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Based on the hierarchical equations of motion (HEOM) calculation, we theoretically investigate the corresponding
control of a triangular triple-quantum-dots (TTQD) ring which is connected to two reservoirs. We initially demonstrate
by adding bias voltage and further adjusting the coupling strength between quantum dots, the chiral current induced by
bias will go through a transformation of clockwise to counterclockwise direction and an unprecedented effective Hall angle
will be triggered. The transformation is very rapid, with a corresponding characteristic time of 80–200 ps. In addition, by
adding a magnetic flux to compensate for the chiral current in the original system, we elucidate the relationship between
the applied magnetic flux and the Berry phase, which can realize direct measurement of the chiral current and reveal the
magnetoelectric coupling relationship.
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1. Introduction
Electricity to operate a low-dimensional magnetic struc-

ture has been an experimental and theoretical research topic
over the past twenty years. A variety of configurations have
been explored for the electric control of magnetism, such
as skyrimions and magnetic domain walls.[1–7] Specifically,
in metallic and insulating magnets, electric driven magnetic
structure is more ingenious to manipulate and produce ultra-
low power consumption, so electric control is highly preferred
over magnetism for spin structure regulation. The early inves-
tigators have opened the way to efficient control of magneti-
zation through charge transport. Zhang et al. revealed when
the strong current pulse is applied, a skyrmion will rotate its
helicity between π/2 and −π/2 based on J1–J2–J3 classical
Heisenberg model.[8] Subsequently, the inversion of helicity
in a skyrmionic bubble by pure electricity has been demon-
strated via a nanostructured frustrated magnetic system.[9]

Many studies have been performed to take advantage of this
property and the skyrmions are widely used to write qubit
states, which can be encoded by the helicity degree.[10–12]

Nevertheless, despite tremendous progress, the skyrmion size
remained on the order of 100 nm and the current pulse-induced
helicity rotation showed randomness.

The recent work related to encoding quantum information
using the spin states of quantum dots also generated great ex-
citement, as it fulfilled what were then understood to be the
key criteria for quantum computation. Therefore in this paper,

we focus on the triangular triple-quantum-dots (TTQDs) sys-
tem, which is considered as a minimal magnetic structure ex-
hibiting topological properties with three local spins S1,S2 and
S3, Si = (Sxi, Syi, Szi) (i= 1, 2, 3). The parameters of the TTQD
system can be controlled effortlessly, including the bias, grid
voltage, pulse signal and interaction strength.[13–16] The chi-
rality in TTQDs, expressed in terms of the spin circulation di-
rection, can be reversed under bias which provides a viable ap-
proach to quantum information processing, complementary to
superconducting qubits.[17–19] The qubit formed by the three
spins can protect quantum information from collective noises,
and thus it can resist a full set of random charge fluctuations.
Moreover, the application of TTQDs to quantum computing
enables scalability in large-scale circuits.[20–22] Through simu-
lation calculation, we find that under the external bias, the chi-
ral operator will split the four-fold degenerate ground states to
two chiral state pairs: clockwise (CW) and counterclockwise
(CCW) chiral states.

2. Methods
Figures 1(a) and 1(b) show the TTQD structure composed

of three coupled quantum dots, where QD2 and QD3 are cou-
pled to the electron reservoirs L and R, respectively. The cou-
pling strength between QD2 and QD3 is described by t, which
can be tuned independently of the other coupling, t0, between
QD1 and QD2, QD1 and QD3 with single occupation on each
dot. The dominant of two chiral states can be further ma-
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nipulated by the coupling strength t/t0 between QDs in the
Coulomb blockade regime, as shown by the current circulation
direction flipping from the CW to the CCW (see Fig. 1(c)). As
a result, the two chiral states can be used to encode qubits
and fully use electrical control of the TTQDs under an ad-
justable coupling strength with ultrafast turnover time. In ad-
dition, since the chiral current is not easy to be measured di-
rectly in the experiment, we propose to compensate for the
chiral current by adding magnetic flux in the original system
and further obtain the relationship between the effective mag-
netic flux phase factor and Berry phase.

The Anderson impurity model of TTQDs was used to
demonstrate the proposed approach. Figure 1(a) shows that
an electron occupies each quantum dot with spin 1/2. The to-
tal system Hamiltonian is HT = Hdots +Hres +Hcoup. Using
the hierarchical equations of motion (HEOM) approximation
in the Lorentz hybrid function, which has a universal formal-
ism for an arbitrary system Hamiltonian, we proceed from an
isolated TTQD and the t–J–χ Hamiltonian can be obtained by
perturbing t in Hdots (the detailed derivation of the model is
shown in Appendix and Refs. [20,23,24]):

Heff = −t(1−n)∑
jk,s

(d̂†
jsd̂ks +H.c.)

+J ∑
j<k

(
𝑆̂ j𝑆̂k−

1
4

n̂ jn̂k

)
+χ𝑆̂1 · (𝑆̂2× 𝑆̂3), (1)

where n is the average occupancy on each quantum dot.[25–27]

J-term is the Heisenberg exchange interaction, where J =

4t2/U . Under the half-filling situation, n = 1, the first item
disappears. The last item is the chiral term, where χ =

24t12t13t23 sin(2πφ/φ0)/U2, φ is the applied magnetic flux,
and φ0 = hc/e is the flux quantum. According to the Hellman–
Feynman theorem,[28] we define the chiral current operator

Ĵc = − e
h̄

〈
∂ Ĥdots

∂φ

〉
=− e

h̄
∂Fdots

∂φ

= −24e
h̄

t12t13t23

U2 𝑆̂1 · (𝑆̂2× 𝑆̂3), (2)

where Fdots is the free-energy induced by the magnetic field.
The coefficient t12t13t23/U2 represents its nonzero contribu-
tion to the lowest-order chiral current. We set t12 = t31 = t0,
t23 = t by varying t within the TTQDs to flip the chiral states.
With external reservoirs, the spin arrangement of TTQD is
non-coplanar, and the chiral symmetry is broken. The chi-
ral operator splits the four-fold degenerate ground states to

two chiral-state pairs, |q−1/2
± 〉 = 1√

3
(|↑↓↓〉+ e±

i2π

3 |↓↑↓〉+

e±
i4π

3 |↓↓↑〉), corresponding to the different transmission di-
rections between the CW and CCW of electrons (Figs. 1(a)–
1(b)). Typically, the two states are used to define |0〉 and
|1〉 qubits. When t/t0 ∼ 1, the intermediate transition state
appears in a linear superposition of CW and CCW chiral

states.[29] The chiral current Ĵc proposed here is obtained by
calculating the partial derivative of the magnetic flux of the
Hamiltonian of quantum dots, so it is essentially represented
as a chiral operator. In essence, it is characterized as the spin
gauge field generated by the interaction between three spins
𝑆̂1 · (𝑆̂2× 𝑆̂3), which has spin quantum effect. When the chi-
ral operator term acts on the chiral states of the system, the two
chiral ground states will split. The chiral circulation will be in-
duced within the whole triangular triple quantum dots, and the
chiral state of the dominant system will determine the overall
chiral current direction. The two states also can be reversed
by means of applied magnetic or temperature gradients. For
example, other work by our group also involves the regulation
of qubits by temperature gradient.
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Fig. 1. (a) Schematic diagram of the clockwise chiral current in the
TTQD with QD2 and QD3 connected to reservoirs L and R, respec-
tively, and (b) the counterclockwise counterpart. (c) Chiral current
as a function of bias voltage V under different t/t0, without magnetic
flux. (d) Free evolution time of chiral current Jc under bias voltage
V = 0.2 mV and 0.48 mV. The parameters are (in meV) ε = −0.5,
U = 1.0, and t = 0.25. The system–reservoir coupling strength is
∆ = 0.025, and kBT = 0.05.

3. Result

For the TTQDs using HEOM method, the paraments were
selected as the single occupation energy and Coulomb in-
teraction ε = −U/2 = −0.5 meV.[30–32] During the study,
t12 = t13 = t0 = 0.25 meV was kept unchanged. The cou-
plings between the left (right) electrodes and TTQDs were set
to ΓL = ΓR = ∆ = 0.025 meV. Figure 1(c) shows the variation
of the chiral states in the TTQD rings, and to further deter-
mine the influence of voltage bias on qubits, we calculated the
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chiral current Jc as a function of applied bias voltage V for dif-
ferent coupling strengths (t/t0). For t/t0 < 1 (> 1), the Jc < 0
(> 0) and the extremum of Jc decreases as the TTQD system
deviates from the C3 symmetry, which is dominated by CW
(CCW) chiral states. The qubit |0〉 or |1〉 is only written as a
stable state and the chiral state remains localized. For t/t0 ≈ 1,
we found chiral current Jc oscillations between the two chiral
directions, which divide the bias range into CW and CCW re-
gions: the CW region (0 mV < V < 0.15 mV) and the CCW
region (0.15 mV < V < 0.45 mV). The flip time of the dom-
inant chiral state occurs promptly, and the typical switching
times are 80–200 ps. The time dependence of Jc is plotted in
Fig. 1(d). The flipping time of the chiral current direction from
CW to CCW is about 80 ps under V = 0.2 mV. Meanwhile, the
opposite flipping process occurs at V = 0.48 mV, correspond-
ing to a characteristic time of 120 ps. The coupling structure
of the external reservoirs with the triangular triple quantum
dot has been elaborated by wang et al.[20] They showed that in
TTQD, as the coupling between the spin gauge field and the
spin current induces a chiral current at zero magnetic field, the
bias induces scalar spin chirality, causing the qubits to be con-
trolled by pure electricity. In further study, we found that both
electrical and magnetic control processes can regulate the chi-
ral circulation, and the corresponding regulation between them
is approximately linear. In the following work, we still need
to carry out further theoretical derivation.

0.5 1.0 1.5

-10

0

10

1.20.8

0.5 1.0 1.5
0

2

41.20.8

J
t 
(n

A
)

J
c
 (

n
A

)

V=0.2 mv
V=0.4 mv
V=0.6 mv
V=0.8 mv

t/t0 t/t0
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tive coupling strength t/t0 at different bias voltages.

Beyond the simple influence of bias voltage, one may add
the relative coupling strength to achieve certain design goals
related to intrinsic mechanisms. As shown in Fig. 2(a), the chi-
ral current Jc as a function of t/t0 at different V shows three
types of behaviors. For the small relative coupling strength
(t/t0 < 1), Jc < 0, which corresponds to the CW spin direction,
whereas the sign of the chiral current is reversed at large cou-
pling strengths (t/t0 > 1), describing the CCW direction. For
the middle coupling strength (t/t0 ≈ 1), which is in the inter-
mediate transition state, one finds that Jc sharply jumps under
the applied bias voltage, and the extreme values decrease with

the increased bias. When V = 0.2 mV, Jc can reach about±15;
however, at V = 0.8 mV, Jc = 0 nA, which may be related to
the severe suppression of Jc with V . Meanwhile, Jt increases
with V and for different bias voltages, there exists a valley at
t/t0 ≈ 1, which is shown in Fig. 2(b).
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Fig. 3. (a) Effective Hall angle tan(θH) as a function of relative cou-
pling strength t/t0 at different bias voltages. (b) t/t0- and V -dependent
populations, ρ++ (black curve), and ρ−− (red curve) in the three chi-
ral states. (c) Nonequilibrium spectral functions A j(ω) = A js(ω) when
i = 1, 2, and 3 and s =↑,↓ at coupling strengths t/t0 = 0.8, 1.0, and 1.2
without bias voltage (V = 0 mV).

To further depict the intrinsic regime, we also investigated
the anomalous Hall effect (AHE) in TTQDs.[3] The isolated
TTQD ground states are quadruple degenerate, and the ad-
jacent spins have 120◦ without chirality. By applying a per-
pendicular magnetic field, this symmetric structure evolves
into a nontrivial spin frustration texture. When the electrons
jump adiabatically in the TTQDs, an additional Berry (geo-
metric) phase e iΩ/2 can be obtained, which acts as a ficti-
tious magnetic field and tends to dominate the AHE.[34–36]

Meanwhile, the chiral current Jc appears and a large effec-
tive Hall angle near the turning point emerges. We defined
the effective Hall angle, which is analogous to the Hall an-
gle defined by Tatara: the ratio of anomalous Hall conduc-
tivity σxy to the longitudinal conductivity σxx, the ratio of Jc

to Jt, tanαH = tan(σxy/σxx) ≈ tanθH = tan(Jc/Jt).[37–41] Fig-
ure 3(a) shows the effective Hall angle as a function of relative
coupling strength t/t0. For t/t0 < 1 or t/t0 > 1, tanθH approx-
imately decreases to zero. When t/t0 ≈ 1, tanθH presents a
symmetrical jump, and an unprecedented value appears near
the flipping point, about tanθH = ±23, corresponding to a
large effective Hall angle about 87.5◦. The maximum value of
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the effective Hall angle decays with bias, resulting in a small
Hall angle of tanθH =±0.1 under V = 0.8 mV.

To explore the physical causes of this phenomenon, we
analyzed the reduced density matrix diagonal elements of the
two chiral-state populations, i.e., ρq++ and ρq−− , by vary-
ing the relative coupling strength t/t0 and bias V , as shown
in Fig. 3(b). The sign and magnitude of the difference,
ρq++−ρq−− , match well with the observed direction of the cal-
culated chiral current Jc in Figs. 1(c) and 2(a). When t/t0 < 1,
the system is in the Coulomb blockade regime, which is re-
sponsible for the observed ρq++ − ρq−− > 0 and Jc < 0. For
the case of t/t0 > 1, the sign of ρq++ − ρq−− is symmetry-
reversing. In transition states t/t0≈ 1, at V = 0.15 mV, the CW
and CCW chiral states are degenerate, ρq++ −ρq−− = 0; thus,
Jc = 0. Figure 3(c) also presents the corresponding nonequi-
librium spectral functions {A j(ω)}, with j = 1, 2, and 3 of
each QD at different coupling strengths for V = 0 mV. For
t/t0 < 1 and t/t0 > 1, Jt are induced by high excitation peak
near ω ∼−0.05 meV and 0.08 meV in QD2 and QD3, respec-
tively. For t/t0 ≈ 1 at the transition states, each QD peak is
near the Fermi level (εF = 0), which is the cause that the chiral
current changes near the reversal point.

Figure 4 shows the calculated three-dimensional diagram
of the chiral current Jc as a function of coupling strength t/t0
and bias voltage V . The projection diagram of the Jc–t/t0–V
is similar to the “Yin Yang (negative and positive) Fish” dia-
gram of China, and the intermediate transition state is a linear
combination between clockwise and counterclockwise chiral
states. Therefore, by adjusting the coupling strength t/t0 be-
tween QD2 and QD3, we can obtain the clockwise chiral state
and counterclockwise chiral state from the 3D stereogram.
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Fig. 4. The 3D image shows Jc as a function of coupling strength t/t0 and
bias voltage V . The filling color depth indicates the strength of Jc.

We further predicted when t/t0 < 1, the distance between
QD2 and QD3 is relatively far and they form antiferromagnetic
spin triplets in the state CW.[42–46] While t/t0 > 1, QD2 and
QD3 become closer and represent as the effective ferromag-
netic interaction induced by relative coupling strength in the
state CCW. When t/t0 ≈ 1, any two QDs will couple among

the TTQDs and form a kink state. We investigated the spin cor-
relation function and the average number of particles occupied
to verify the physical model. Figure 5 shows that the 〈SiS j〉
and 〈ni〉 as functions of t/t0 under bias voltage V = 0 mV
and 0.2 mV. We found that at t/t0 < 1, 〈S2S3〉 > 0, 〈S1S2〉 =
〈S1S3〉 < 0. And when t/t0 ≈ 1, 〈S1S2〉 = 〈S1S3〉 = 〈S2S3〉.
This also verifies that there will be a kink point near t/t0 ≈ 1.
When t/t0 > 1, 〈S2S3〉 < 0, 〈S1S2〉 = 〈S1S3〉 ≈ 1 as QD1 is
decoupled from QD2 and QD3. As for the average molecu-
lar occupancy, n1 + n2 + n3 > 3, indicating that the average
molecular occupancy of each quantum dot is generally larger
than 1.
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Fig. 5. (a) and (c) The spin correlation function and the average number
of particles occupied as functions of t/t0 under V = 0 mV. (b) and (d)
are under V = 0.2 mV.

The chiral current is an internal effect of TTQDs and
is difficult to measure directly in experiments. However,
the TTQD system with a topological spin texture generates
an equivalent virtual magnetic field corresponding to the net
Berry curvature, which can be compensated by the external
magnetic flux.[47–49] Our aim was to obtain the effective Berry
phase factor in the TTQDs system by the applied magnetic
flux.[50] There are two methods to solve this problem and get
the relationship between the effective Berry phase factor and
the applied magnetic flux in the TTQD system. The schematic
of the TTQD connected to two reservoirs using a vertical mag-
netic field is presented in Fig. 6(a).[51] Here the two reservoirs
labeled “L” and “R” are coupled to the TTQDs via the cou-
pling ΓL =ΓR, and the bias between the two reservoirs is set as
V = 0.2 mV. The tunneling coefficients t and t0 can be tunable
with a gate, where we define the parameter γ = t/t0 as the rela-
tive coupling strength. Here, we use the effective phase factor
ϕ to represent the magnetic flux φ , ϕ = φ/φ0.

Figure 6(b) shows Jt as a function of γ without ϕ , and the
similar valley structure is found at γ = 1. This diagram is used
as a benchmark for the following two experimental methods.
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The first experimental method is to get the scanning image of
Jt with γ by adding different magnetic flux phase factors ϕ , as
illustrated in Fig. 6(c). For the case of ϕ 6= 0, one can see that
the valley depths are reduced by increasing ϕ , and the magni-
tude of Jt at γ = 1 is maximized when the curves change from
sharp valleys to approximately linear at ϕ = 0.14π , which is
defined as the effective magnetic flux phase factor ϕc. Fig-
ure 6(d) shows the compensation of Jc with γ at different ϕ .
One can find that the fluctuation of Jc gradually decreases by
the increase in ϕ and is approximately compensated to be lin-
ear at ϕc = 0.14π .
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Fig. 6. (a) Schematic diagram of TTQDs with QD2 and QD3 connected
to reservoirs L and R in a vertical magnetic field with controllable rela-
tive coupling strength (γ = t/t0). (b) Transport current as a function of
relative coupling strength without applied magnetic flux (ϕ = 0). (c)–
(d) Transport current Jt and chiral current Jc versus relative coupling
strength at varying magnetic flux (ϕ = 0.04π–0.14π). (e) Chiral cur-
rent Jc as a function of γ under the effective magnetic flux phase factor
ϕc = 0.14π without V . (f)–(h) Transport current Jt, dJt/dϕ , and chiral
current Jc versus applied magnetic flux ϕ at different relative coupling
strengths (γ = 0.92–1.08). The inset in (g) shows the magnified section
of ϕ > 0, indicating the universality of the effective magnetic flux phase
factor under different γ , where all curves collapse to a common form.

As shown in Fig. 6(e), in a TTQD without the applied
bias (V = 0 mV), the circling chiral current Jc is merely in-
duced by ϕc. When γ ≈ 1, Jc reaches the transition state with
a maximum of |Jc| ∼ 13 nA, which is sufficient to reach the
magnitude of Jc caused by the bias. As derived by Nagosa et

al.[33] in the continuum approximation,

Ns =
∫
𝐴

dxdyn ·
(

∂n
∂x
× ∂n

∂y

)
=
∫
𝐴

dxdybz, (3)

the phase factor e iψ = e i(Ω/2) is given by the flux of the “ef-
fective” magnetic field bz · dS = ∇× a · dS.[52] In our TTQD
system, we used the discrete approximation to get the Berry
phase, which is equal to bz = n1 · (n2×n3) = σ1 · (σ2×σ3) =

8S1 · (S2×S3). So

|Jc|=
∣∣∣∣24e

h̄
t12t13t23

U2 𝑆̂1 · (𝑆̂2× 𝑆̂3)

∣∣∣∣= 13, (4)

and the parameters are set as t12 = t31 = t23 = 0.25 meV, and
U = 1.0 mV. Plugging these quantities into Eq. (4), we can
derive |𝑆̂1 · (𝑆̂2 ×𝑆3)| = 0.153 corresponding to the Berry
phase ψB = (8 ·2π)|𝑆̂1 ·(𝑆̂2×𝑆3)|= 1.4π . Another approach
is to select five different relative coupling points γ = 0.92–
1.08 and calculate Jt as a function of the applied magnetic
flux phase factor ϕ , as shown in Fig. 6(f). When γ deviates
from 1, the corresponding minimum of Jt rises and the valley
width decreases. To further apply the magnetic flux in a certain
range, we present Jt increasing sharply and less influenced by
γ . To determine the effective magnetic flux, figure 6(g) shows
dJt/dϕ as a function of ϕ at different γ . For positive ϕ , the
zero points of dJt/dϕ are ϕ = 0.14π , which is the same as the
first method, and Jc as a function of ϕ at different γ is shown
in Fig. 6(h). For γ > 1 and γ < 1, Jc shows peaks with op-
posite signs induced by the added magnetic flux, resulting in
a symmetric line type. Therefore, in the case of a symmet-
ric structure, the compensation of Jc can be realized by only
reversing the direction of the magnetic flux.

4. Discussion
The numerical results suggest that building qubits in

TTQDs can be manipulated electrically, enabling universal
quantum computation that can execute directed quantum state
flipping. Their regulation is no longer random compared to
skyrmion-based qubits. The time of the switching process
is approximately 80 ps, which can realize fast manipulation
of spin qubits. In TTQD-based quantum computations, qubit
flipping can be regulated by two mechanisms: the external bias
and the internal relative coupling strength. Among them, we
proposed for the first time that by changing the relative cou-
pling strength between QDs, the chiral-state transformation
can be achieved to flip the qubits and there is an unprecedent-
edly large effective Hall angle at γ = 1. Furthermore, we elab-
orate on the feasibility of applying an external magnetic flux
to obtain the Berry phase, confirming the chirality of TTQDs
for initializing qubits.
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The theoretical method we proposed can be easily applied
to the experiment, and the specific steps are as follows: Firstly,
we easily constructed a TTQD system with QD2 and QD3 con-
nected to electrodes. Next, we changed the relative coupling
strength between QDs and bias, thus changing the internal chi-
ral states. Finally, Berry phase induced by bias in TTQDs can
be obtained by applying magnetic flux, which can further ob-
tain the direction of the chiral current through the conduction
current easily measured in the experiment.

At present, the problem of chiral state in TTQDs has not
been proposed experimentally. The main reasons are that one
such cause is the direct experimental measurement of chiral
circulation as impossibly realized in the TTQDs structure, in
which one can only get the conduction current. Another re-
lated argument is that before our work, there was no theoretical
systematic research on the circulation directional overturning
problem in TTQDs. Therefore, even though there are many
relevant experiments in the TTQDs system, the damping ef-
fects caused by the internal circulation have been measured,
but no attention has been paid to it, and its intrinsic physical
significance has not been realized.

Up to now, QDs have been widely used in quantum com-
puting, and our work can be immediately applied to specific
experimental exploration, which can directly relate to the qubit
coding by the vector spin chirality and the conduction current.
The experimental application is imminent to implement the
regulation of novel qubits gate to execute arbitrary quantum
algorithms, which has a random-access memory qubit based
on TTQDs.

5. Conclusion
By demonstrating the pure electrical control of a mag-

netic structure, we investigated the regulation of chiral terms
in TTQDs. The Berry phase induced by the TTQDs can be
obtained by the applied magnetic field, and the direction of
the chiral current can be further obtained. By changing the ex-
ternal bias and the structure of the magnetic system itself, we
achieved efficient directional flipping from a clockwise chi-
ral state (CW) to a counterclockwise state (CCW). When in
transition state, there will generate a large effective Hall an-
gle, which can be adjusted freely by t/t0. In addition, we also
gave two experimental methods for measuring the chiral cur-
rent. The conversion of the chiral state may lead to innova-
tive applications ranging from magnetoelectric devices to chi-
ral quantum computation.
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[45] Tooski S, Ramšak A and Bułka 2016 Physica E 75 345
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