser intensity, the maximum radiated power, or
the bimodal structure with better symmetry, can be obtained
by adjusting the initial phase.

3.2.2. Jumping point

In Subsection 3.2.1, the symmetry coefficient S, the peak
appearance moment tmax and the bimodal interval ∆t show sig-
nificant changes at some initial phases. Taking a0 = 25 as an
example, it can be found that S, ∆t, and tmax all change sig-
nificantly at the same phase. This phase is called the jump
point. As the initial phase varies from 0 to 2π , the asymmetric
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radiation of the electron undergoes two jump points. For ex-
ample, when a0 = 25, the jump points are ϕ0 = 134π/180 and

314π/180 (determined by numerical simulations with higher
accuracy).
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Combined with Figs. 9–12, the phenomenon of the jump
point can be explained. The jump point arises due to the jump
in the direction of maximum radiation, i.e., the jump in the
azimuthal angle Φmax. To be more precise, the change in ve-
locity of the electron in the x-direction (i.e.,ux) leads to the
jump point. In Subsection 3.2.1, we pointed out the specific
relationship between the azimuthal angle Φmax and ux. Tak-
ing a0 = 25 as an example, the maximum radiated power of
the electron at ϕ0 = 133π/180 is generated by ux being posi-
tive. The variation in the initial phase causes a change in the
electron velocity.[29,30] When ϕ0 = 134π/180, the maximum
radiated power of the electron when ux is negative exceeds that
when ux is positive. Therefore, the maximum radiation direc-
tion then makes a jump. Meanwhile, the asymmetric radiation
of the electron also undergoes a large change, i.e., a jump in
the bimodal structure (see Figs. 10(b) and 10(d)). The max-
imum radiated power dP(t)/dΩmax is not directly related to
the direction of ux, so it is continuous.

As shown in Fig. 13, the bimodal structure is plotted be-
fore and after the jump point in the direction of maximum ra-
diation. It can be clearly seen that after the jump point, the
bimodal structure of the electron has a worse symmetry. This
phenomenon is consistent with the findings in Fig. 11. Inter-
estingly, the distance between the two jump points differs by
π in the range of 0–2π . This distance is equal to the period of
change of the electron asymmetric radiation.

Note that after extensive numerical simulations, it was
found that there is always a jump point in the asymmetric radi-
ation of the electron, regardless of the laser intensity. In other
words, the jump point is the necessary point for the effect of

the initial phase on the asymmetric radiation of the electron.

3.3. Effect of laser intensity on electron asymmetric radia-
tion considering the initial phase

In Subsection 3.2, it can be found that the maximum radi-
ated power or a bimodal structure with optimal symmetry can
be obtained by adjusting the initial phase within a finite laser
intensity. In particular, the effect of the initial phase cannot be
neglected under the action of an intense laser with short pulse
width (a0≥ 15, L= 3λ0). Based on the conclusions in Subsec-
tion 3.2.1, the effect of laser intensity on electron asymmetric
radiation is discussed specifically, in particular, the variation
in the bimodal structure.
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It should be declared that dP(t)/dΩmax|a0 is the max-
imum radiated power that can be obtained by adjusting
the initial phase within a finite laser intensity. Intuitively,
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dP(t)/dΩmax|a0 is the maximum value of dP(t)/dΩmax as
shown in Fig. 11. Similarly, coefficient of symmetrymax|a0 is
the maximum symmetry coefficient that can be obtained by ad-
justing the initial phase within a finite laser intensity, i.e., the
maximum value of coefficient of symmetry shown in Fig. 11.

As shown in Fig. 14, the maximum radiated power that
can be achieved under the action of a more intense laser in-
creases. However, the symmetry of the bimodal structure de-
creases significantly. This conclusion is in agreement with the
one in Subsection 3.1.3.

3.4. Pulse width

It is emphasized again that the pulse width in this paper
is half height full width. Based on Eq. (7), the pulse width
of the laser affects the electromagnetic field component of the
laser, which in turn affects the motion characteristics of the
electron. The maximum acceleration of the electron is defined
as the maximum amplitude of the change in acceleration. It
can be observed from Fig. 15 that the maximum acceleration
decreases as the laser pulse increases. Under the action of the
short-pulse laser, the acceleration of the electron is greater, and
the time required for the electron to accelerate to the speed of
light is shorter.

The increase in pulse width causes a more intensive and
violent acceleration change. This change leads to a significant
change in the spatial domain of the electron radiation. Under
the action of a short-pulse laser, the number of electron accel-
erations is limited, and thus the radiation range of the electron
is smaller. When the pulse width increases, the violent acceler-
ation changes cause the coupling of electron radiation, which
increases the radiation range (see Fig. 16).

Similarly, we plotted the asymmetric bimodal structure

under the action of lasers of different pulse widths. As de-
picted in Fig. 17, the maximum radiated power of electron
dP(t)/dΩmax decreases as the pulse width of the laser in-
creases. From the perspective of electron dynamics, the de-
crease in the maximum acceleration leads to a decrease in the
electron radiated power. Meanwhile, the moment of peak ap-
pearance tmax becomes longer. This phenomenon is caused, on
the one hand, by the increase in the number of radiated attosec-
ond pulses.[8] On the other hand, it is affected by the decrease
in the maximum acceleration of the electron.
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As the pulse width of the laser increases, the maximum
radiated power of the electron decreases. However, the asym-
metry of electron radiation is well mitigated. As shown in
Fig. 18, when the pulse width of the laser is small (e.g.,
L ≤ 3λ0), there are drastic changes in the maximum radiated
power and symmetry coefficient of the electron. When the
pulse width of the laser is larger, the variation in both is smaller
and stabilizes.

3.5. Radiation spectrum

In addition, we investigated the effect of laser parameters
on the electron radiation spectrum to deepen the understand-
ing of nonlinear Thomson scattering. As shown in Fig. 19, un-
der the action of intense laser pulses, the electronic harmonic
radiation energy oscillates decreasingly as the harmonic radia-
tion frequency increases, and finally tends to stabilize. In other
words, there appear multiple peaks and near-zero valleys in the

electronic harmonic radiated energy. When the laser intensity
increases or the pulse width decreases, the maximum energy of
the electronic harmonic radiation is increased. Meanwhile, the
redshift phenomenon in the frequency domain is present.[31]

Based on the properties of the spectrum, it can be inferred that
the electron produces coherent radiation.[18,28,32]

Interestingly, there is also a periodic variation in the maxi-
mum energy of the electronic harmonic radiation with a period
of π when the initial phase varies (see Fig. 20).
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4. Conclusion and perspectives
Under the framework of the single-electron model, the

influence of laser parameters on the electron nonlinear radi-
ation is systematically studied. In the direction of maximum
radiation, a bimodal structure exists in the time domain. The
increase of laser intensity, while significantly increasing the
electron radiation power, intensifies the asymmetry of elec-
tron radiation. Especially when a0 > 6, the oscillatory motion
of electron is more violent, which causes the spatial distribu-
tion of electron radiation to bifurcate. Based on the view of
electron dynamics, an explanation for the asymmetric bimodal
structure is given. The variation in the initial phase leads to a
periodic variation in the electron motion with a period of 2π .
Considering the non-negativity of the electron radiated power,
the maximum radiated power of the electron and its observed
direction vary periodically with a period of π . The existence
of jump points with a phase difference of π in the range of
0–2π is found. Moreover, the increase in pulse width reduces
the radiation power, expands the radiation range, and alleviates
the asymmetry of the radiation. In the frequency domain, the
variation in the electron harmonic radiated energy is analyzed
to enhance the understanding of the NTS. The findings of this
paper contribute to the understanding and application of the
nonlinear radiation of the electron in intense lasers. Based on
the above conclusions, by adjusting the laser intensity, initial
phase, and pulse width, a radiation source with higher power
and better symmetry can be obtained.
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