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Dynamic light storage based on controllable electromagnetically
induced transparency effect

Liu-Ying Zeng(曾柳莹), Jun-Fang Wu(吴俊芳)†, and Chao Li(李潮)‡

School of Physics and Optoelectronic Technology, South China University of Technology, Guangzhou 510640, China

(Received 15 November 2022; revised manuscript received 28 April 2023; accepted manuscript online 5 May 2023)

We analytically and numerically investigate a signal light storing mechanism based on the controllable electromagnet-
ically induced transparency (EIT) effect. We demonstrate that the isolation between the waveguide and the cavities cannot
be achieved instantly as soon as the two cavities are tuned into resonance, no matter the index tuning rate is ultrafast or slow.
We also investigate the temporal evolution features of the intracavity energy when the pulse during time is prolonged. We
find many periodical oscillations of the trapped energy in both cavities, and they are entirely complementary. Our analysis
shows that the adiabatic wavelength conversion in both cavities and a phase difference π between them play critical roles
in this phenomenon.

Keywords: dynamic light storage, electromagnetically induced transparency, dynamic modulation, photonic
crystal

PACS: 42.50.Gy, 42.60.Da, 42.70.Qs, 42.82.–m DOI: 10.1088/1674-1056/acd2bd

1. Introduction
Signal light storing is of great significance in the fields

of photonic circuits, all-optical signal processing and quan-
tum communications.[1–4] The key to realize controllable
signal light storing is to greatly slow or stop light. For
this purpose, recently, photonic analog of electromagneti-
cally induced transparency (EIT) effect, has been intensively
investigated,[5–10] and has been extended to plasmonically
induced transparency (PIT) effect.[11,12] The reported slow-
light systems using EIT-like effect are mainly based on the
static coupling of two or more micro/nanocavities, forming
an ultra-narrow EIT peak to ensure slow group velocity.[5–9]

However, the ultra-narrow spectral width of EIT peak makes
the operating bandwidth quite small, resulting in a delay-
bandwidth product limit.[5–9] In order to break this limit, var-
ious mechanisms have been proposed.[1,3,13–17] Among them,
dynamically tuning the linewidth of EIT peak is a promising
method.[5,13,17–21] As has been demonstrated theoretically and
experimentally, the linewidth of the supermode, as well as the
lifetime of the trapped signal photons, can be freely controlled
just by dynamically tuning the resonance difference between
the cascaded cavities.[13,21] It is well known that when these
resonant frequencies are tuned to be equal, the supermode will
be completely isolated from the waveguide. As a result, the
previously trapped signal light will be perfectly stored in these
cascaded nanocavities.

However, whether or not the isolation between the super-
mode and the waveguide can be achieved immediately after
the cavities are tuned into resonance (i.e., the resonant fre-
quencies of the two cavities are tuned to be equal) is still un-

known. This question is rather important, since if the isola-
tion cannot be achieved instantly, part of the signal energy will
leak into the waveguide. Obviously, this will affect the storing
efficiency. In this paper, we present an analytical model to
describe a dynamic light storage system based on the control-
lable EIT-like effect. From this analytical model, we demon-
strate that the supermode cannot be instantly decoupled from
the waveguide when we begin to store the signal light. There
is always an inevitable, quick, and non-negligible energy leak-
age, no matter the index tuning rate is fast or slow. We also
find the temporal oscillations of intracavity energy when the
pulse during time of the signal is prolonged. More impor-
tantly, these energy oscillations in the two cavities are entirely
complementary. We show that the adiabatic wavelength con-
version in both cavities and a phase difference π between them
are responsible for this interesting phenomenon.

2. Analytical model
We start by investigating such dynamic processes in a

photonic crystal (PC) waveguide-cavities system shown in
Fig. 1(a). The structure consists of a triangular lattice of air
holes in silicon slab (the refractive index of silicon is n0 = 3.4,
and the thickness of the slab is h = 218 nm) with a lattice
constant of a = 420 nm and air-hole radius of r = 116 nm.
Two monomode nanocavities C1 and C2 are side-coupled to a
W1 waveguide, which is formed by removing one line of air-
holes along the horizon direction. The resonant frequencies
of C1 and C2 are ω01 and ω02, respectively. ω01 and ω02 are
initially slightly different, and can be dynamically tuned via
transient nonlinearity, such as free-carrier dispersion effect or
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Kerr effect.[13,18–22] For cavity Ci (i = 1, 2), the linewidth of
the cavity mode is γi = γCi + γ0i, where γ0i and γCi originate
from the intrinsic cavity losses, and the coupling between the
cavity mode and a waveguide, respectively. We suppose the
distance between the two nanocavities is far enough, so that
their direct coupling can actually be neglected, but they can
indirectly couple to each other via the medium waveguide be-
tween them.
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Fig. 1. (a) Dynamic light storage system in a 2D triangular-lattice air-
hole PC slab. The refractive index of the red shadowed area is mod-
ulated slightly. The physical parameters of C1 and C2 cavities are
ω01 = 0.266085, ω02 = 0.266201, γC1 = 3.21×10−5, γC2 = 3.32×10−5,
and γ01 = γ02 = 8.45×10−7 (all in units of 2πc/a). (b) Schematic of light
storage system consisting of two cavities side-coupled to a waveguide.

Since this linear system is completely reciprocal, we can
only consider the forward-transmitted case. According to the
temporal coupled-mode theory,[23–25] the dynamic equations
for the amplitudes of the cavity modes in C1 and C2 can be
written as

dA1/dt = (jω01− γ1)A1 +d1 f1 +d1b2,
dA2/dt = (jω02− γ2)A2 +d2 f2,

f2 = e jφ f1 +d1A1,

f3 = e jφ f2 +d2A2,
b2 = d2A2,

(1)

where Ai (i = 1, 2) is the mode amplitude to represent the elec-
tromagnetic energy |Ai|2 stored inside Ci. f j and b j ( j = 1, 2,
3) denote the field amplitudes of the forward and backward
transmitted waves at the j-th port in waveguide, as depicted in
Fig. 1(b). di = j e jφ/2√γCi is the coupling coefficient between
the transmitted waves and the cavity mode of Ci, which can
be derived from energy-conservation and time-reversal sym-
metry constraints (see Appendix A). φ stands for the transmis-
sion phase, which can be adjusted by changing the distance
l between the cavities. As pointed out in several references,
φ plays an important role not only in EIT systems, but also
in PIT systems.[7,26] For instance, Ref. [26] proposed that the
properties of a PIT system can be controlled via tuning the res-
onant phase difference, which is also related to the relative ge-
ometrical position of the coupled resonators. Here we choose

e jφ = 1, which implies a coherent interference between the
two cavities. As a result, an EIT-like peak will occur.[13]

To obtain the linewidth of the EIT peak, we should firstly
derive the transmission spectrum of the system. This can be
done by employing a continuous-wave (CW) probe source
f1 =

√
pin e jωt (where pin is the input power, and ω is the

carrier frequency) and scanning the wavelength. By substitut-
ing this CW source term into Eq. (1) and utilizing the initial
condition Ai(0) = 0, we obtain the stable total transmission
coefficient T as follows:

T =

∣∣∣∣ f3

f1

∣∣∣∣2
=

∣∣∣∣ (ω−ω01− jγ01)(ω−ω02− jγ02)

[(ω−ω01)− jγ1][(ω−ω02)− jγ2]+ e2jφ γC1γC2

∣∣∣∣2. (2)

When φ = mπ (m is an integer), the coherent interference be-
tween the two cavities results in a supermode (an EIT-like
peak) at ωEIT = (ω01 +ω02)/2, with a peak transmission of

Tmax ∼
(ω02−ω01)

4

(ω02−ω01)4 +4(ω02−ω01)2(γ2− γ1)2 . (3)

The linewidth (FWHM) of the supermode can be derived by
solving∣∣∣∣ (ω−ω01− jγ01)(ω−ω02− jγ02)

[(ω−ω01)− jγ1][(ω−ω02)− jγ2]+ e2jφ γC1γC2

∣∣∣∣2= Tmax

2
, (4)

and we get

∆EIT ∼ γ01 + γ02 +
(ω02−ω01)

2

2(γC1 + γC2)
. (5)

From Eq. (5), we know immediately that the coupling rate be-
tween the supermode and waveguide is (ω02−ω01)

2/[2(γC1+

γC2)], which will vanish when ω01 and ω02 are tuned to be
equal. This means the supermode will be completely iso-
lated from the waveguide. Thus, the previously trapped sig-
nal light will be tightly trapped in the two cascaded nanocav-
ities, and the characteristic storing time is determined only by
(γ01 + γ02).

However, as will be demonstrated below, even if the cav-
ities do not have any intrinsic losses (namely, γ01 = γ02 = 0),
the trapped signal energy cannot be completely stored inside
the cascaded cavities. There is an inevitable, quick, and non-
negligible energy leakage, which has never been proposed, to
the best of our knowledge. To show this more clearly, we con-
sider a signal pulse centered at a carrier frequency ω incident
from the left WG. The signal has a Gaussian shape, and takes
the form of f1 =

√
pin e jωt · e−(t−td)2/t2

0 , where pin, t0 and td
are the peak power, pulse during time, and delay time of the
signal pulse relative to the time origin, respectively.

Initially, the carrier frequency and the during time (so as
well as the spectral width) of the signal pulse are appropri-
ately set to match that of the supermode of the EIT-like system.
Thus, the signal energy resonantly couples into the supermode
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and then reaches a peak. To trap this pulse, the resonance gap
between ω01 and ω02 should be immediately tuned to zero.
To do this, we can alternatively keep ω02 invariant, and only
change ω01

ω
′
01 =

{
ω02, t1 ≤ t < t2,
ω01, else.

(6)

Equation (6) indicates that the signal pulse will be trapped
from t = t1 when the supermode is decoupled from the waveg-
uide, and the trapped power will be released at t = t2 after a
given storage time.

Considering that the characteristic photon lifetime of the
storing process is much longer than the during time of the
incident Gaussian pulse, the source term f1 =

√
pin e jωt ·

e−(t−td)2/t2
0 in Eq. (1) can actually be neglected when t is long

enough. Thus, we can derive the analytical solutions of A1 and
A2

A1(t)=[c1 e−(γC1+γC2)t + c2 e−(γ01+γ02)t/2] · e−jω02t , (7)

A2(t)=

[
c1γC2 e−(γC1+γC2)t − c2γC1 e−(γ01+γ02)t/2

]
· e−jω02t

√
γC1γC2

, (8)

where c1 and c2 are two undetermined coefficients. Equa-
tions (7) and (8) clearly show that the doubly-degenerate
modes at ω02 have been excited inside the cascaded res-
onators: one is a low-Q mode, with an energy decay rate of
2(γC1 + γC2); another is a high-Q mode, with an energy de-
cay rate of γ01 + γ02. Essentially, the generation of the high-
Q and low-Q degenerate modes, originates from the destruc-
tive/coherent interferences via the waveguide-mediated indi-
rect coupling between the two cascaded cavities, under the
condition of e jφ = 1. Noticing that γC1+γC2� γ01+γ02, thus
the energy of the excited high-Q mode will be stored inside
the cavity, while the energy of the excited low-Q mode will
leak into the waveguide. Therefore, there should be a sudden
and non-negligible energy dissipation just after the moment
when ω01 is tuned equal to ω02, with a characteristic dissi-
pation time of 1/2(γC1 + γC2). This also means, the isolation
between the waveguide and the cavities cannot be achieved
instantly as soon as the two cavities are tuned into resonance.

Figure 2 shows the temporal evolution processes of the
output waveforms (| f3|2) for different γC1 and γC2, by substi-
tuting f1 =

√
pin e jωt · e−(t−td)2/t2

0 and Eq. (6) into Eq. (1) and
using the four-order Runge–Kutta method[27] to solve these
equations. One can see clearly in Fig. 2(a) that a little but
non-ignorable dissipation peak occurs just followed closely
behind the moment when the modulation begins. When we
further increase γC1 and γC2, we find that the FWHM of the
dissipation peak reduces, which indicates that the characteris-
tic time of this sudden energy leakage really varies inversely
with γC1 + γC2, as can be seen from Fig. 2(b).
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Fig. 2. (a) Energy dissipation in the output waveforms for different γC1
and γC2. (a) γC1 and γC2 take the original values (see the caption of Fig. 1).
(b) γC1 and γC2 increase to 4 times of their original values. One can see
that the FWHM of the dissipation peak decreases for bigger γC1 and γC2.

Next, we will investigate how to control the distribution
of the trapped energy inside different cavities on demand,
which is of great importance for the applications of control-
lable optical nonlinearity. Noticing that the term e−(γC1+γC2)t

can be ignored compared with e−(γ01+γ02)t when t is long
enough (namely, the low-Q mode will decay into the waveg-
uide quickly, while the high-Q mode will preserve inside the
resonators), Eqs. (7) and (8) can be further simplified as

A1(t) = c2 e−(γ01+γ02)t/2 · e−jω02t , (9)

A2(t) =
−c2γC1 e−(γ01+γ02)t/2 · e−jω02t

√
γC1γC2

. (10)

The term e−(γ01+γ02)t/2 in Eqs. (9) and (10) clearly shows that
the energy decay rate during the storing process is only deter-
mined by the intrinsic losses of the cavities, and the ratio of
the trapped signal energy in C1 to that in C2 satisfies

|A1(t)|2/|A2(t)|2 = γC2/γC1. (11)

The relative magnitude of γC1 and γC2 can be readily tuned just
by changing the vertical distance between C1 (or C2) and the
waveguide or the geometry structure of the cavities. There-
fore, we can freely control the energy distribution in the cas-
caded cavities.

To see this more clearly, Fig. 3 shows the theoretically
calculated temporal evolutions of the intracavity energy inside
C1 and C2 during the whole dynamic processes. From Fig. 3,
we indeed see that the energy distribution of the trapped sig-
nal is sensitive to the ratio of γC1 to γC2: when γC1 > γC2, more
energy is stored in C2 than in C1, as shown in Fig. 3(a); while
when γC1 < γC2, the result is reversed, as shown in Fig. 3(b);
specially, when γC1 = γC2, the energy is equally trapped in both
cavities, as shown in Fig. 3(c). More importantly, we find the
energy stored in Ci (i = 1, 2) is really inversely proportional
to its coupling rate γCi, namely, |A1|2/|A2|2 = γC2/γC1, just as
what Eq. (11) predicts. This conclusion can be tested directly
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by measuring the data shown in Fig. 3, e.g., the intersections
(marked by red, blue and black dots) of the energy evolution
curves and a dashed vertical line at an arbitrary moment of the
storing process.
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Fig. 3. Temporal evolutions of the intracavity energy with different γC1
and γC2. (a) γC1 > γC2. (b) γC1 < γC2. (c) γC1 = γC2. The dashed vertical
line implies an arbitrary moment of the storing process. In the calcula-
tions, ω = (ω01 +ω02)/2 = 0.266143 (2πc/a), t0 = 10 ps, td = 20 ps,
t1 = 25 ps, t2 = 500 ps, and the others physical parameters are the same
as that in the caption of Fig. 1.

3. Numerical experiments
To verify the theoretical predictions of the above analyt-

ical model, we use the finite-difference time-domain (FDTD)
method[28] to perform numerical experiments on the system
sketched in Fig. 1(a). The spatial grids in the horizontal and
vertical directions are all chosen to be a/30, and the corre-
sponding temporal grid is set to be 0.02(a/c). A perfectly
matched layer of 1 µm is employed as absorbing boundary.
The two nanocavities are created by filling in one air hole,
and the radii of the end holes denoted by A are decreased
to rA. Here rA for C1 is 0.125a, while rA for C2 is 0.127a.
This slight difference in the size of the end holes makes ω01

and ω02 detuned initially, with ω01 = 0.266085 (2πc/a) and
ω02 = 0.266201 (2πc/a), as shown in the caption of Fig. 1.
Besides, the end holes A for both cavities are shifted 42 nm
outward from their original positions to increase the vertical
radiation Q factors (over 180000). The center distance be-
tween the two cavities is tuned to be l = 13a to make sure the
propagation phase between C1 and C2 satisfies e jφ ∼ 1, and
the distance is big enough to ignore the direct coupling be-
tween the cavities. The vertical distance between the cavity
center of C1 (C2) and the center line of the W1 waveguide is
4a. Thus, decay rates of the cavity mode amplitudes for C1

and C2 into the W1 waveguide are γC1 = 3.21×10−5 (2πc/a)
and γC2 = 3.32×10−5, respectively, corresponding to the cou-
pling Q factors of 4140 and 4000, which are very common in
actual PC cavity-waveguide coupling systems.[7] Besides, in
real experiments, except for the vertical radiation loss, the PC

cavity may also suffer from the scattering/absorption loss. To
mimic the real case, here we intensively introduce an imag-
inary component to the refractive index of C1 and C2, with
a value of ni = 1.43× 10−6, which is equivalent to a cavity
intrinsic decay rate of γ01(γ02) = 8.45×10−7 (2πc/a), corre-
sponding to an unloaded Q factor of 1.57× 105 for both cav-
ities. Note that under current technology, the cavity intrin-
sic losses can be well controlled to an extremely low level,
and ultrahigh-Q (over 106) PC nanocavities have been ex-
perimentally realized.[29,30] Therefore, the cavity intrinsic de-
cay rates taken here are reasonable, and can be further de-
creased by optimal design. When without modulation, the
spectrum of the system exhibits a typical EIT peak at ω =

0.265945 (2πc/a) (or λEIT = 1548.59 nm), with a linewidth
of ∆EIT = 8.43×10−5 (2πc/a).

Then, a 10 ps Gaussian signal pulse at ω =

0.265945 (2πc/a) is injected from the left end of the waveg-
uide, and couples into the cavities efficiently. The pulse during
time (or bandwidth) and carrier frequency are selected such
that they are coincident with that of the EIT peak. As soon
as the trapped signal energy reaches its peak at t1 = 25 ps, we
add a fast index modulation of ∆n/n0 =−4.68×10−4 to C1, to
blueshift ω01 and make ω01 = ω02. Here ∆n/n0 increases lin-
early from 0 to 8×103 within 0.5 ps, which is achievable via
the free-carrier dispersion effect or the Kerr effect. Figure 4(a)
shows the temporal evolutions of the intracavity energy in C1

and C2. After the initial oscillations, the decay rates of the
trapped energy in both cavities become very little, with a same
value of 1.77×10−6 (2πc/a), which corresponds to a charac-
teristic photon lifetime of ∆τ ∼ 5.65× 105(a/c) = 0.79 ns.
Considering that the operation bandwidth of the system is
∆ω ∼ ∆EIT, so that the delay-bandwidth product of the sys-
tem sketched in Fig. 1(a) is ∆ω∆τ ∼ 300, which is far greater
than that of a static device (no more than 2π).[5–9] Besides, one
might notice that the trapped energy in C2 (the dashed curve)
is less than that in C1 (the solid curve). That is because γC2

is greater than γC1 (see the detailed parameters in the caption
of Fig. 1), and can be well explained according to Eq. (11).
Figures 4(c) and 4(e) are the corresponding waveforms of the
output signal and the electric field distribution when storing,
respectively. One can see clearly that the signal energy is per-
fectly trapped inside the cascaded cavities.

However, as demonstrated above, the isolation between
the waveguide and the cavities cannot be achieved instantly
as soon as ω01 and ω02 are tuned to be equal, since a lossy
mode with low Q factor is simultaneously excited during this
dynamic process. As a result, part of the trapped signal en-
ergy will leak into the waveguide. That is why we see in
Fig. 4(c) there is a dissipation peak (with a characteristic
time of 1/2(γC1 + γC2) ∼ 10 ps) followed closely behind the
first transmission peak, just as the theoretically-predicted one
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shown in Fig. 2. Note that the characteristic time of this en-
ergy dissipation before storing is only determined by γC1 and
γC2, and is nearly independent on the refractive index tuning
rate. To verify this, Fig. 5 plots the waveform of the out-
put signal under different index tuning rates (with the tuning
time of ∆t = 5 fs, 10 ps, and 20 ps, respectively, as shown by
Fig. 5(a)). One can see there is always a little dissipation peak
followed by the moment when the index modulation begins,
with a nearly same characteristic time, no matter the index
tuning is transient or relatively slow.
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To release the trapped light after a given delay, we can re-
open the cavity-waveguide coupling tunnel by adding another
fast index modulation to C1 or C2, to make their resonances
detuned from each other again. As a result, the trapped energy
flows out quickly, as shown by Figs. 4(b) and 4(d), as well as

Fig. 5. One can see that a pulse appears again, with a quasi-
Gaussian shape, nearly independent of the index tuning rate.

Finally, we discuss what will happen when the pulse dur-
ing time becomes longer. To do this, in the following sim-
ulations we consider a signal pulse with longer during time,
and all the others parameters, as well as the index modulation
(the modulation still stars as soon as the trapped signal en-
ergy reaches its peak), are the same as that employed in Fig. 4.
From Figs. 6(a) and 6(c), we find more temporal oscillations
of intracavity energy appear when the pulse during time is pro-
longed, with a same oscillation period ∆τ ∼ 20.5 ps. More in-
terestingly, these energy oscillations in C1 and C2 seem to be
complementary, just as if they were exchanging energy. How-
ever, as demonstrated above, the cavities will be completely
isolated from the waveguide in 10 ps when a fast index mod-
ulation is applied. In addition, the direct coupling of the two
cavities can also be ignored due to the long distance between
them. That is to say, there is no longer a channel for energy
exchange between C1 and C2, suggesting that there should be
other mechanism at work.

In
tr

a
c
a
v
it
y
 e

n
e
rg

y
 (

a
rb

. 
u
n
it
s)

Time (ps)

C
a
v
it
y
 f
ie

ld
 i
n
te

n
si

ty
 (

a
rb

. 
u
n
it
s)

t/ ps t/ ps

t/ ps t/ ps

Wavelength (nm)

Fig. 6. Temporal and spectral plots of the dynamic storage processes with
different pulse during time t0. (a) and (b) t0 = 50 ps. (c) and (d) t0 = 100 ps.

The intracavity spectra shown in Figs. 6(b) and 6(d) fur-
ther uncover the truth. We see except for the spectral com-
ponent of the pump source at ω = 0.266135 (2πc/a) (or
λ = 1578.15 nm), another new component — the high-Q reso-
nant mode at ω02 = 0.266201 (2πc/a) (or λ02 = 1577.71 nm),
is also excited, as predicted by Eqs. (7) and (8). This wave-
length shift should be distinguished from the traditional non-
linear cases, since the wavelength conversion is independent
of the light intensity. Noticing that this new spectral compo-
nent is only determined by the final resonance of the dynam-
ically tuned cavity, this wavelength conversion process is es-
sentially adiabatic, just as that reported in Refs. [31–34]. The
coexistence of the two components at ω and ω02 results in the
beat phenomenon in both cavities (the oscillation period ∆τ ∼
20.5 ps is just equal to 2π/|ω−ω02|, which provides a direct
evidence[35,36]). More importantly, by comparing Eqs. (7) and
(8), the minus sign before the term e−(γ01+γ02)t/2 · e−jω02t in
Eq. (8) implies that there is a phase difference π between the

064213-5



Chin. Phys. B 32, 064213 (2023)

excited high-Q resonant mode in C1 and the excited high-Q
resonant mode in C2. That is why the energy oscillations in
C1 and C2 are complementary. When the energy of the pulse
all transfers into the high-Q resonant mode at ω02, these oscil-
lations disappear (see Fig. 6(a) after 200 ps, and Fig. 6(c) after
400 ps).

4. Conclusion
We analytically and numerically investigate a signal light

storing mechanism based on the controllable EIT effect. As an
example for illustration, we design a compact silicon PC light
storing system with two cascaded nanocavities side-coupled to
a W1 waveguide. We demonstrate that the isolation between
the waveguide and the cavities cannot be achieved instantly
as soon as the two cavities are tuned into resonance. We also
investigate the case when the pulse during time is prolonged,
and find there are many temporal oscillations of light energy
inside both cavities with a phase difference π . The underlying
physical mechanisms are revealed. These findings may ex-
pand our understanding of the dynamic light storage based on
the EIT-like effect in a more general framework.

Appendix A
The positions of port 1, port 2, and port 3 are shown in

Fig. A1, where port 2 lies at the center between C1 and C2,
while port 1 and port 3 are symmetrically distributed on both
sides of port 2. Thus, the transmission phase between C1 and
C2 can be written as φ = kl, where k is the waveguide-mode
propagation constant, and l is the center-to-center distance be-
tween C1 and C2. Without loss of generality, here we consider
the forward-transmitted case, namely, b3 = 0, and f1 repre-
sents the incident signal light filed.

f

b b b

f f

l/ l/ l/ l/

Port 1 Port 2 Port 3

C1 C2

Fig. A1. Schematic of two cavities side-coupled to a waveguide.

In order to determine the coupling coefficients d1 and d2

in Eq. (1) and have a better understanding of this equation, we
can consider a simplified model by temporally removing the
cavity C2, as shown in Fig. A2. Obviously, the transmitted
field f2 consists of two parts: one is from the incoming wave
f1 through a direct pathway via the waveguide, with a phase
difference φ = kl; the other is from the coupling between the
transmitted wave and the cavity mode field A1.

f

b

f

l/ l/

Port 1 Port 2

A1

γ

Fig. A2. Schematic of a simplified model.

Accordingly, the transmitted field f2 can be expressed as

f2 = e jφ f1 +d1A1. (A1)

While the reflected wave b1 originates directly from the cou-
pling of A1, and satisfies

b1 = d1A1. (A2)

According to the temporal coupled-mode theory,[23] the dy-
namic equation for the cavity mode field A1 can be written as

dA1/dt = (jω01− γ1)A1 +d1 f1. (A3)

From Eq. (A3), we have

d|A1|2/dt =−2γ1|A1|2 +d1 f1A∗1 +d∗1 f ∗1 A1. (A4)

On the other hand, according to the law of energy conserva-
tion, the rate of change of the energy in the resonator mode
must satisfies

d|A1|2/dt = | f1|2−| f2|2−|b1|2−2γ01|A1|2, (A5)

where the terms | f1|2, | f2|2, |b1|2, and 2γ01|A1|2 represent
the incident power, transmitted power, reflected power, and
the cavity intrinsic loss of C1, respectively. By comparing
Eqs. (A4) and (A5), we have

−2γ1|A1|2 +d1 f1A∗1 +d∗1 f ∗1 A1

= | f1|2−| f2|2−|b1|2−2γ01|A1|2. (A6)

Now, let us perform a time-reversal transformation on the
above process. In this case, the flow directions of the en-
ergy will all be reversed, and the field terms A1, f1, f2, and b1

should be rewritten as their conjugations, as shown by Fig. A3.

f

b

f

l/ l/

Port 1 Port 2

A1

γ

*

*

*

*

Fig. A3. Schematic of a time-reversal version of the case as shown in Fig. A2.
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In this case, we have

f ∗1 = e jφ f ∗2 +d1A∗1. (A7)

Taking conjugations on both sides of Eq. (A7), we get

f1 = e−jφ f2 +d∗1A1. (A8)

By substituting Eqs. (A2), (A7) and (A8) into Eq. (A6), we
obtain

|d1|2 · |A1|2 = (γ1− γ01)|A1|2 = γC1|A1|2. (A9)

Accordingly, the coupling coefficient d1 has the form of

d1 =
√

γC1 e jθ , (A10)

where θ is a coefficient, and can be further determined by the
following means.

By taking conjugations on both sides of Eq. (A1), we get

f ∗2 = e−jφ f ∗1 +d∗1A∗1. (A11)

Substituting Eq. (A11) into Eq. (A7), we have

(e jφ d∗1 +d1)A∗1 = 0. (A12)

Since Eq. (A12) should be satisfied for arbitrary A1, which
means

e jφ d∗1 =−d1. (A13)

Substituting Eq. (A10) into Eq. (A13), we immediately obtain

θ = φ/2+π/2. (A14)

Thus, the coupling coefficient d1 is now completely deter-
mined by

d1 = j
√

γC1 e jφ/2. (A15)

Similarly, another coupling coefficient d2 can also be derived
as

d2 = j
√

γC2 e jφ/2. (A16)

Based on the above-mentioned analysis, it is not difficult to
get Eq. (1).
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