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F-u bond length and uSR depolarization spectrum calculation for
fluoride using two-component density functional theory
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Yue Yuan(J74), Hongjun Zhang(5K%:1%), and Bangjiao Ye(H- 3 £f)3

State Key Laboratory of Particle Detection and Electronics, University of Science and Technology of China, Hefei 230026, China
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First-principles calculation of muons in ionic fluorides has been proposed recently. However, there is a considerable
difference between the obtained F—p bond length and the experimental data obtained by muon spin relaxation (1SR).
Considering that the difference may be caused by ignoring the quantum effect of muons, we use two-component density
functional theory (TCDFT) to consider the quantized muon and recalculate the bond length and the uSR depolarization
spectrum. After testing several muon—electron correlation, we show that TCDFT can give better results than the commonly

used “DFT+p”.

Keywords: muon spin relaxation/rotation, fluoride, density-functional theory

PACS: 76.75.+1, 71.15.Mb, 21.60.De

1. Introduction

The pSR technique involves injecting nearly completely
polarized muons into the sample and using them as local probe
to detect the information of local magnetic field where the
muon stops.!! It is now widely used in physical and chemical
investigation of condensed-matter systems./?! The muon has a
positive charge and acts as a proton-like particle in the mate-
rials (but only one ninth the mass of proton). After injection
into the sample, three processes must be addressed: the muon
loses energy until it ends up staying in candidate interstitial
sites, local structural relaxation of the atomic positions due to
wt—sample interaction and the process of spin depolarization
of muon under a local magnetic field until decaying (average
lifetime 7, = 2.2 ps). 34

Density-functional theory (DFT) has been used to ac-
count for the perturbation of the implanted muon to local
crystallographic and electronic structures. >8] Considering the
proton-like muon, a proton can be placed in candidate intersti-
tial sites and the structure is relaxed to estimate the u™—sample
interaction, while all atoms and the proton are allowed to move
until convergence to find the lowest energy site for p. This
method is often referred to as “DFT+u”.[>-13]

In previous work, the depolarization spectrum of muons
in ionic fluoride has been simulated based on DFT+p to study
the pt-lattice interaction.!'*13] Because of the strong elec-
tronegativity of fluoride ions, wt usually stays between two
fluoride ions, forming the so-called F—pu—F structure.!'® The
DFT+p results show that there is a significant difference be-
tween the calculated F—u bond length in F—p~F structure and
the expected fitting result of experiment. A common refine-
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ment is to consider the quantized muon, phonon method,!
for example.

In this work, we use the two-component density func-
tional theory (TCDFT), in which both the muon and the elec-
trons are treated as quantized particles thus the quantum ef-
fect of the muon can be naturally included by solving the
self-consistent field of these two components. We test several
different muon—electron two-body correlation energy forms to
calculate the convergent muon—electron two-body wave func-
tion. Then, the wave function of the muon is used to re-
place the proton-like muon to calculate the F—p bond length
and the muon depolarization spectrum. The final results show
better agreement with the experimental uSR spectrum than
DFT+p, which indicates that the muon wave function and re-
laxed structure calculated by TCDFT are useful for this kind
of research.

2. Structural relaxation of TCDFT method

Recently, TCDFT has been proposed to account for the
zero-point motion (ZPM) effect of muons. 17 The wave func-
tions of muon and electrons are separately calculated, the fun-
damental equations are

1 _ _ _ _ -
|:_2V2+‘/;OH+VH+VXC+ coul+Vcorr:| III =€ ll/ (1)
for the electrons used in DFT and

[_1V2 + V+

M ion + VCJ(gul:| II/JF = £+ II/Jr (2)

for the muon to obtain the one particle wave function. Vjg,
is the pseudopotential from the ions. Vg and Vi, are the
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Hartree and exchange—correlation potential for the pseudo-
valence charge density. Vo is the Coulomb potential from
muon to electrons or from electrons to muon. V. is the cor-
relation potential from muon to electrons. y is the wave func-
tion. M is the mass of muon. There is no muon—-muon inter-

1;11 — _aEtOt —

9 (VH + ch)

action because only one muon is present in the sample at any
time.

By varying the Kohn—Sham total energy of the muon—
electron—ions system with respect to an atomic position Ry,

the force on atoms can be obtained by!!8-20]

3

JdR;

68]64
_kaOk’v 5R +T

) AU +Upiions)

OR; JdR; ’

where oy, is the v-th KS level occupancy at momentum k. &, is the KS eigenvalue. U and U,,_ons are the interatomic and
u—ions Coulomb interaction energies. As the muon is put in the equilibrium position as “DFT+u”[!413] suggested and we are
not interested in the force on the muon, there is no derivative of the muon position. Using the Hellmann—Feynman theorem,

0¢&k v/ 0 Ry of the muon—electron—ions system becomes

0on

o ( ly2 + Vo 4+ Vg4 Vi + Vcoul + Vcorr)

58]9’\, -
5RI - Wk,v

where S is the projection overlap matrix. Because there is no

SRy

derivative of muon position, the extra terms over the regular
DFT (9V,,,/dRi and 9V, /0 Ry) are equal to 0.
With only adding the forces of Coulomb interaction of
muon—ions
U, p—ions
JdRy

o 8(.[‘110ns— (r)p (r)dr)
= 5RI = , )

we can obtain the atomic forces to perform structural relax-
ation. Here p,(r) is the density distribution of w at r, and
Vions—p (1) is the pseudo potential from the ions to p.

3. USR study of ionic fluorides

The F—u-F structure has attracted new interest in the
study of entangled quantum states.>!!) The spin of u* is
strongly coupled with the spin of the magnetic nuclei in the
material (especially the two nearest fluorine nuclei), and the
polarization of pu* then evolves in the material according to
the dipole—dipole Hamiltonian

Z HoYiYj

8 .S —
1>]47Th|'l°lj| t

3(si-Fij) (sj-Fij)l,  (6)
where i and j are the labels of each nuclear spin and the muons,
s; and s; are spins, 7;; is the vector between them, ¥; and ¥;
are the gyromagnetic ratios.
The time evolution of the muon’s spin for a polycrys-
talline sample P*(¢) can be given by!!4!
1
PH(t) = 3 (Tr[o} Mexp(—iHst/h)o} exp(l?-[qt/h)} )ar (D
where the symbol ( ), represents the angular average over 7.
a'; is the Pauli spin operator for the muon in the direction of
fl.
For quantum muon, spin Hamiltonian matrix 74 can be
numerically made using sampling of its wave function. As the

Wk,v> - ek,v <'~//k,v

wave function of muon can be well described by Gaussian in
axial directions (R-square always above 0.99), we divide the
x,y,z axes equally into —30, —20, ..., 30 respectively and
use the 1’s density results obtained by TCDFT at that 7 x 7 x 7
grids. The corresponding spin Hamiltonian matrix for a quan-
tum muon is obtained by taking the corresponding spin Hamil-
tonian matrix of the muon on the representative grids, multi-

oS
5RI‘ lI/k.v> ) 4

plying by the weight of the muon’s density and finally adding
them.

4. Methods and processes

The electronic part of the calculation is carried out us-
ing Quantum Espresso (QE).[?3
formed in a supercell containing 2 X 2 x 2 conventional unit

The calculations were per-

cells and norm-conserving pseudopotentials to model the elec-
tronic wave functions of the atoms. As an example, we cal-
culated two fluorides, CaF, and o-PbF,.
“DFT+u” calculations and accurate uSR experiments on these

There are already

two materials.['*13] The ut will be put at the “DFT+u” sug-
gested minimum-energy position.

Although the correlation potential from muon to electrons
plays an important role in TCDFT, only two correlation forms
have been proposed!!”?*! to the best of our knowledge. They
are both used for comparison. It is worth noting that the cor-
relation potential from electrons to muons will be considered
according to Ref. [24] when using its correlation form. Since
the specific correlation functional form has only recently been
proposed, we also tried the results without correlation energy
for comparison.

The TCDFT loop is shown in Fig. 1. The starting atomic
configuration and |, are obtained under proton-like muon
approximation (DFT+u). The starting wave function of the
muon is chosen to be Gaussian. Two-body self-consistent loop
uses Eqs. (1) and (2). Detailed loop calculation is presented in
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Ref. [17]. When two-body iteration convergence is achieved,
the atomic forces will be computed, and the lattice structure
will relax according to the quick-min Verlet dynamics. The
two-body iteration will be repeated under the new lattice struc-
ture until Y reaches convergence. Using the DFT+u relaxed
lattice structure as the starting atomic configuration, the Y
does not change obviously under the convergence threshold of
Ref. [17]. This shows that a slight lattice change would not
obviously influence the muon’s wave function. The TCDFT
calculation requires approximately 1080 core-hours on our su-
percomputer, while the DFT+u calculation requires approx-
imately 840 core-hours. Considering that our starting atomic
configurations are the DFT+u relaxation results, the total com-
putational consumption of TCDFT is approximately two to
three times that of DFT+L.

| Starting atomic configuration |

!

| Starting ¢ and g |

I
v

| Compute vii1, Vidu with Vigu and Vi ———
Two body

Recalculate

two b_ody iteration
iteration | Compute i1, Veaw with Vg and Ve [———

new lattice
structure
and comparc| Forces on atoms

i | l

l Relaxed lattice structure |

l If convergence

l If convergence

Final relaxed lattice structure |

Fig. 1. TCDFT loop. + stands for muon, — stands for electrons. The
force calculation is described above.

The self-consistent field total energy convergence thresh-
old is chosen to be 1x10~7 a.u. All ions were allowed to re-
lax until the forces on all ions had fallen below a convergence
threshold of 2 x 1073 a.u., and the total energy had fallen below
a convergence threshold of 2x 10~ a.u.

For CaF,, the distance from the muon to the two nearest-
neighbor fluorines (rn,) is needed to fit to the experimental

data. A slight change of ry, will cause a significant change in
P(1).1' The concrete lattice structures of CaF, and «-PbF,
with input muons are shown in Fig. 2.

(a) (b)
[ :

c () c

N I
a” o b

Fig. 2. The input muon in the lowest energy site of (a) CaF, and (b)
a-PbF,. 25 The muon (blue sphere) with two nearest-neighbor fluorine
nuclei (dark blue spheres) forms F—p—F structure. And eight weakly
coupled next-nearest neighbor fluorine nuclei are represented by cyan
spheres.

When not considering the correlation, there is only a
slight deviation between the calculated results and the experi-
mental fitting results as shown in Table 1. Using the correla-
tion leads to a greater deviation, and the results using correla-
tion in Ref. [24] are even worse than those using DFT+u. The
reason may be that the harmonic vibration approximation used
in Ref. [24] for muonic molecules is not valid for fluorides. 8!
As the electron—-muon correlation functionals have only been
addressed currently, fluoride can provide a precise platform to
compare their correctness in ionic crystals.

The o-PbF, has a more complicated structure than
CaF,,[?] thus there are four fitting variables for the bond
length, and the fitting results are not unique. Reference [15]
only selects one best group of fitting results and is shown in
Table 2. Compared with the fitting results in Ref. [15], the
conclusion is similar to CaF,, no correlation is the best and the
correlation in Ref. [17] can be somewhat better than DFT+.

The A(t) is calculated from the P*(¢) in Eq. (7) using
A(t) = AoP* (ran, §3t) + Apg ' for CaF,. Here we are only
interested in ryy, and the other fitting parameters (Ag accounts
for diamagnetic muons in CaF,, { accounts for magnetic
atoms in the infinite lattice and Apg accounts for background

Table 1. Muon-induced structural distortions and variance of the Gaussian distribution of the muon density along the axis in CaF,. Here the
y-axis is chosen as the direction of F—pi—F. The values are obtained by fitting the experimental data,!'* and using DFT +t and TCDFT.

Parameter Experimentsll4J DFT+u“4J No correlation Correlation in Ref. [24] Correlation in Ref. [17]
ran (A) 1.172(1) 1.134 1.165 1.122 1.147
o, (A) 0.1162 0.1786 0.1109
oy A) 0.1058 0.2428 0.1033

Table 2. Muon-induced structural distortions and variance of the Gaussian distribution of the muon density along the axis in &-PbF,. Here, the cell
lengths a = 6.440 A, b =3.899 A, and ¢ = 7.651 A.1>] The values are obtained by fitting of experimental data, 3! and using DFT+u and TCDFT.

Parameter One fit!1! DFT+pl13) No correlation Correlation in Ref. [24] Correlation in Ref. [17]
Fan1 (A) 1.1419(4) 1.0967 1.1704 1.0945 1.1105
ran2 (A) 1.2601(7) 1.2057 1.2204 1.1700 1.2189
Fann1 (A) 2.68(3) 2.89 2.88 2.89 2.88
Fann2 (A) 3.01(7) 3.27 3.01 3.01 3.01
o (A) 0.1137 0.1978 0.1080
oy A) 0.1207 0.1951 0.1091
o, (A) 0.1173 0.1957 0.1109
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Fig. 3. Muon decay asymmetry data A(r) for polycrystalline CaF,,[!4!

simulated with or without the distribution of muons. Here the muon
distribution and the corrected bond length are calculated (a) with the
correlation of Ref. [24] and (b) without correlation.

10 " T . .
8 i — - No correlation ]
[t Correlation in L. Deng et al., 2023
< 6k 5‘ Experiment 1
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Fig. 4. (a) Muon decay asymmetry data A(¢) for polycrystalline CaF,,

together with simulation results. (b) For o-PbF,. The correlation forms

are from Refs. [17,24].
signal) are the same as those in Ref. [14]. For a-PbF,, fit-
ting parameters other than the F—u bond length are the same
as those in Ref. [15]. The A(¢) spectrum of CaF, is shown
in Fig. 3. No correlation shows good agreements with exper-
iments, and considering the distribution can be slightly im-
proved compered to the point-like case. Note that the muon
distribution using the correlation in Ref. [17] is very simi-
lar to no correlation case and that a small distribution would
not obviously influence A(¢). In the case of the correlation in
Ref. [24], whether considering the muon distribution would
cause a huge difference due to the much wider muon distri-
bution than Ref. [17]. More simulated A(¢) with muon dis-
tribution is shown in Fig. 4 for both CaF, and «-PbF,. In
these two materials, the results become obviously closer to the
experiment with the calculated bond length of no correlation.
Considering the correlation of Ref. [17] leads to a result far
from expected but still better than DFT+p. This may indicate
that the correlation functional is not good enough for the force

calculation, but no correlation can be used as a good approxi-
mation.

5. Conclusion

In conclusion, we show how quantized muons influence
the analysis of the uSR spectrum of fluoride in the frame-
work of TCDFT and try some existing correlation formulas.
The calculated spectrum can be much closer to experiments
than DFT+pu. However, at present, no correlation shows better
agreement than considering the correlation; thus, further study
about the correlation is worth. TCDFT shows good potential
in the lattice optimization calculation of quantized muons with
possible suitable functionals.
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