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An improved ISR-WYV rumor propagation model based on
multichannels with time delay and pulse vaccination
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Business School, University of Shanghai for Science and Technology, Shanghai 200093, China
(Received 17 February 2023; revised manuscript received 24 April 2023; accepted manuscript online 5 May 2023)

The rapid development of the Internet has broadened the channels of dissemination of information, it has also led to the
rapid and widespread propagation of rumors, which can have a serious negative impact socially. In this paper, an improved
ISR-WYV rumor propagation model integrating multichannels is proposed by considering the system’s time delay, and the
influence of different channels of propagation on the dynamic process is further analyzed. Moreover, the basic reproduction
number Ry, rumor-free equilibrium, and rumor-prevailing equilibrium, as well as their stability, are deduced. Then, an
optimal control problem with pulse vaccination is designed. Finally, the validity of the model and theoretical results is
verified by numerical simulations and a practical application. The results show that the rumor propagation threshold Ry is
more sensitive to the rate of the propagation of the information base channel. The shorter the thinking time 7; required for
the ignorant to react after obtaining the information, the larger the final scale of propagation. Under this condition, the time
delay 7, spent by a spreader in producing a video is negatively related to the final scale of the propagation; conversely, a
longer 7 implies that the person tends to more cognizant, which can suppress the spread of rumors. Under this condition,
T has little effect on the final scale of propagation. In addition, the results also prove that timely implementation of the
pulse vaccination control strategy of popular science education can effectively control the propagation of rumors and reduce
their negative impact.

Keywords: rumor propagation, propagation channels, pulse vaccination control, time delay, information base

PACS: 02.30.Ks, 02.30.Hq, 02.30.Yy, 02.30.—f

1. Introduction

With the development of new technologies, various intel-
ligent social networks and new media platforms have gradu-
ally become the main way people obtain information. How-
ever, while the Internet offers convenience in communicating
with people, this has both positive and negative effects. These
emerging Internet technologies and social media have also be-
come a breeding ground for the generation and rapid spread of
online rumors, bringing new challenges to public safety and
long-term social security. Therefore, studying the dynamic
process of rumor propagation and control strategies in social
networks is of great practical significance for targeted rumor
management and alleviating public concern.!!=3]

Research on the rumor propagation process first began in
the 1960s, and most of the early classical rumor propagation
studies were based on epidemic transmission studies. This is
because they have many similarities in terms of transmission
modes, transmission characteristics, and classification princi-
ples. Daley and Kendall proposed the DK model to study ru-
mor propagation processes in 1965.!4 Subsequently, Maki and
Thomson optimized the rules of propagation in the DK model
and proposed the MK model.!>! Zanette et al. applied com-
plex networks to the study of the rumor propagation process
for the first time. They established a rumor propagation model
based on a small-world network and calculated the threshold
of propagation.!®”! Shan er al. improved the traditional scale-
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free network according to the complex network theory and the
actual characteristics of shared social networks, and proposed
a network topology model in line with the characteristics of
shared social networks.!?!

In recent years, some scholars have applied epidemi-
ological dynamics to study the dynamic process of rumor

9-131 Xia et al. pro-

propagation from different perspectives.|
posed a new ILSR rumor propagation model by combin-
ing an incubation mechanism, a cross-propagation mecha-
nism, and a general nonlinear propagation rate in a multilin-
gual environment.!'¥ To study the effect of forced silence
on spreaders, Zhu et al. proposed a model of rumor prop-
agation on online social networks with silence forcing.[!3]
Choi et al. proposed a model based on a bidirectional encoder
representation from transformers to identify false rumors. ']
Jia et al. studied the phenomenon of rumor propagation
on social networks by dividing rumor propagation chan-
nels into group propagation and point-to-point propagation,
and found that group propagation in social networks has
a greater impact on rumor propagation than point-to-point
propagation.!!”! In addition, with the refinement of the re-
search, many scholars have noted the important roles of so-

(18191 oroup communication, ?! individual

cial reinforcement,
activity, 211 media reports,m‘m environmental noise,?! in-

[26]

dividual psychology,?®! time delay,?”! and rumor type®®! in

the rumor propagation process. These studies have greatly en-
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riched the research field of rumor propagation.

The aforementioned studies have explored how individ-
ual heterogeneity, group transmission, and network topology
influence the mechanisms of rumor propagation mechanisms
based on single-layer networks and attempt to provide expla-
nations for the propagation phenomenon. However, in reality,
the process of rumor propagation can be affected by multi-
layer networks. Multi-layer networks mean multiple channels
of communication, each represented by a single layer. Multi-
layer networks can distinguish different communication chan-
nels and lay the foundation for qualitative research in differ-
ent ways, which improves the accuracy and authenticity of
system.?°! Considering the influence of individual online and
offline interactions, the time-varying structure of the network,
and the diversity of individual characteristics on the rumor
propagation process, Zhu et al. proposed a more comprehen-
sive model of rumor propagation based on activity-driven net-
works, and they found that the presence of online communi-
cation channels facilitated the spread of rumors and reduced
the use of on offline channels for rumor propagation.*’! Dong
et al. constructed an improved two-layer model considering
time delay to describe the dynamic process of rumor propaga-
tion in multiple channels.*!) Mei et al. developed a two-layer
model to describe two different channels through which peo-
ple acquire knowledge, and constructed multilayer complex
networks based on different ways of acquiring knowledge.?"!
Zhu et al. comprehensively considered both online and offline
channels to explore the transmission mechanism of a kind of
knowledge in a complex network. They found that the trans-
mission efficiency of the two channels not only promoted each
other but also competed with each other.[3?]

The ultimate purpose of studying the mechanism of ru-
mor propagation is to control its spread and minimize its neg-
ative social impact. Many scholars have devoted themselves
to exploring strategies to control rumor propagation.?3-331 Ke
et al. considered using non-smooth control functions to re-
flect the rebuttal of government and media to rumor propa-
gation, and established a model of reaction-diffusion rumor
propagation.*®! Askarizadeh er al. proposed a soft rumor con-
trol model, in which people avoid the spread of rumors by con-
sulting with trusted friends or reputable authorities.*”! Since
control behavior is generally discrete behavior rather than con-
tinuous behavior, pulse control has been introduced in the
study of the control of rumor propagation.>>381 Compared
with continuous control, pulse control has more advantages
in saving resources. In the past, the most prevalent channel
used to spread rumors was word of mouth, but this channel
was limited by time and space, which limited the spread of ru-
mors to within small groups. However, with the emergence of
social media, rumors are no longer limited to a single channel,
but are widely spread through social media in the form of text

or videos, which makes them more influential. Therefore, the
study of the dynamic process of multi-channel rumor propa-
gation has received increasing attention, and this is the main
issue discussed in this study.

Based on the above considerations, the main purpose of
this paper is as follows: firstly, the existing classical dynamic
model is extended and an improved model of rumor propa-
gation based on system time delay considering three commu-
nication channels are established, and the effects of different
communication channels on the dynamic process are analyzed.
Secondly, the threshold condition for the continuous spread of
rumors is analyzed, and the stability of the equilibrium points
of the system is proved. Then, an optimal control problem is
designed and the optimal control conditions are obtained by
using Pontryagin’s principle. Finally, the correctness of the
theoretical analysis is verified by numerical simulations and a
practical application, and the influence of different channels
and time delay effects on the process of rumor propagation are
discussed, respectively.

The remainder of this paper is arranged as follows. Sec-
tion 2 introduces the model presented in this paper. In Sec-
tion 3, the existence of equilibrium points of the model is
proved, and the basic reproduction number is obtained by us-
ing the next-generation matrix method. In Section 4, the sta-
bility of equilibrium points is proved. In Section 5, the control
variables and objective functions of the model are determined,
and the optimality conditions of the optimal control are given
according to Pontryagin’s minimum principle. In Section 6, a
numerical simulation is carried out to verify the validity of the
results. In Section 7, a practical application is used to verify
the validity of the model in this paper. We conclude in the last
section of the paper.

2. Model formulation

With the advent of the era of self-media, the channels
available for people to obtain information are becoming richer
and more diversified. People can get information not only by
communicating with others, but also through the rich informa-
tion base on the Internet.[*”! An information base is defined
as a collection consisting of websites, news, social media, and
other online resources containing information. Considering
the different types of information in the information base, this
paper further subdivides the information base into the text in-
formation base (such as Twitter, Facebook, WeChat, Zhihu)
and the video information base (such as Tik Tok, YouTube).
Text information is easy to edit and produce, so it takes less
time to add it to the text information base, and there is no
time delay effect. Video information needs to be recorded
and edited by the producer, so it takes a longer time to add
to the video information base; thus, there is a time delay ef-
fect. Therefore, we suppose that individuals can obtain infor-
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mation through three channels: contact with other people, the
video information base, and the text information base. In this
paper, these three channels are represented by a three-layer so-
cial network, as shown in Fig. 1.

Text information base

Individual interaction

Video information base

Fig. 1. The framework of multilayer complex networks.

In an open community, people are divided into three cat-
egories according to their different responses to rumors: ig-
norant (1), spreaders (S), and stiflers (R). Ignorant people are
those who have never been exposed to a rumor. Spreaders are
those who receive a rumor and choose to continue propagat-
ing it by creating videos, text, or contacting ignorant people.
Stiflers are those who have lost interest in propagating rumors
or have forgotten about them. The information base is divided
into two categories according to the form of the information
base: text information base and video information base. In
this case, the text rumors in the text information base are de-
noted by W, and the video rumors in the video information
base are denoted by V.13l The ignorant can be exposed to ru-
mors and transformed into a spreader with a certain probabil-
ity through three channels: contact with spreaders, browsing
text rumors and browsing video rumors. In order to propagate
rumors, the spreader can create text rumors and upload them
to the text information base such as Twitter and WeChat, or
create video rumors and upload them to the video information
base such as YouTube and Tik Tok, or communicate with the
ignorant to propagate rumors. The spreader may be converted
into a stifler over time due to reasons such as losing interest in
spreading rumors or forgetting.

In addition, considering the timeliness of rumor propaga-
tion, introducing the time delay factor can undoubtedly better
describe the characteristics of rumor propagation. On the one
hand, it takes some time for spreaders to record and edit videos
and add them to the video information base, which will cause
a certain time delay effect. On the other hand, individuals will
take some time to think and decide whether to believe the in-
formation after being exposed to it for the first time, which
will cause a certain time delay effect.

Based on the above analysis, and considering the multi-
channel propagation of rumors and the time delay effect, we

establish an improved ISR-WV model based on the classical
rumor propagation model. The process of the evolution of ru-
mor propagation is shown in Fig. 2, and the remaining param-
eters are defined in Table 1.
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Fig. 2. Schematic diagram of multichannel rumor propagation.

Table 1. The implication of the symbols in model (1).

Symbols Implication

A Probability of entering the community
A Probability of moving out of the community
B Probability of text rumor propagation

B Probability of contact propagation
B3 Probability of video rumor propagation

m Impact rate of time delay 7;

my Impact rate of time delay 7,

ky Intensity of video rumor production by spreaders

ko Intensity of text rumor production by spreaders

o Probability of converting spreaders to stifler due to forgetful-

ness and loss of interest

The above parameters take values in the range [0,1].1%°]
And the rumor propagation rule is assumed as follows:

(1) Assume that an individual enters the community with
probability A and moves out of the community with probabil-
ity A.

(2) Assume that when an ignorant person comes into con-
tact with a spreader, the probability that the ignorant person
accepts the rumor and continues to propagate the rumor is 3;.
In addition, the ignorant person can be informed of the rumor
from the information base, and assume that the probability that
the ignorant person comes into contact with a text rumor and
transforms into a spreader is f;, and the probability that the
ignorant person comes into contact with a video rumor and
transforms into a spreader is f33.

(3) Assume that rumor spreaders create video rumors with
a certain probability k; and upload them to the video informa-
tion base, and create text rumors with certain probability k;
and upload them to the text information base. Considering the
coverage of information and other reasons, we assume that the
annihilation rate of rumor information in the information base
isA.

(4) Considering that after the ignorant person is exposed
to the rumor, it takes some time to think about whether to con-
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tinue propagating the rumor or not, we assume that the time
delay caused by this thinking time is 7;. The parameter m;
indicates the sensitivity of the ignorant to the length of time
required to think about the information. In addition, it takes
more time for the spreader record and edit to create the video
rumor than a text rumor, we assume that the time delay caused
by this time is 7,. The parameter m; indicates the sensitivity
of the spreader to the length of time required to produce the
video. Considering that there is a marginal decreasing effect
of time delay on the propagation rate, we use an exponential
function to represent the effect of time delay on the propaga-
tion process.

(5) With the passage of time, a spreader may convert a
stifler with the probability of o due to factors such as losing
interest in propagating rumors or forgetting about them.

According to the above description, the dynamic ISR-WV
model can be expressed in terms of mean-field theory as

%¥2=A—ﬁﬂ0W40—&“”“”
— BI(1)V () — A1(t),
dii(:) _ efmll'lﬁll(t — "L'I)W(t - Tl)
+e M Byl(t —1)S(t — )
+e MUt —1)V(t— 1) (D)
_aIS(t)—lS(l‘),
dvgt(t) = kaS(t) — AW (1),
d‘;gt) _ kl e—mzfzs(t — TZ) — AV([),
dlfift) = 0615(1) — ),R(l) .

The initial conditions of the model take the following form:

1(6) = 91(6), S(6)=a(6),

k k —mpTy
ng+vgz+le}

A

3. Equilibrium points and the basic regenera-
tion number

In this section, we discuss the existence of the rumor-free
equilibrium point and rumor-prevailing equilibrium point of
system (1) and calculate the basic regeneration number.

To find the equilibria, the time-independent solutions that
satisfy system (1) with the time derivatives equal to zero.
Then, the new system is as follows:

A= BUOW (1) — Ba(6)S(t) — B3 (1)V (1) — AL(1) =,
e MBIt —T)W(E—11)+ e""lflﬁzl(t—r )S(t 1)

+eim1ﬁﬁ31(l—1’1)V(I—T1) 0615( ) 0, 3)
kS(t) —AW(r) =0,

kie™™mR2S(t— 1) —AV(t) =

o S(t)—AR(t) =0

By solving system (3), two non-negative equilibrium so-
lutions are obtained:

If the rumor is tending to die out when the system
reaches the equilibrium state, i.e., when S(t) = 0, we can
obtain W(r) =0, V(t) =0, R(t) =0, I(t) = A/A. There-
fore, the rumor-free equilibrium point of system (1) is E =
(A/2,0,0,0,0).

Before discussing the existence of a rumor-prevailing
equilibrium point, we need to find the basic regeneration num-
ber Ry of system (1). Ry is very important for studying the
process of rumor propagation, and the size of the basic re-
generation number determines the difficulty of controlling the
propagation of the rumor. Based on the next-generation matrix
method,*3! we can obtain two matrices as follows:

K 0 0 0 0
W(6) = ¢3(6), V(6) = s(6), R(6)=0s(6), 0 CTIBA CMABA MR g
¢:i(6) >0, 0 €[-7,0), @(0)>0 (i=12,34,5), (2) F=1lo 0 0 0 o,
0 0 0 0 0
where 7 =max{7, %2} and ¢ = (91(6),92(6),93(6), p4(6), 0 0 0 0 0
¢s5(0)) € C([-7,0],R%.), we denote by C([—7,0],R) the "2 ﬁZTA ﬁlTA mTA 0
Banach space of continuous functions mapping [—7,0] into
RS [2240-42] 0 A+o 0 0 O
+ V=10 —ky A 0 0
The feasible region of the system satisfies the following 0 —kje™2 0 A 0
closed set: | 0 — 0o 0 A
A
5
Q= {(I,S,R,W,V)6R+|0§I—i—S—i—R§)b Thus,
|
0 0 0 0 0
. A(A+ay) A2 (A+a) A% (A+an) AZ A2
FV—=10 0 0 0 0
0 0 0 0 0
0 0 0 0 0
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Then, we can obtain the basic reproduction number of sys-
tem (1)
Ro=p(FV~') =Ri+Ry+Rs,

where

R = e ™M B Aky L= e MU BA

A2 +A) Alog+A)°
e—mlfl—szz[}3Ak1
A2(oy +A)

Next we discuss the existence of a rumor-prevailing equi-

R3 =

librium point. When rumors persist in the system until an
equilibrium state is reached, the rumor-prevailing equilibrium
point is denoted by E* = (I*, S*, W*, V*, R*), where I* > 0,
S*>0,W*>0,V*>0,R* > 0. From Eq. (3) we can obtain
. A—(ap+A)e™mugs*
I'= ,
A

W — ko S* * qu* _ a;S*

A emn)’ A

“)

Theorem 1 The rumor-prevailing equilibrium point E* =
(I*,8*,W*,V*,R*) exists if and only if $* € (0, —A = |.

(g +A) e
Proof Deriving from the second equation of model (3)
PikoS* | B3kiS* .
( n | emei +h2S
A _ l miTy S*
x (al +A’ )e —emlfl(a1—|—l)5*=0. (5)
Denote
_ (BikS | BskiS
Gls) = ( A emn) +haS
A — mT
X (0 —;k)e S—e’"'f'(oq—i-l)S.

The existence of the rumor-prevailing equilibrium of
model (3) can be obtained by examining the zeros of G(S)

in §* € (0, g Ayemrer |- Obviously, G(0) =0.
k k A—(og+A)emns
G'(s) = (ﬁlxz ﬁiéﬁﬁz) “ P :
ﬁl oS ﬁ3k15 (OC] + ),) e™u
- (/1 temng +BS A
—e™T (a4 A). (6)
When S =0
k k A
¢o) = (ﬁiz + +ﬁz> S a4
eimlrlﬁl/\kz efmlrlﬁz/\
— M7
© (O‘l”)bz(alm) Ao+ )
efmlrl 7”12’1'2ﬁ3Ak1 1
A2 +1) ]
= e (a; +A)[Ro—1], (7

and

A
(S

The above analysis shows that when Ry > 1, there
exists a rumor-prevailing equilibrium S* in the interval
A
(O, W] such that G(S*) =0.
After proving the existence of S*, the next step is to prove
its uniqueness. From Eq. (5), we obtain

ko Bk A— (061 +)~)emlrl S*
G (5*) = (ﬁl +/32>
A emn ) A
(BlkZS* ﬁ3k1S* *> (al —1—2)6’"1“
- + L pys )t )T
A emn ), A
— M (a4 )
([31](25* ﬁ3k15* *> (061 —&—l)e’”'f'
- (B2 post | latAe
A emn ) A
< 0. 3

We get that G is strictly decreasing at its every zeros. If
there is another rumor-prevailing equilibrium point S* excepts
S* satisfies that G'(S*) > 0, which leads to a contradiction.

Then the proof is completed.

4. The global stability analysis of the equilib-
rium points

In this section, we discuss the global stability of the
rumor-free equilibrium point and rumor-prevailing equilib-
rium point.

Theorem 2 If Ry < 1, the rumor-free equilibrium point
E° of model (1) is globally asymptotically stable in a posi-
tively invariant set X = {¢ € C([-7,0],R3.) : ||@1]| < xo}.

Proof Define a Lyapunov function as follows:

((Zl + A)Rl

Li(t) = S(t)+ TaRo W(r)

((X] Jrl)Rz ¢ (061 +A)R3
A /0 S dx-+  Z LAV ()
+Bre MM /tir I(x)W (x)dx
+Brem® /t; 1(0)S(x)dx
+Brem® /H 1(x)V (x)dx
+(al—;¢/t S(x)dx

0 —Tp

B ((X] —I—A)Rz 't

R . /0 S(x) dx. )

Calculating the derivative of L;(¢) along the positive solution
of system (1), we have

dL, (I)
dt

= e ™0 ﬁll(l — Tl)W(l —1)

+e ™MUB(t—11)S(t —11)
+e M BI(t — 1)V (r—11)
(ar+A)R;

(@ + )80+

(k2S(1)
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—AW(1))+
(o + 7L)R3
ke ™mmR

—AV(1)) -

B (W

(kl €

ﬁ] efml‘t

(1)

(061 +A
Ry

)Rg (OC] +A )R2

& s()

MO
mug(s - 1)

Ut —1)W(t—11)
+Bre™™M " (1)S(1)

—Boe™™T(t —11)S(t — 1)
+Bse M)V (1)
—ﬁ3e mlTlI(t — Tl)V(t— Tl)

(061 -|—;L)R3

(061 +)L)R3

e a1()3(0) (1
e V() (1-
= pre e ow o
#1000
e v

+ Ro S(t) — Ro S(t—1)
(0 4+ A)R (0 +A)R
— RS+ = s(0) 0,R(r)
 (u+A)R (0t +A)R3
= Bk )LW(t)iikle*mﬂZRolv(t)
+Pre M)W (1) + Boe " (1)S(2) leted
completed.
S+ Bae ™MTI(1)V (1) — %SU)
(OC] —I—A)Rl

Bre ™MTI(1)W (7) (1 -

koRoBre=m™%1(t)

) |

L _I*H( ) ml‘E]S*

+ B> I*S*/ H

—T

where H(x) =x— 1 —Inx.
Then calculating the derivative of L, (z) along the positive solution of system (1), we have

dL, (t)

dr

= (1167 )= BIOW (O~ B10S() - BV (1)~ 210
Femn(]— Si;) e BI(t — )W (t — 1)+ e "7 ol(t — 1) S( — 71)
e Bl (t— 1)V (t —71) — anS(r) — AS(F)] + Bf i (1 _ %) oS (t) — AW (1)]
+ ﬁil* (1- VV(:) Ykie ™RS(t — 1) — AV(1)] + B I W {H (1(;%?) > “H <I(t - T})VVZ(I —7)
sl () o(32-0)
By {H I(I*V* ) (1@— A Tl)ﬂ T {H<SS(1)> _H(S(I;’EZ)
= (1 57 ) EAU® 1)~ BIOW O~ BIW) ~ (BI)S) ~ Bor'S") (B V(0) - ur'Y

A

) )

()S(x)

ﬁ3l*v*

1)V (x)

(a1 +A)Ry
RoPre—™%I(t)
(061 +A,)R3

)

szzﬁ I*S* S(

I*v*

x+ B I'V* H
S) ﬁ tfl(

(

[ (

A

1(x)W (x)
I*W*
S(x)
S*

+ (1 — Sit)) [ﬁll(t—fl)W(t— )+ Bl(t —11)S(t— 1)+ B3It — 1)V (e —11)

BI*
T2

(1_

W
W(r)

S(t)
5

]+Bf<1
-

- m) ke ™28t — 1) — AV (1)]
W ()

In IOW() I(t—t)W(—m)

) kaS(t) — AW ()]

+1In

I(t—1)W(—m)

+Bi I*W*{

r*w*
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ki Cfmzrzfm'T'Roﬁg,[(l‘)

Obviously, if Ry < 1, there will be L;(¢)/dr < 0. And
Li(¢)/dt = 0 if and only if I(¢)
= 0. Based on LaSalle’s invariant principle, we can ob-

= A/A,S(1) = 0,W(t) =

tain the attractiveness of the rumor-free equilibrium point E°.
Therefore, the rumor-free equilibrium point E° of system (1)
is globally asymptotically stable when Ry < 1. The proof is

Theorem 3 If Ry > 1, the rumor-prevailing equilibrium

point E* of system (1) is globally asymptotically stable.
Proof Define a Lyapunov function as follows:

H<V>+ﬂ I*W*/t TIH(

K
>dx+ ¢

Jas
) as

)

)

)

;D
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s [0 1000 1=t

RN T E TN TE

e TEBTS e_mZZﬁSI*S* {SS(? ~In SS(? ~ S(t; %) 4 S(IS_* TZ)] (12)

because kS = AW*, ke ~™%8* = AV*, we can obtain
dezt(t) _ 1?:) (1) IV + BT W — ﬁliz;”* s [32;(*:)3* v Bsfz)v*
=Bl =)W (=) = Bol (= 5)S(0 =) g — Ball1— )V (=) g+ B W
LBorst + gy — PUW SO 1?5;?” prwe - PV Zm) ll*cztig*_ )y pyrve
—BiI'W*In (W) + B W In (](t - T})Z(I - Tl)) — BI*S*In (I(Ziit))
+ Bl In (I(t - T})i(t - Tl)) — BV In (1(2“;@) + BV In (1(’ - T})“j(t - Tl))
—BsI*V*In (SS(I)> + B3V In <S(I§TZ)>
- g [Ny (s sy

Srsfn (i)
vl | ()
w1 (i )| s [ 1o ) | -prv 1o ()
- (s 1w (s )| -erv Py e () @

Thus, we can obtain dL,(¢)/ds <0, where dL,(¢)/dt =0
if and only if I(z) =I*, S(t) = S*, W(¢r) = W*, V(¢) = V*,
R(t) = R*. According to the LaSalle’s invariant principle, the
rumor-prevailing equilibrium point E* of system (1) is glob-
ally asymptotically stable for Ry > 1. The proof is completed.

5. Optimal control strategies

Widespread rumors endanger the harmony and stability
of society, and this section discusses ways to control the prop-
agation of rumors. To reduce the negative impact of rumor

propagation, the government should strengthen the education

of the public on scientific knowledge and improve their ability
to distinguish rumors. Popular science education transforms
more ignorant people directly into stiflers and reduces the pos-
sibility of the propagation of rumors on a large scale.

Regular science education is a discontinuous process, and
thus can be seen as a discontinuous periodic pulse interven-
tion. We assume that pulse control affects only the ignorant,
and each pulse converts the ignorant into stiflers at a rate of
6. The stiflers have the knowledge reserve to identify rumors,
thus reducing the scale of the propagation of rumors.

Based on the above analysis, the pulse control strategy is
proposed according to model (1) as follows:

3O — A~ BuI()W (1) — Bal (1)S() — BT (1)V (1) — Al (o),
S = e B = D)W (1) e MRl (e = T)S( — ) + e MRl — TV (—T) — auS() — AS(0),
dw() _ t#nT
7 = kaS() =AW (1), 1
d\ggt) —kie ™S(t — 1) — AV (1), d§5t> — (1) — AR(t),
I(tn) = (1= 0)I(1;), S(ta) =S(ty), W(tn)=W(t,),
V(ta) =V(ty), R(ta) =R(t;7)+01(t;), }fZ”Tv" €Zy,
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where 0 represents the pulse control ratio and #, = nT denotes
the number of the nth science education pulse to the ignorant
group. For the analysis, let T = 7, = 7. The initial condition
of the system is

(91,02, 03,04,95) € Cy.
= C([-7,0L,R}), ¢:(0)>0, i=123,45 (15

The allowable control set is as follows:

Q = {uy|0<u, <I(t), nT <t < (n+ 1T,
n=1,2,3,....,N—1},

where u, = 01(t) , N — 1 are the number of pulses of the sys-
tem on the interval [Tp, Ty].

The purpose of controlling the spread of rumors is not
only to reduce their negative impact but also to achieve a better
control effect with the lowest control cost. Pulse vaccination
can promote the conversion of ignorant to stifler, thus reduc-
ing the number of spreaders and the social impact caused by
rumor propagation. In addition, considering that each pulse
control will incur a certain cost, the objective function of this
paper is

minJ = Zﬁi’f%u% toth(t)dt, (16)
where Ty = g, Ty = ty, A is the normal number, which mea-
sures the balance coefficient of pulse control consumption.

Considering that there is a case that the control can be
controlled once if the control is timely, this section analyzes
the optimal control conditions for single pulse control and
multiple pulse control separately.

5.1. Single optimal impulse control analysis

From Pontryagin’s principle of minimal values, #4461 it

is known that the optimal control problem of system (14) is
the problem of solving for the minimum of the correspond-
ing continuous Hamiltonian and pulsed Hamiltonian func-
tions. Therefore, system (14) and the corresponding objec-
tive function (16) for the single-pulse control case are compat-
ible with the continuous Hamiltonian and pulsed Hamiltonian
functions, respectively.!*]

5

H=50)+Y ailfi+gi(xc), a7
i=1
AL S
P=3u+ Loh (18)

where x = (I,S,W,V,R)T, f; + gi(x;), (i = 1,2,3,4,5) repre-
sents the right-hand part of the ith equation at ¢ # nT in sys-
tem (14) and h;, (i = 1,2,3,4,5) represents the right-hand part
of the iith equation at t = nT in system (14).

Theorem 4 If there exists an optimal control «* and T*
and a corresponding optimal state I*, S*, W*, V*, R* for sys-
tem (14) in the case of a single pulse vaccination such that
system (14) satisfies

J(*, T*) = minJ(u,T). (19)

Then there exists an accompanying function a(t) =
(a1(t),ax(t),a3(t),aq(t),as(t))T satisfying
when 1 € [T, 5], we have

ay(t) = —(BiW — oS — B3V — A)ai (t) — (e ™" BiW
+e MBS+ e ™M B3V)ay(T +1), (20)
ay(t) = —1+ Polai(t) + (ou +A)ax(r)
—opaz(t) —oqas(t) — e ™ Brlay (T +t)
—ke ™%ay(T +1), Q1)

ay(t) = Bilai(t) +Aas(t) — e ™ Bilay(T +1),  (22)
dy(t) = Bsla(t) +Aas(r) — e ™" B3lar (T +1), (23)
as(t) = Aai (1), (24)

when ¢ € [ty,17 4 7], we have

a(t)=0 (25)
and
-1
0
Au*+a"(T)| 0 | =0, (26)
0
1
~1
0
d"(T)A| 0 | +d"(T+71)[e ™ BW(T)+e ™ BS(T)
0
1
0
+e™TBsV/(T)] (1) _ a1 das @7
©m o | oo T
0

Proof Corresponding to system (14) we have

A= Bil(6)W () = B2 (1)S(2) — B3I (1)V (1) — AL(z)

—oyS(t) — AS(r)
0S(t) — AW (1)
—AV(t)

o S(t) — AR(1)

) (28)
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ﬁ]W—ﬁZS—B’},V—A —ﬁzl —131] —ﬁ3] 0
0 —a—-A 0 0 0
ag(x) - 0 w A 0 0 |, (29)
* 0 0 0 -4 0
0 o 0 0o -2
0
e MBIt —T)W(E—1)+e ™TBl(t—1)S(t—1T)+ e ™ Bl(t— 1)V (t — 1)
g(xs) = 0 , (30)
ke ™TS(t—1)
0
0 0 0 0 0
8 e—mITBIW+e—mlfﬁ25+e—nllfﬁ3v e—ml‘EBZI e—mlfﬁll e—mlfﬁ31 0
ga(x’) - 0 0 0 o o], 31)
* 0 ke=™T 0 0
0 0 0 0 0
—u aJ B B n P
0 = = H(T )—H(T Har*
h(x)=1 0 [. (32) +d" (T +7)[g(x(TH)) —g(x(T7))] =0 (36)
0
u then we can obtain

Let u* be the optimal number of pulse vaccinations for
system (14), and since only single pulse vaccination is consid-
ered at this point, the optimal pulse vaccination time for sys-
tem (14) is T*, and the corresponding optimal state quantity is
I“(¢), S*(t), W*(¢t), V*(¢), R*(¢).

The continuous and impulsive Hamiltonian functions es-
tablished from system (14) and the corresponding objective
function (15) are

H = S(t)+a1[A—=BI)W(t) — BL()S(¢)
—Bl(1)V (1) = A1(1)]
+ax[e ™M B It —T)W(t—1)
+e ™MTBol(r—1)S(t— 1)
+e MBIt —T)V(t—1T)— oy S(r) — AS(2))
+az[onS(t) — AW (1)]

+aglke ™ S(t — 1) — AV (1)]
+as[ouS(t) — AR(1)], (33)
p-Ap_ QO1u+ Qsu. (34)

2
From the extreme value condition, it is obtained that
-1

0
ﬂ:a—PzAu*Jrqu 0 |=o0, (35)
Jdu* u* 0

1

d0 =~ (2) (%) o (2

-1
0
aT(T)),u 0 —s—aT(T—i—T)[e*m'TﬁlW(T)
0
1
0
1
+e ™MIBS(T)+e ™ BV (T)u| 0
0
0
o1 Ips
_BT*M aT*u—O. (37)

Since u > 0, we have

1

0
d'(T)A| 0 | 4+d"(T+71)[e ™ BW(T)

0

1

0
1
+eTMIBS(T)+e ™ BV(T)] | 0
0
0
I  dps
o + 37 = 0. (38)

According to the adjoint equation, when ¢ € [T',t/], there is

)TaT(T +1)
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0 ﬁ]W-ﬁzS—LﬁV—A 0 0O 0 O al(t)
1 —BuI —oy—A aw 0 az(t)
=—101]- —BiI 0 -A 0 0 as(t)
0 —ﬁ31 0 0 -1 0 a4(t)
0 0 0 0 0 -2 as(t)
0 e™™TBWHe™TBpS+e™™BV 0 0 0 a) (T +t)
0 e MBI 0 ke ™% 0 az(T—l—l‘)
—-10 e ™MTBI 0O 0 O as(T+1) |, 39
0 e ™M Bs] 0O 0 O as(T +1)
0 0 0O 0 O as(T +1t)
| d d
then we have ai as
— o T3, =0 (50)
, aT*  dT
ai(t) = —(BiW = B2S— B3V = A)ai (1)
. (e*’””ﬁlW +e MBS The proof is complete.
—mT
te BsV)ar(T +1), (40) 5.2. Optimal control analysis under multiple pulse vacci-
ay(1) = —1+ Polai(t) + (on +A)ax(r) nation
—m T
— ona3(t) — anas(t) — e ™" Balar (T +1) In the case of multiple pulse vaccination, system (14)
—ke " ay(T +1), (41) and the corresponding objective function (15) are compatible

dy(t) = Bulai(t) 4+ Aas(t) — e ™ Bilar(T +1), (42)

5(1)

ay(t) = ﬁslal(t)+la4(f)— e " Bslay(T +1), (43)
5(1) = Aai (), (44)
when t € [ty,17 4 7], we have

a(t)=0. (45)
According to the cross-sectional conditions, we have
JdP
T )Y=a (Tt — ). 46
a1 (T™) = ax( )+<8x> (46)
Due to dP/dx = 0, we have
al(T™) =ay(T"). (47)

It follows that the covariance variables a(r) are continuous.
According to the multiplication operator, we have

¢ =a(T). (48)

Substituting equation (48) into the extreme value condi-
tions (35) and (38), respectively, we get

0

0 |=o, (49)
0

1
a* (T +17)[e ™" ByW(T)

+e M BS(T) + e ™ B3V (T))]

S oo~ O

with the continuous Hamilton function and the pulse Hamilton
function, respectively,

5
H=5(1)+ Y ai(fi+8i(xc)), (51)

i=1

N 5
P=Y Sui+Y e, (52)

where f; + gi(x¢), (i =1,2,3,4,5) represents the right-hand
part of the ith equation at time ¢ # nT in system (14) and A;,
(i=1,2,3,4,5) represents the right-hand part of the ith equa-
tion at time ¢+ = n7T in system (14). Similar to the proof of
Theorem 4, Theorem 5 can be obtained as follows:

Theorem 5 The necessary condition for system (14) to
achieve optimal control in the case of multiple pulse vaccina-

tion is
-1
0
91 _ %:Au*+aT(T) 0 |=o, (53)
u, uy, 0
1
~1
o 0
= = a(THA| 0 | +ay(T+1)[e ™ BiW(T,)
oT* 0
1
0
1
+ e ™MTBS(T,) + e ™RV (T | 0
0
0
dan | days _
S oTy T oTy >4)
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6. Numerical simulations

In this section, we take reasonable values for the param-
eters in system (1) built in this paper and simulate the above
theoretical results using MATLAB to verify their correctness.
And further explore the specific effect of control on the pro-
cess of the propagation of rumors.

Considering the scenario that A = 0.25, A = 0.25, B, =
0.3, B, =0.35, B3 =0.35, k; = 0.6, k, = 0.2, a; = 0.35,
my =0.3,my =0.6, 7 =2, 75 = 2,[172948] then Ry < 1. Sys-
tem I, S, W, V, R evolves with time as shown in Fig. 3. From
the figure, we can see that the rumor eventually tends to die
out and the system finally reaches the steady state. When the
parameters are setto A =0.118, A = 0.1, f; = 0.2, B, = 0.4,
ﬁ3 = 0.5, k1 = 0.4, kz = O.l, o = 0.3, my = 0.2, nyp = 0.02,
7 =1, » = 1,[1729%81 then Ry > 1. System I, S, W, V, R
evolves with time as shown in Fig. 4. It can be seen that when
the system reaches the steady state, the spreaders still exist,
indicating that the rumor will continue to propagate.

1.0

100

Time

Fig. 3. Diagram of the evolution of time of system (1) when Ry < 1.

1.0 T T T T T T T T T
0.9 i
0.81 — v —
0.7 i
0.6 66— 00— 04
—a—I(t)
0.5 e s(1) 1
0.41 —a (L) ]
0.3 —v—W(t) 1
: ——R(t)
0.2 S 4 6o &
0.14 i
0 ——T T T T T T
0 20 40 60 80 100

Time

Fig. 4. Diagram of the evolution of time of system (1) when Ry > 1.

Next we analyze the sensitivity of the threshold Ry to B,
B2, and B3, as shown in Fig. 5, where the magnitude of the
value of Ry is indicated by color. It can be seen that the thresh-
old Ry and the propagation rates 31, B, and f3 are positively
correlated. That is, an increase in the text rumor propagation
rate 31, the contact propagation rate 3, or the video rumor
propagation rate 3 increases the value of the threshold Ry. In

addition, when the propagation rate of any channel is constant,
the propagation rates of the other two channels are positively
correlated with the magnitude of the Ry value. In particular,
when the contact propagation rate [, is a constant value, Ry
shows a higher sensitivity to the increase of §; and 3. Specif-
ically, in Fig. 5, the color span of the corresponding slice is
larger for B, = 0.5 compared to the other two slices. This
indicates that the combined effect of the text rumor propaga-
tion rate and video rumor propagation rate has a greater im-
pact on the threshold Ry, which has a greater impact on the
rumor propagation process compared to contact propagation.
Therefore, in order to better control rumor propagation, we
should focus on text rumor propagation channels and video
rumor propagation channels, and take corresponding control
measures to reduce their propagation rates so that the thresh-
old Ry < 1.

3.5
1.0 3.0
0.8

2.5
0.6

5 2.0
0.4
0.2 1.5

0 1.0
1.0
0.5
0

Fig. 5. Influence of B;, B>, and 3 on threshold Ry.

To further explore the specific role played by the propa-
gation rates in the rumor propagation process, we simulated
the effects of 1, ,, and B3 on the density of spreaders S(r),
respectively, as shown in Fig. 6. Figure 6(a) portrays the effect
of the text rumor propagation rate §; on the rumor propagation
process. It can be seen that the peak of spreader density S(¢) is
positively correlated with the size of 1, i.e., the larger f; is,
the larger the peak of spreader density S(¢) is. This indicates
that the increase in the text rumor propagation rate will pro-
mote the further propagation of rumors and expand the scale
of rumor propagation. Figure 6(b) portrays the effect of con-
tact propagation rate $; on the rumor propagation process. It
can be seen that the spreader density S(7) increases with the
increase of contact propagation rate 3,, which indicates that
the increase in contact propagation will expand the scale of
rumor propagation. Figure 6(c) portrays the effect of video ru-
mor propagation rate 33 on the rumor propagation process. It
can be seen that as 33 increases, the peak of spreader density
S(¢) also increases, indicating that the larger the video rumor
propagation rate is, the larger the scale of rumor propagation
is. In summary, an increase in the propagation rate of any of
the three propagation channels will promote an increase in the
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scale of rumor propagation, in which the video information
base channel has the strongest propagation capacity, the text
information base channel the second strongest, and the con-
tact communication channel the weakest. In addition, it can
be seen from Fig. 6 that in any of the channels, the larger
the channel propagation rate is, the longer it takes for the

spreader density S(¢) to stabilize. Therefore, relevant depart-
ments should take corresponding control measures to reduce
the propagation rate of each channel, and focus on the video
information base channel and the text information base chan-
nel, so as to reduce the scale of rumor spreaders, and make the
system quickly reach a stable state.

T T T T T T T T T 0.15 T T T T T T T T T T T T T T T T T
0.15 1 (a) =—pfi=0.1 | (b) —=B2=0.1 0.151 (c) - fB3=0.1 |
~ 1 =0.5 ~B2=0.5 - B3=0.5
+,31:08 0.10 - +62:08 i +ﬂ3:08
— 0.101 1o _0.10 i
= & =
% “ %
0.05 1 0.05 1 1 0.051 ]
0 S 0 Ty 0 S ——
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Time Time Time

Fig. 6. Trajectories of spreader density S(¢) at different propagation rates.

Figure 7 shows the comparison of the joint analysis of the
propagation probabilities of different models. It can be seen
that the multichannel ISR-WV model has the largest spreader
density, followed by the ISR-V model and the ISR-W model,
and the ISR model has the smallest spreader density. This indi-
cates that compared with the classical ISR model, which only
considers single-channel propagation, the increase of channels
expands the scale of rumor propagation. And the propaga-
tion efficiency of the video rumor information base channel is
greater than that of the text rumor information base, which is
consistent with the above analysis.

0.7 —T —T —T — T

Time

Fig. 7. Comparison of propagation efficiency of different models.

Figure 8 depicts the effects of time delays 7; and 7, on
the spreader density S(¢). It can be seen that the spreader den-
sity S(¢) is negatively correlated with the time delay 7y, i.e.,
when 7; increases, S(¢) decreases accordingly. This indicates
that the longer the thinking time required for ignorant people
to react to a rumor after acquiring it through any channel, the
smaller the rumor propagation scale. Moreover, as can be seen
from Fig. 8, the effect of 7, on S(¢) depends on the value of
7. When is small, it means that people are more credulous.

Under this case, the spreader density S(¢) decreases as T, in-
creases, which indicates that the time required for spreaders to
produce video rumors is negatively correlated with the scale
of rumor propagation when people are more credulous. When
71 is larger, it means that people are more cognizant, in which
case the size of 7, has no significant effect on the spreader
density S(¢). Therefore, when people are more credulous, rel-
evant departments should strengthen the review and control of
the newly uploaded content in the information base, so as to
reduce the negative impact of rumor spreading.

1.435
1.202
1.148
1.005
0.8610
0.7175
0.5740
0.4305
0.2870
0.1435

S(t)

Fig. 8. Influence of time delay 7, and 7, on the spreader density S(¢).

Then we simulated the influence of time delayed impact
rates m; and my on the rumor propagation process, respec-
tively, as shown in Fig. 9. As can be seen from Fig. 9(a), the
peak of the spreader density decreases with the increase of
my. It indicates that the impact degree of the thinking time 7;
of the ignorant after receiving the information on their trans-
formation to spreaders is inversely proportional to the rumor
propagation scale. As can be seen in Fig. 9(b), the peak of
spreader density decreases with the increase of m;, indicating
that the greater the impact degree of the time 7, required by
the spreader to produce the video, the smaller the scale of ru-
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mor propagation. In addition, the impact rate m; has a greater
influence on the rumor propagation process compared to my,
which indicates that the change in the ignorant’s thinking time
has a more significant impact on the rumor propagation pro-
cess than the change in the spreader’s video production time.

e o —
+m1:0.1
0.304 n(® e-m; =0.5 1
~0.20 1 1
=
“ 0,15 - 4
0.104 1
0.05 1
0 T T T T T . . .

0 20 40 60 80 100

Time

Therefore, in the reality of rumor spreading process, we can re-
duce the propagation scale of rumors by adding controls such
as science education so that the ignorant can be calmer after
receiving rumors and spend more time to identify the authen-
ticity of the information.

030771

Time

Fig. 9. Influence of time delayed impact rates m; and my on the spreader density S(z).

1.0 T T T T T T T T T T
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Time
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0.9 {()
0.8
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Fig. 10. Trajectories of I(z), S(t), and R(¢) under different control strategies.

Finally, we simulated the trajectory diagrams of the igno-
rant, spreader and stifler in the system under different control
strategies, as shown in Fig. 10. Figure 10(a) shows the tra-
jectory diagrams of the ignorant, spreader and stifler in sys-
tem (1) in the uncontrolled state, and it can be seen that the
final system tends to the steady state. Figure 10(b) shows the
trajectory of the single optimal pulse vaccination control, and
it can be seen that after the single optimal pulse vaccination
control behavior is applied, the ignorant () decreases rapidly
and the stifler R(¢) increases rapidly. The peak of the spreader

S(t) decreases, indicating that the single optimal pulse vacci-
nation control can effectively reduce the scale of rumor propa-
gation. In addition, the spreader S(¢) gradually decreases with
time and finally stabilizes at 0, which indicates that the ru-
mor is effectively controlled within a short period of time and
greatly reduces the damage caused by rumor propagation. Fig-
ures 10(c) and 10(d) simulate the trajectories of the system
under the 2-pulse vaccination control and 3-pulse vaccination
control strategies, respectively. It can be seen that as the num-

ber of pulse vaccination increases, the system takes less time to
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reach a steady state, which indicates that the number of pulse
vaccination control has a positive impact on suppressing ru-
mor propagation. However, a larger number of pulses means a
higher control cost, so we need to find a balance between the
number of pulses and the cost of control to achieve the best
control effect. In addition, it is worth noting that the steady-
state time shortened by multiple pulses is not as significant as
the effect of a single pulse, which indicates that choosing the
right pulse timing is crucial to improve the efficiency of rumor
control and deserves further in-depth study.

7. Model application

In this section, we compare the model in this paper with
the rumor propagation process in the real scenario provided
in Ref. [49] to verify the validity of the model. On 2017 De-
cember 22, a news story on Sina Weibo about “tourists pulling
elephant tails in Thailand and causing the leader of the group
to be trampled to death” triggered a heated public discussion
and generated negative impacts. The real data is shown in Ta-
ble 2.

Table 2. The number of spreaders.

Time 1h 2h 3h 4h 5h 6h 7h 8h 9h 10h I1h
Number 359 218 5573 4573 1778 9240 7508 9999 1328 566 115
Time 12h 13h 14h 15h 16 h 17h 18h 19h 20h 21h 22h
Number 5391 372 4065 6895 863 1850 521 35 116 25 1070
Time 23h 24 h 25h 26 h 27h 28 h 29h 30h 31h 32h 33h
Number 604 442 1976 246 82 389 166 379 655 7 59
Time 34h 35h 36 h 37h 38h 39h 40h 41 h 42h 43 h 44 h
Number 138 694 5 43 154 2 2 82 0 0 0

1.0

—— Simulation data |
—— Actual data

[(a)
0.8}

0.6

S(t)

0.4}

0.2
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Time

1.0 T - - - . .
| (b) —— Simulation data |
—— Actual data

0.8F

5(t)

Fig. 11. The evolution of rumor spreaders and real data.

The real data provided in Table 2 is used to compare with
system (1), as shown in Fig. 11(a). It can be seen that from the
stage of rumor generation to the peak of rumor propagation,
the model in this paper matches well with the real situation
and can well reflect the process of rumor spreading in the real
scenario. However, according to model predictions, if control
measures are not taken in time at a later stage, rumors will per-
sist and have a large negative impact. If the control strategy is
adopted in time at the 8th hour, the rumor will be controlled

until it dies out, as shown in Fig. 11(b). This was also veri-
fied in the real data, and the rumor was gradually quelled on
25 December of the same year when the Thai police issued an
official message that the news was inaccurate and there was no
tail dragging to harass the elephants. The results show that the
model in this paper can well reflect the real scenario and has
some guiding significance in the process of rumor propagation
in reality.

8. Conclusion

The channels through which individuals are exposed to
rumors are mainly text information base, video information
base, and contact with others. Considering the different prop-
agation efficiency of these three propagation channels, an
improved propagation model was established by considering
three propagation channels and time delays, and further the
influence of popular science education pulse vaccination con-
trol is considered on the rumor propagation process based on
this model. Firstly, the basic regeneration number Ry is ob-
tained by the next generation matrix method, and the stability
of the rumor-free equilibrium point and the rumor-prevailing
equilibrium point is proved by using the Lyapunov stability
theory. Then, considering the popular science education pulse
vaccination, the necessary conditions for minimizing the nega-
tive impact caused by rumor propagation are obtained by using
Pontryagin’s minimum principle. Finally, through numerical
simulations, we found that the magnitude of the propagation
rate of each channel is positively correlated with the magni-
tude of the basic regeneration number Ry. In particular, the
basic regeneration number Ry is more sensitive to the text ru-
mor propagation rate 3 and the video rumor propagation rate
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Bs. The value of the thinking time 7| required for ignorant peo-
ple to react after being exposed to a rumor is negatively cor-
related with the scale of rumor propagation. When 7 is large
enough, it means that people are cognizant enough, in which
case the time 7, required for spreaders to produce a video has
a very small effect on the rumor propagation process. Con-
versely, when 7; is small means that people are credulous, in
which case the time 7, required by the spreader to produce
the video is negatively correlated with the final size of rumor
propagation. In addition, well-timed pulse vaccination control
for popular science education is effective in controlling rumor
propagation, but the choice of the appropriate pulse timing de-
serves further in-depth study.
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