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We investigate the information exclusion principle for multiple measurements with assistance of multiple quantum
memories that are well bounded by the upper and lower bounds. The lower bound depends on the observables’ comple-
mentarity and the complementarity of uncertainty whilst the upper bound includes the complementarity of the observables,
quantum discord, and quantum condition entropy. In quantum measurement processing, there exists a relationship between
the complementarity of uncertainty and the complementarity of information. In addition, based on the information exclu-
sion principle the complementarity of uncertainty and the shareability of quantum discord can exist as an essential factor to
enhance the bounds of each other in the presence of quantum memory.
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1. Introduction

Quantum information theory is an important tool to deal
with all kinds of the quantum problem!!! and is widely used in
various quantum information processing tasks, such as quan-
tum key distribution, quantum cryptography, and entangle-

[2-20] Measurement plays a vital role in quan-

ment witness.
tum theory. It is the interface between the classical world and
the quantum world, which is characterized by noncommutativ-
ity and superposition. However, for any given measurement,
superposition and noncommutativity necessarily lead to un-
certainty in the outcomes of measurements. Simultaneously,
it produces another critical quantity, information. From the
viewpoint of quantum information, Shannon entropy could be
used to quantify the amount of uncertainty about the observ-
ables. Deutsch!?! quantified uncertainty in terms of Shannon
entropy and derived the entropic uncertainty relation for any
pair of observables.[??! It describes the limitations of our abil-
ity to simultaneously predict the measurement outcomes of
non-commuting observables in quantum theory. Later, Kraus
conjectured the improved result.!*3] Maassen and Uffink[?4

gave the tighter entropic uncertainty relations:
H(X)+H(Y) > —log,c, ()

where H(X) (H(Y)) is the Shannon entropy of measure-
ment outcomes when a measurement of observable X (Y)
is performed on a state p, and ¢ = max; ;| {x;[y;)|* quanti-
fies the complementarity of the non-degenerate observables X
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and Y with |x;), |y;) denoting their eigenvectors, respectively.
Subsequently, the entropy uncertainty relation has been ex-
tensively studied.>>=3! Based on the accessible information
about a quantum system represented by an ensemble of states,
Hall first generalizes the bound of the information exclusion
principle.!*’! Suppose that for the quantum ensemble {p;,p;},
the corresponding quantum state formula is pe = Y ; pipi, sub-
ject to the mutual information corresponding to the measure-
ment of A on the quantum state pg, then we have I(Ale) =
S(Alpe) — Y., piS(A|pi), where S(A|p) is the associated entropy
defined as S(A|p) = — [ dap(a|p)log p(a|p). For observables
IT;, (i=1,2,...,N), Hall proposed the general form inequali-
ties for the information exclusion principle

N
I(H1|p£)SJ(H15H27"'7PS)5 (2)
i=1

f
with the nontrivial quantum bound J. It implies that for any
selected observables the information gain can be maximized
at the expense of the observables’ complementary.

Acting as the best-known information exclusion princi-
ple, it has not been studied as much as quantum uncertainty

[41.42] Subsequently, Grudka et al. considered the ob-

relations.
servables X and Y that are performed on system A, and Z is a
classical register that may be correlated to A. They improved
the bound and conjectured a stronger information exclusion
relation[*3]

1X:2)+1(Y:Z) <logy (d Y b)), @)

d largest
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with the quantum mutual information /(X (Y) : Z) and the sum
over the largest d terms of the matrix |(x;[y;}|?. In what fol-
lows, we describe a stronger version of the information exclu-
sion principle, proved by Coles and Piani, that can also be ex-

tended to the much more general case of quantum memory. [44]
I(X:B)+1(Y:B) <r—H(A|B), 4
r=min{r(X,Y),r(¥Y,X)}, )
r(I1,1T) = logz(dij;lX\(m\ﬁsz), (6)

i

where H(A|B) = H(pag) — H(pg) is the quantum conditional
entropy and (IT, IT) stands for (X(Y),Y(X)). In addition, they
further explained the distinction between the complementar-
ity of uncertainty and the complementarity of information.
Namely, to obtain a state-independent bound for uncertainty
relations. It must consider the subspace with the least comple-
mentarity whilst concerning the various subspaces that com-
pose the space, i.e., it is the overall complementarity, and
it formulates the information exclusion relations. In other
words, for uncertainty relations, a trivial bound will be gener-
ated whilst the information exclusion principle will be a non-
trivial bound. Considering the multiple measurements, Zhang
et al. gave the quantum memory-assisted information exclu-

sion principle as!*+!

I(IT;: B) <logyd” — (N—1)H(A|B) = Bz, (7)

=

i=1

where
Br = mgax{ég}, )]
v N—1 " )
le=-Ypovlog ), max[[le"e)f ©)
oy . N2k>1 1 p=1

with pea = Tr(|ef) (5| @ I)pag, and |€) the ath eigenvector
of Il which can be understood as ith measurement in the €
order. Here € can be understood as rearranging the measure-
ments {I;,i = 1,2,...,N} in a new order. This bound was
enhanced by Xiao et al. subsequently.!4®]

However, the above model focuses on the bipartite quan-
tum state for multiple measurements. It means that one part is
the measured subsystem which is measured by multiple mea-
surements, and the other part is the quantum memory which
can store measurement information. Thus, it will be interest-
ing to find out the information exclusion principle in multiple
quantum states for multiple measurements. Inspired by the
ideas of monogamy or decoupling which is close to quantum
cryptography, in this paper we would like to split the quan-
tum memory into N parts compared to the bipartite quantum
state, and present multiple quantum memory-assisted infor-
mation exclusion principle for multiple measurements. It is

found that the upper bound includes the complementarity of
the observables, quantum discord, and quantum condition en-
tropy, while the lower bound consists of the complementar-
ity of the observables and the complementarity of uncertainty.
Thus, there exists a relationship between the complementarity
of uncertainty and the complementarity of information. In ad-
dition, the bounds of the complementarity of uncertainty and
the bounds of the quantum discord can exist as essential fac-
tors to enhance the bounds of each other.

The paper is organized as follows. Section 2 gives the
bounds of the multiple quantum memory-assisted entropic in-
formation exclusive principle for multiple measurements and
the bounds of the tripartite quantum memory-assisted entropic
information exclusive principle for multiple measurements,
and in Section 3, the application is given to examine the lower
and upper bounds. Finally, the conclusion is drawn.

2. The multiple quantum memory assisted infor-
mation exclusion principle for multiple mea-
surements

Firstly, we briefly describe an information gain game
among N + 1 participants, Alice (A), and her N friends (B;,i €
D :={1,2,...,N}). Suppose that Alice’s friends prepare a
composite quantum state Pap,p,. By in ®@Nt1d-dimensional
Hilbert space and then send the particle A to Alice. Alice and
her friends agree on a group of measurements {II;},i € D with
lig) denoting ath eigenvector of the IT;. Subsequently, Al-
ice randomly chooses one measurement II; and performs it on
herself. She will obtain the corresponding measurement out-
comes. Then, she announces her choice to her friend B;. They
try to predict the information gained about Alice’s measure-
ment outcomes.

During the processing of measurement, when Alice puts
the measurement {IT;} on herself, it will destroy the quan-
tum correlation between her and her friend B;. The quan-
tum correlation (quantum discord) can be defined as the dif-
ference between the total correlation and classical correlation,
that is, 4748

Qa(pas,,) =1(A: Bn) — Ja(pas, ), me D, (10)

where I(A : B,,) = H(pa) +H(pg, ) — H(pas,,) is the total cor-
relation, and J4(pap,, ) is the classical correlation that can be
defined as

J ) =maxI(Q :By,), 11
4(PaB,,) max ( )

with the mutual information I(Q : B,,) = H(pq) + H(ps,,) —
H(pog,,) of the post-measurement state
Pas, =Tt B, By.1..By

< | L)@ @D pan,..0 ()] 1.

i
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According to these rules of the game, based on the en-
tropic uncertainty relation for multiple measurements, we ob-
tain the multiple quantum memory-assisted information exclu-
sion principle for multiple measurements.

Theorem 1 The subsystem A of the composite quan-
tum state Pap,B,..py 1S measured by the set of observables
{II}},ie D:={1,2,...
assisted information exclusion principle for multiple measure-

,N}. The multiple quantum memory-

ments will be restricted by the observables’ complementarity,
the conditional von Neumann entropy, and the quantum dis-
cord.

N
Ly <Y H(IT: B;) <Us, (12)
i=1

where the upper bound and lower bound are, respectively,

N N
Up =logyd" —Be— Y H(A|B:) = Y Qa(pa,) +H(pa),
i=1 i=1
(13)
N
Lp=Bc+(N—1)H(pa) — Y H(IL|B)), (14)

i=1

with B given by Eq. (8).

Proof Based on the definitions of the quantum mutual in-
formation /(A : B) = H(pa) + H(ps)
tum condition entropy H(A|B) = H(pap)

— H(pap) and the quan-
— H(pg), one can
obtain

H(A|B) = H(pa)

Based on the relation (15), the uncertainties of the multiple

—I(A:B). (15)

measurements in the presence of the multiple quantum mem-
ory can be expressed as

N
;H(HilBi)
N N
:;H(Hi)_;l(r[z B;)
N N
ZZ;H(HD—ZJ(PAB,)
i= =1
N
>Be+(N—=1)H(pa) = Y Ta(pas,)
i=1
N
=B+ Z H(A|B;) +1(A:B;)] = ) Ta(pas;)
ieD—{k} i=1
N N
=B+ Y H(ABi)+ ) Qa(pas;) —H(pa). (16)
i=1 i=1

In the last equality, while we add the quantum mutual infor-
mation /(A : By) and delete it, the equality holds.
Regrouping the terms yields

ZII'I B;)

H(IT;) + H(pa) —

\\Mz

Mz

N
~Y HAIB)- Y Qualpap). (D)
izl

i=1

Due to the inequality H(IT) < log, d, the upper bounds of the
information exclusion principle ¢z holds.

For the lower bounds of the information exclusion princi-
ple, we also substitute the relation (15) into the uncertainties
of the multiple measurements in the presence of the multiple
quantum memory, it will arrive at

N N N
Y H(IL|B:) = Y H(ITL) - Y I(T]; : B;)
i=1 i=1 i=1
N
>Be+(N—1)H(pa) = Y I(IT;: B;).  (18)
i=1
Rearranging the relation (18), we have
N N
Y (%2 B;) > Be+(N—1)H(pa) — ) H(IL[B:).  (19)

i=1

I
-

The proof is finished.

It is worth noting that the information gain will be con-
strained by the lower and upper bounds. The lower bound
of Eq. (12) includes the measurement incompatibility 5., the
total information of the subsystem p4, and the sum of the un-
certainty of the measurements Y~ | H(IT;|B;). It is obvious
that if the observables measure the quantum state more accu-
rately, the uncertainties of the measurements will be smaller,
and the greater amount of information will be gained. Whilst
the upper bound of Eq. (12) includes four terms. The first term
B, describes measurement incompatibility. The second term

N | H(A|B;) describes the effects of quantum entanglement
on the information exclusion principle and Y~ | Q4(pag,) that
depends on the quantum discord between the measured quan-
tum state A and the unmeasured quantum state B;, it describes
the effects of quantum correlation on the information exclu-
sion principle. It is shown that the quantum correlation re-
stricts the information exclusion principle, namely, if the quan-
tum state has fewer quantum correlations (including quantum
discord and quantum entanglement), the quantum state will be
closer to the classical state. When the quantum measurements
are performed on the quantum state, it gains more informa-
tion. From the perspective of quantum correlation, it reveals
the shareability of quantum discord that can also be restricted
by the measurement incompatibility B, the sum of the un-
certainty of the measurements Y~ ; H(IT;|B;) and the condi-
tional entropy Y, H(A|B;) which can be given by the follow-
ing corollary.

Corollary 1 The shareability of quantum discord among
different parties of the N 4+ 1 composite quantum system can
be constrained by the entropic uncertainty relation

N
Y Qu(pas) < 8+H(pa), (20)

i=1

090301-3
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with § = Y H(IT|B;) — B, — LI H(A|B:).

For the tripartite pure quantum state pspc or the tripar-
tite mixed quantum state Papc = W) a(pcrt @ |W)a(pejrs the
shareability of quantum discord among different parties can
be given by

Qa(pag) + Qalpac) < 8+ Qalpasc), (21)

with § = Bz + H(X|B)+H(Y|C) — H(A|B) — H(A|C).

Proof The proof is evident. We rearrange the elements of
inequality in Theorem 1, and it will arrive at Eq. (20). For the
tripartite pure quantum state p4pc or the tripartite mixed quan-
tum state Papc = [Y)a(peyt @ | W) a(pe)r it means that there ex-
ist two observables X and Y operated on the subsystem A, the
result will be reduced to

H(X|B)+H(Y|C)

> B +H(A|B)+H(A|C) + Qa(pas) + Qa(pac) —H(pa).
(22)
We can obtain
Qa(pas) + Qalpac) < S+ H(pa), (23)
with § = H(X|B) +H(Y|C) — H(A|B) — H(A|C) —
Notice that there exists the relation H(ps) = Qa(pa:pc)

for all tripartite pure quantum state |W)apc. For the mixed
quantum state papc, there exists a factorization Hpc =
Hpcyr @ Hpeyr in the Hilbert space Hpc, thus the mixed
quantum state Papc = |Y)apcy @ |W)asoyr, the relation
Oua(papc) = QA(|W>A(BC)L) H(p,) holds.! 49] It will arrive
at the relation (21). The proof is completed.

It is worth noting that, from this relation, one can find
that the sum of the quantum discord Q4(pap) and Qa(pac)
of the tripartite quantum state papc will be restricted by the
Qa(pa:ac) and the parameter 5 which contains the uncer-
tainties of the measurements X and Y and the incompatibil-
ity of the measurements B, excluding the effects of quantum
entanglement H(A|B) and H(A|C). However, in Ref. [50],
the shareability of quantum discord among different parties
of a composite system is given by Qa(pap) + Qa(pac) <
8+ Qa(papc) with 8 = B, +H(X|B) +H(Y|C) — H(A|B). It
is evident that & < &, thus the bound of Corollary 2 is tighter
than the result of Ref. [50]. Notably, the shareability of quan-
tum discord among different parties of the tripartite quantum
system is consistent with the recent results in Ref. [51].

From the lower bounds of the multiple quantum memory-
assisted information exclusion principle for multiple measure-
ments, it can be found that the complementarity of uncer-
=YY | H(IT;|B;) while the
complementarity of information can be described as Cz(II) =

tainty can be described as Cy(IT)

YN, I(IT; : B;). Thus, there exists a complementarity relation
given in the following.

Corollary 2 The relation between the complementarity of

uncertainty and the complementarity of information

Cy(IT) +Cz(IT) > Bz + (N — 1)H(pa). (24)

Proof The proof is evident. We rearrange the elements of
inequality in Theorem 1, and it will arrive at Eq. (24).

Next, we derive the tripartite quantum memory-assisted
information exclusion principle for multiple measurements.
For tripartite quantum system papc, the multiple measure-
ments N can be randomly divided into two parts Np and Nc,
which satisfy Np + Nc = N. Suppose that N measurements
are performed on subsystem A, Alice tells her choice to Bob,
B. In contrast, Nc measurements are performed on subsystem
A; Alice announces her choice to Charlie, C. Subsequently,
Bob and Charlie try to quantify the information gained from
Alice’s measurement outcomes. There exists the following in-
formation exclusion principle.

Theorem 2 For any tripartite quantum state papc mea-
sured by the set of observables {IT;,i = 1,2,...,N}, the quan-
tum memory-assisted information exclusion principle for mul-

tiple measurements will be given by

[I]

Lp< ) Zl

E=B,Ci=

(25)
where the lower and upper bounds are, respectively,

EBZBg-I-( 1)

ZZH

E=B,Ci=

—Bc— ) N:zH

EZ=B,C

Up =log,d" + H(pa)
—NzQa(paz),

with (E, £) standing for (B,C) or (C,B). It is equivalent to

Np Nc
ZH(HAB ;
>Br+ ), NeH(A|E)+N:zQalpaz) —H(pa).  (26)

E=B,C

Proof For the lower bounds of the tripartite quantum
memory-assisted information exclusion principle for multiple
measurements, we substitute the relation (15) into the uncer-
tainties of the multiple measurements in the presence of the
multiple quantum memory, it will arrive at

N Nz
y ZH =Y HIL)- Y YI(T: &)
Z=B,Ci= i=1 Z=B,Ci=1
Nz
>Be+(N=1H(pa)— ), Y I(IT:: B),
E=B,Ci=1
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where (Z, %) stands for (B,C) or (C,B). Rearranging the re-
lation (27), we have

Nz =
Y Y i(T:E)>Be+(N—1)H(pa) + Y H(IT|E).

E=BCi=1 E=B,Ci=1

(x;

(28)

For the upper bounds of the tripartite quantum memory
assisted information exclusion principle for multiple measure-
ments, we start from the uncertainties of the multiple mea-
surements in the presence of the tripartite quantum memory in
terms of relation (15),

Ng Ne
Y H(IT|B)+ Y H(ITj|C)
i=1 i=1
N Nz
=Y HIL)- Y Y 1T &)
i1 E=B.Ci=1
N
>Y H(IL)— Y NzJa(paz)
i=1 E=B,C
>Be+(N—1)H(pa)— Y, NzJa(paz)
=BC

| |

-

+ 631 +
=
=
\[—Ill

Regrouping the terms yields

Nz

N
Y Y im:=) <Y H(IL)+H(pa) — B
1 .

E=B,Ci=

(30)

The proof is completed.

One will find this lower bound is similar to the result in
Theorem 1; that is, the incompatibility of the measurements
B, the quantum discord between the measured subsystem and
each unmeasured subsystem, and the conditional quantum en-
tropy in the lower bound also exist. It is evident that the quan-
tum measurements performed on subsystem A bring the un-
certainties of the measurements while the quantum correlation
of the quantum system is destroyed simultaneously. This re-
sult could reveal that the information gain corresponding to the
measurement can be maximized only at the expense of the in-
formation gains corresponding to complementary observables
and quantum correlations. In other words, the quantum corre-
lation within the composite quantum system is also restricted
by the uncertainties of the measurements. According to this
division and combination idea, it can be extended to multiple
quantum states that the number of measurements is more than
the number of quantum memory-assisted systems.

3. Applications for three projective measure-
ments

As applications, in order to verify the effectiveness
of the information exclusion principle, we consider three
two-dimensional observables IT; = |0)(1] + |1){0|, I, =
—i|0) (1] +[1)(0], II3 = |0)(0] —|1)(1| measured on the gen-
eralized W state which is given by

| W) apcp = sin O cos ¢[1000) + sin O sin ¢|0100)
+cos 8 cos |0010) +cos O sin@|0001), (31)

where 6 € [0,27], ¢ € [0, 7], and ¢ € [0, 7].

2 3

Fig. 1. The difference between the upper bound /g and the comple-
mentarity of information Cz(II) versus the parameters 6 and ¢ of the
quantum state.

0.5

2

¢

Fig. 2. The difference between the complementarity of information
Cz(IT) and the lower bound Lz versus the parameters 6 and ¢ of the
quantum state.

Figure 1 shows the difference between the complemen-
tarity of information of the three two-dimensional observables
and the upper bound given by Theorem 1 versus the param-
eters 6 and ¢ of the quantum state with ¢ = 7 /3. Figure 2
similarly shows the difference between the complementarity
of information and the lower bound given by Theorem 1. The
differences are always positive with the increasing parameters
6 and ¢. It is illustrated that, for the generalized W state, the
information gained from the observables are well bounded by

090301-5
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the effective upper and lower bounds. Namely, the information
gain corresponding to the selected observables IT; (i = 1,2,3)
can be maximized at the expense of the information carried by
complementary observables, quantum discord, and the condi-
tional quantum entropy, which are quantities between the ob-
served subsystem and the quantum memory-assisted subsys-
tems. Figure 3 shows the relationship between the comple-
mentarity of uncertainty and the complementarity of informa-
tion versus 0 for the quantum state with ¢ = /8 and ¢ = /3.
It indicates that the lower bound depends on the complemen-
tarity of the observables and the conditional quantum entropy
of subsystem p4 and shows that the limitations on our abil-
ity to simultaneously predict the measurement outcomes and
information gained from non-commuting observables.

3

o
g5 25
5
2
3
[SE
Y
+
\:S 1.5F 1
S — Cu(IT)+C7(1T)
Bound
0 2 4 6

Fig. 3. The sum of the complementarity of uncertainty Cy(IT) and the
complementarity of information Cz(IT) with the lower bound versus
the parameter 0 of the quantum state.

4. Conclusion

As the fundamental features of quantum information
theory, we mainly consider the multiple quantum memory-
assisted information exclusion principle for multiple measure-
ments. The nontrivial upper bound can be determined by the
complementary of measurements, quantum discord, and the
conditional quantum entropy, which are quantities between the
observed subsystem and the quantum memory-assisted sub-
systems. They describe the effects of quantum correlation (in-
cluding quantum discord and quantum entanglement) on the
information exclusion principle. They imply that the infor-
mation gain corresponding to any selected observables can be
maximized only at the expense of the information gains cor-
responding to the observables’ complementary and quantum
correlations. In addition, there exists a relationship between
the complementarity of uncertainty and the complementarity
of information which describes the limitations on our ability
to simultaneously predict the measurement outcomes and in-
formation gained from non-commuting observables in quan-
tum theory. What’s more, the shareability of quantum discord
among different parties of the composite quantum system is

restricted by the complementarity of uncertainty. As a conse-
quence, the results shed new light on the quantum entropic un-
certainty relation, information exclusion principle, and quan-
tum correlation.
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