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The anomalous non-Hermitian dynamical phenomenon with the non-Hermitian skin effect (NHSE) attracts wide at-
tention due to its novel physics and promising applications. Here, we propose a new type of non-unitary discrete-time quan-
tum walk system demonstrating the NHSE and anomalous non-Hermitian dynamical phenomena, including the dynamical
chiral phenomenon, the funneling phenomenon on the domain wall, and the anomalous reflection on the phase impurity.
Furthermore, we design the quantum circuit experiments of these quantum walk systems and numerically simulate them
with quantum noises to verify the robustness of the non-Hermitian dynamical phenomenon on the noisy intermediate-scale
quantum (NISQ) devices. Our work paves the way for implementing the non-Hermitian dynamical phenomenon on the

quantum circuit.

Keywords: spectral degeneracy splitting, discrete-time quantum walk, quantum circuit, non-Hermitian skin

effect
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1. Introduction

The non-Hermitian skin effect (NHSE), which refers to
the phenomenon that the extensive number of eigenstates
are localized on the boundary in the non-Hermitian open-
boundary system,!! is systematically studied in theory!!~!3]
and widely realized in the experiment.[!*>>] It is regarded as
the non-perturbative breakdown of Bloch theorem, %) which
leads to new physical phenomena. Recently, people theo-
retically predicted some anomalous non-Hermitian dynami-
cal phenomena in the NHSE system,?’-3 for example, the
edge burst phenomenon in a lossy quantum walk, 8! the in-

S_[30

visibility phenomenon in tight-binding lattices.*°! In exper-

iment, people implement part of non-Hermitian dynamical

[14.18.36] for example, the funneling phenomenon

phenomena,
in the optic system.®) Generally, those NHSE experiments
are constructed in the topolectrical circuits,!'>1%2%] the pho-
tonic system!!#3% and the acoustics system,?*?! which
mostly are the classical system. It is challenging to develop
an easy-to-control and scalable quantum experiment platform
to study new non-Hermitian dynamical phenomena.

The quantum circuit is a quantum computation model
based on a sequence of quantum gates and quantum
measurement. 37! Theoretically, an ideal quantum circuit with
enough qubits and enough circuit depth can simulate the evo-
lution under any Hamiltonian. 8] The digital gate-base quan-
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tum simulators, such as superconducting quantum devices, *°!
can directly implement the quantum circuit models. There-
fore, it is a selective experiment platform to implement the
non-Hermitian dynamical phenomenon.

Due to the experimental advancement of the quan-

tum technology, 40411

we are entering the so-called noisy-
intermediate-scale quantum (NISQ) machines eral*’! with
hundreds of noisy qubits. A challenge is to develop appli-
cations by harnessing the computational power of these near-
term quantum devices.[*3] Recently, Google!**! and Wu er
al.') perform random quantum circuits sampling on super-
conducting quantum processors to show a quantum advan-
tage. Although these specifically designed tasks may seem
useless, these quantum advantage experiments motivate efforts
to search practical real-world applications on near-term quan-
tum devices. One of the active research hotspots is solving
scientific problems which are not tractable on a classical quan-
tum computer. Many quantum algorithms based on quantum

46471 combi-

circuits are developed for quantum chemistry,!
natorial optimization problems,*®! and machine learning. 4!
Another notable direction for harnessing the NISQ devices is
regarding the near-term programmable quantum computer as
a new experimental platform for the simulation of quantum-
mechanical systems,*!! which takes advantage of the exten-
sive control and measurement capabilities in programmable

quantum simulators. Two recent works simulate the discrete-
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time crystals>’! and many-body localization®! on near-term

superconducting quantum circuits. The simulation of the
NHSE system can be a promising application of the NISQ
devices.>?!

In this paper, we propose quantum circuits as the new ex-
periment platform to study the non-Hermitian dynamical phe-
nomenon based on a new type of discrete-time quantum walk
(DTQW). We construct a new non-unitary DTQW model by
introducing the non-unitary evolution to the one-dimensional
standard DTQW. We study the physics of this non-unitary
DTQW and design its quantum circuit implementation. Be-
sides, based on this non-unitary DTQW, we construct the
domain wall experiment and the phase impurity experiment,
which break the global space-translational-symmetry to ex-
hibit more anomalous non-Hermitian dynamical phenomena.
At last, we numerically simulate all these quantum circuit ex-
periments with quantum noises to verify the robustness of the

non-Hermitian dynamical phenomenon on the NISQ devices.

2. Theoretical definitions and models

In this section, we introduce the common physical origin
of the NHSE and some non-Hermitian dynamical phenomena,
the degeneracy splitting of the periodic-boundary spectrum,
which directs the design of our model. Then we construct our
non-unitary DTQW model and analyze its physics, including
the spectrum, the eigenstate, and the dynamic.

2.1. Non-Hermitian skin effect and non-Hermitian dy-
namical phenomenon

Firstly, we discuss the relation between the non-
Hermitian skin effect and the non-Hermitian dynamical phe-
nomenon.

The non-Hermitian skin effect is defined as the phe-
nomenon that an extensive number of skin modes appear
in the open boundary non-Hermitian system. In the one-
dimensional non-Hermitian tight-binding system, the non-
zero winding number of the periodic-boundary spectrum leads
to the presence of skin modes with the open boundary con-
dition (OBC).[>% Recently, people proposed a new criterion
of the NHSE, the degeneracy splitting of the periodic bound-
ary spectrum, defined as that a point on the periodic-boundary
spectrum only corresponds to a momentum.*?! Besides, dif-
ferent from the winding number, the degeneracy splitting cri-
terion is applicable for the higher-dimensional non-Hermitian
tight-binding system.[!3] Here, we take the Hatano—Nelson

modelP3! for example, whose Hamiltonian follows
Hy_~(k) = (tfL+1tr)cosk +1i(r — 1) sink. (1)

Here, 71, and g represent the nearest-hopping strength. When
L = IR, due to the time-reversal symmetry, the momentum

k and —k share the same energy. Therefore, its spectrum
is degenerate. When #, # fr, due to the imaginary part of
the energy, the degeneracy of the periodic-boundary spectrum
breaks, and the system exhibits the NHSE with the OBC, as
shown in Figs. 2(a)-2(c).
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Fig. 1. The degeneracy splitting. This figure shows that the NHSE,!!! the
dynamical chiral phenomenon!?”! and other non-Hermitian dynamical phe-
nomena with the global space-transitional-symmetry break[28-30-32.301 orig.
inate from the (periodic-boundary spectral) degeneracy splitting. (3!

Periodic-boundary band

T/2 7
Density of eigenstates

I ©

0.4

0,
0 20 40 60 80 100

Re[E] Site
DOS without impurity DOS with impurity 1.0
0 0 i
(d) (e) 0.8
: 0.6
+ 10 + 10
BT _ T B~ 04
20 20 3 02
0 25 50 75 100 0 25 50 75 100 0
Site Site
DOS of |¢(t=15))
0150 (g) |
= I
3 o10f
= I
& 0.05 |
= I
0

0 25 50 75 100
Site

Fig. 2. The Hatano—Nelson model. (a) The periodic-boundary band
of the Hatano—Nelson model. (b) The spectrum of the Hatano—Nelson
model, where the red line marks the open-boundary spectrum, and the
blue line marks the periodic-boundary spectrum. (c) The density dis-
tribution of the right eigenstates corresponding to the open-boundary
eigenvalues circled in (b). (d) and (e) The density distribution of the
evolving state with and without the on-site impurity for the initial state
|lw(t=0)) = |x=1). (f) and (g) The density distribution of the state
when ¢ = 12 and 15 (labeled by the black dashed line in (d) and (e))
with the initial state |y(t =0)) = |x = 1), where the red dashed line
marks the evolution in the homogenous system, and the blue line marks
the evolution with the on-site impurity on x = 25. The parameter of the
Hatano-Nelson model in this figure is (7L,tr) = (1.5,1).

On the other hand, the degeneracy splitting of the
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periodic-boundary spectrum can be regarded as the physical
origin of many non-Hermitian dynamical phenomena. Here,
we take the evolution under the Hatano—Nelson model as an
example. The evolution equation follows

oly)

17 = Hu_N|VY). ()

Here, Hy_n is the Hamiltonian of the Hatano—Nelson model
in Eq. (1). We set (71,,7r) = (1.5,1). In this model, the evolv-
ing state trend to form the wavepacket moving toward the
right, defined as the dynamical chiral phenomenon. Gener-
ally, the state can be regarded as the composition of the plane
wave of different momentum. In a homogenous evolution, the
plane wave component which has the largest imaginary part of
energy in the open boundary spectrum grows the fastest and
gradually becomes dominant. Due to the degeneracy splitting
of the periodic-boundary spectrum, the dominant plane wave
component corresponds to only a certain momentum. In this
model, this momentum is ko = —n/2. Therefore, the state
forms a wavepacket with the center momentum ko = —7/2
moving towards the right.

Then we introduce the on-site impurity g = 10 on the site
x = 25 to the Hatano—Nelson model. When the wavepacket
hits the on-site impurity, part of the wavepacket is reflected.
The reflected wavepacket gradually decreases and eventually
disappears. The reflection on the impurity changes the mo-
mentum component of the reflected wavepacket. By con-
trast, the wavepacket across the impurity remains approx-
imately unchanged. Based on the above discussion, the
wavepacket across the impurity remains the dominant plane
wave component with kg = —7m/2, whose increasing rate is
larger than other plane wave components. Therefore, the re-
flected wavepacket exponentially decreases compared to the
wavepacket across the impurity. Our discussion also applies to
the reflection on the boundary or the trapping potential. Fur-
ther quantitative discussion of the reflection and the scattering
will be in our following articles.

In summary, the non-Hermitian skin effect and some
non-Hermitian dynamical phenomena originate from the same
physics, the degeneracy splitting of the periodic boundary
spectrum, which also is the key physics of our non-unitary
DTQW model.

2.2. Standard DTQW and non-unitary DTQW

The Hatano—Nelson model is simple but it is difficult to
simulate its evolution directly and accurately on the quan-
tum circuit. Here, we select the non-unitary DTQW sys-
The DTQW is the quan-

tum extension of the random walk[3”->#! and the component
[54-58

tem as our experimental model.

of many quantum algorithms, I which is easy to imple-

ment in quantum circuits. In other experiment platforms, the

non-unitary DTQW system also serves as the non-Hermitian
simulation, [14-16.18.59.60]

The standard DTQW[40!l describes the quantum-
mechanical discrete-time evolution of particles (called “quan-
tum walkers”). It is defined on the Hibert space spanned by
the coin space {|1),|{)} and the position space {|x)}. In the
standard DTQW, we select an initial state |yp), for example,
[1,0) = |1) ® ]x = 0), then apply the unitary evolution oper-
ator U in series, and approach the final state |y,) = U"|yp)
after n steps evolution. The single-step evolution operator of
the one-dimensional standard DTQW, Us, is combined by the
coin rotation operator C and the position shift operator S:

Us = SC. 3

The position shift operator § moves the walker on the position
space depending on their coin state. In this paper, the position
space of the quantum walk is a one-dimensional loop. There-
fore, the shift operator S sets as

S=Y (N k+ D+ @x—1)x). @)

The coin rotation operator C only rotates the coin state and
keeps the position states invariant. It follows

cosf isinB

__ aif0oy _
co)=e ® Zpos = <isin9 cos 6

) ®@Zpos,  (5)

where 7, is the identity operator on the position space.

Here, we introduce the non-unitary evolution to the
discrete-time quantum walk by inserting a new operator M be-
tween the coin operator C and the shift operator S in the evo-
lution operator U. The operator M only acts on the coin space,
which decreases the particle number of the coin state |1), and
keeps the coin state ||} invariant. It follows

M(OC) = (g ?) ®Ipos~ (6)

Here, o is a real number and 0 < o < 1.

In summary, the non-unitary DTQW follows the same
process as the standard DTQW, besides the difference in the
single-step evolution operator.
unitary DTQW, U,,, follows

This operator in the non-

U, = SMC. (N

2.3. The effective Hamiltonian and the dynamical chiral
moving
Generally, we can define the effective Hamiltonian of the
DTQW
He=1ilogU. (8)

Here, U is the single-step evolution operator. If we take the
coin space as the spin-1/2 space, the DTQW process is re-
garded as the evolution of the state under the spinful Hamil-
tonian. We can calculate the spectrum and the eigenstates of
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the effective Hamiltonian for the standard DTQW and the non-
unitary DTQW, which determine their dynamics, as shown in
Fig. 3 (numerical detail in supplemental material I).

For the standard DTQW, its effective Hamiltonian is Her-
mitian. It indicates that the spectrum of its effective Hamil-
tonian is a real number with the periodic boundary condition
(PBC) and keeps invariant with the open boundary condition
(OBC), as shown in Fig. 3(bl). Correspondingly, its eigen-
states are composed of the plane wave both with OBC and with
PBC, as shown in Fig. 3(c1). For the dynamic feature, the evo-
lution process in the standard DTQW is a quantum spread be-
havior and depends on the initial states, as shown in Fig. 3(d1)

(a1)

OO&QQ
71 0 ey ! 2

and 3(el).

For the non-unitary DTQW, its effective Hamiltonian is
non-Hermitian. And it shows the degeneracy splitting of the
periodic-boundary spectrum, as shown in Fig. 3(b2). Accord-
ing to the previous discussion, the degenerate splitting leads
to the NHSE with the OBC, where most eigenstates are local-
ized on the left boundary, as shown in Fig. 3(c2). It also in-
duces the dynamical chiral phenomenon in the homogeneous
system, where the walker forms the wavepacket moving to-
ward the left, as shown in Figs. 3(d2) and 3(e2). Further, this
dynamic phenomenon is independent of any localized initial
state for the long-time evolution.

@3) 1)y =>14) >|1)

i
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Fig. 3. The standard DTQW, the non-unitary DTQW, and their effective Hamiltonian. (al)—(a3) The operator components in the single-step evolution
operator of the standard DTQW and the non-unitary DTQW: the shift operator S, the coin operator C, the additional non-unitary operator M. (bl) and
(b2) The spectrum of effective Hamiltonian in the standard DTQW and in the non-unitary DTQW, where the red line represents the spectrum with
the open boundary condition (OBC), and the blue line marks the spectrum with the periodic boundary condition (PBC). (c1) and (c2) The density
distribution of the right eigenstates corresponding to the eigenvalues circled in (bl) and (b2). (d1) and (d2) The density distribution of the final state
after 50-step evolution with the initial state |yp) = |1,0) in the standard DTQW and the non-unitary DTQW. (e1) and (e2) The density distribution with
the initial state |yp) = |{,0) in the standard DTQW and in the non-unitary DTQW. The parameter of the DTQW in this figure is (6, &) = (7/4,0.9).

3. The general quantum circuit implementation

In this section, we discuss the quantum circuit implemen-
tation of the non-unitary DTQW in the qubit system.

As discussed in Subsection 2.2, the standard DTQW
and the non-unitary DTQW follow the same physical pro-
cess despite the difference in the single-step evolution oper-
ator. Their evolution operator shares the same component,
the coin operator C and the shift operator S. For the stan-
dard DTQW, people have developed many different quantum
circuit implementations.[%1-%?] Here we follow a simple and
fundamental implementation in Ref. [62] and design the im-
plementation of the non-unitary DTQW based on it.

In this implementation of the standard DTQW, N qubits
construct the position space with the size 2 named position

qubits, and a qubit constructs the coin space named the coin

qubit. Specially, we separately set the state of the coin qubit
[1) and |0) as the coin states |1) and |[|). The coin opera-
tor C is implemented as a single-qubit quantum gate, RX, on
the coin qubit. And we encode the position of a loop with
the natural order. In this paper, we follow the order shown in
Fig. 4(b). The shift operator S can be constructed by the gener-
alized CNOT gates and two single-bit quantum gates X shown
in Fig. 4(a).

Besides, the preparation of the initial state depends on the
physical implementation of the quantum circuit. In this paper,
we only choose the states |1,0) and |},0) as the initial state.
If we suppose the initial state of the whole quantum circuit
is |000---) as the state |1,0), we can approach another initial
state |, 0) only by the single-qubit gate X on the coin qubit. In
the last of the quantum circuit, the distribution of the final state
in the position space can be directly measured on the position
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qubits.

Next, we discuss the implementation of the non-unitary
operator M. Generally, the ideal quantum gate only carries the
unitary evolution. By introducing quantum measurement, we
can implement the non-unitary evolution.[®3! Here, we need
an additional ancilla qubit. As shown in Fig. 4, we need a
two-qubit gate, RY on the ancilla qubit controlled by the coin
qubit, and a measurement on the ancilla qubit. If the initial
ancilla qubit is |Oanc) and the ancilla qubit stays in |Oanc) after
the measurement, the non-unitary operation on the coin state

cosa 0
M—( A 1>. ©)

Here a is the rotation degree of the RY gate and the parameter

is

of the operator M, &t = cosa.

(a) 0oy Ty !

Ancilla 110) [0)1
qubit R : ! ‘z e )
1
Coin HX, : : L :E E :
qubit 1 i i l l:
e i v i
Position '— —t 1 t
qubits 11 — — ;
i ' | d H
A S L T A H
C M S

(b) lq192g394)| = |lq1G2q3q4)| =

[0000) | © [1111) | —1

o [0001) | 1 [1110) | —2

/ . [0010) 2 [1101) | -3

Position | [0011) | 3 [1100) | —4

qubits i g, [0100) | 4 1011y | —»5

Y g [0101) 5 [1010) | —6

' [0110) 6 [1001) | —7
o111y | 7 [1000) | —8(8)

Fig. 4. The quantum circuit implementation of the non-unitary DTQW.
(a) The quantum circuit implementation of the non-unitary DTQW.
(b) The encoding of the position state on the position qubits.

In summary, the quantum circuit implementation of our
non-unitary DTQW with the system size 2"V contains at least
N +2 qubits in which N qubits construct the position space,
one qubit constructs the coin space, another qubit serves as an
ancilla qubit.

4. Experimental design

In this section, we design three different experiments, in-
cluding the chiral moving experiment, the domain wall exper-
iment, and the phase impurity experiment. We simulate them
in the ideal quantum circuit and discuss their dynamic phe-

nomenon.

4.1. Chiral moving experiment

Firstly, we implement the dynamical chiral phenomenon
of the homogenous system in the quantum circuit. The non-
unitary DTQW model defined in Subsection 2.2 acts as the

experimental model of this phenomenon. Its single-step evo-
lution operator follows

U = SMC. (10)

Its quantum circuit implementation is detailedly discussed in
Section 3. We simulate it in the ideal quantum circuit and
show the position distribution of the walker after 5-step evo-
lution, where the wavepacket of different initial states always
moves towards the left. For comparison, we also simulate the
evolution of the standard DTQW in the ideal quantum circuit,
as shown in Fig. 6. The physics of the dynamical chiral phe-
nomenon has been discussed in Subsection 2.3.

(b)
0.5
0.4

[{z[es) |2
=1

Fig. 5. The quantum circuit implementation of the chiral moving ex-
periment. (a) The quantum circuit implementation of the chiral moving
experiment. Here we ignore the initialization of the initial state and the
final measurement on the position qubits. (b) and (c) The density distri-
bution of the final state after 5 steps with the initial state |yp) = |1,0)
and |yp) = [{,0). The red dashed line represents the result of the stan-
dard DTQW, and the blue line represents the result of the non-unitary
DTQW. The parameter of the standard DTQW and the non-unitary
DTQW in this figure is (6, &) = (7/4,0.5).

4.2. Domain wall experiment

In Subsection 2.3, we indicate that the right eigenstate of
our non-unitary DTQW is localized on the left boundary with
OBC. If we replace the operator M with its dual operator M’
in the single-step evolution operator

M = (1 0) ® Lpos- (11)

0o

The right eigenstate of this new non-unitary DTQW will be
localized on the right boundary (detail in supplemental ma-
terial II). As discussed in Subsection 2.1, the wavepacket’s
moving direction depends on the eigenstates’ skin direction
with OBC. The moving direction of the wavepacket on this
new non-unitary DTQW is opposite to one on the non-unitary
DTQW in Subsection 2.2.

Here, we can design a hybrid non-unitary DTQW which
is divided into two domains. The skin direction of the left

070305-5


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acce9a
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acce9a

Chin. Phys. B 32, 070305 (2023)

domain is right, while the one in the right domain is left. Cor-
respondingly, the wavepacket in the left domain moves to the
right, while the one in the left domain moves in the opposite
direction. Finally, the wavepacket in this hybrid non-unitary
DTQW funnels on the center domain wall, which is defined
as the funneling phenomenon on the domain wall. This hy-
brid non-unitary DTQW can be implemented by constructing
a new non-unitary operator, Mpw, which is equal to M when
x>0, and equal to M’' when x < 0. It follows

Mpw = (é g) ®§)|x><x| + <8‘ (1)) oY Wl (12)

x<0

The single-step evolution operator of this hybrid non-
unitary DTQW set as

Upw = SMpwC. (13)

This hybrid non-unitary DTQW acts as the domain wall ex-
periment exhibiting the funneling phenomenon. Similar con-
figurations and the funneling phenomenon have been proposed
and successfully realized in the optic experiment.!!436]

In quantum circuit implementation, the new non-unitary
operator, Mpw, can be constructed as two RY gates on the an-
cilla qubit controlled by the coin qubit and the position qubit
q1, as shown in Fig. 6(a). In our implementation, the center
domain wall locates between positions 0 and 1. To decrease
the steps that the walkers approach the localized states, we
keep the initial states as |yp) = [1,0) and |yp) = ||, 0).

In our simulation, different from the standard DTQW, the
walker after 8-step evolution of the hybrid non-unitary DTQW
remains localized around O to 1, as shown in Figs. 6(b) and
6(c).

Fig. 6. The quantum circuit implementation of the domain wall ex-
periment. (a) The quantum circuit implementation of the domain wall
experiment (we ignore the initialization of the initial state and the final
measurement on the position qubits). (b) The density distribution of
the final state after 8-step evolution with the initial state |yp) = |1,0).
(c) The density distribution of the final state after 8-step evolution with
the initial state |yp) = |{,0). The red dashed line represents the result of
the standard DTQW, and the blue line represents the result of the non-
unitary DTQW. The parameter of the standard DTQW and the hybrid
non-unitary DTQW in this figure is (6, &) = (7/4,0.5).

4.3. Phase impurity experiment

In Section 3, we discuss the reflection behavior on the
onsite impurity in the Hatano—Nelson model. However, it is
difficult to introduce the onsite impurity, the trapping poten-
tial or the open-boundary condition to our non-unitary DTQW
by adding the simple operator into the single-step evolution.
Fortunately, we can set the phase impurity. It adds the addi-
tional phase on a position in the single-step evolution by the
simple impurity operator Py, which follows

Pp = &' %00750) ) (x]. (14)

Here &(x) is the Dirac delta function, 6, is the additional
phase, and x is the position of the impurity.

Now, the single-step evolution operator of the non-unitary
DTQW with the phase impurity sets as

Uinp = SMCPynp. (15)

In quantum circuit implementation, the operator By, can
be implemented by the multi-controlled RZ gate on the posi-
tion qubits. In our simulation, we set 6, = 7 and xo = —7. The
correspondent implementation of the impurity operator By, is
the Z gate on the position qubit g4 controlled by the other po-
sition qubits, as shown in Fig. 7(a).

Then we simulate the evolution behavior of the non-
unitary DTQW with the phase impurity in the ideal quan-
tum circuit. Before the walker moves across the impurity,
the evolution in the non-unitary DTQW with and without the
phase impurity is the same, as shown in Fig. 7(b). When
the wavepacket hits the impurity, we find that a part of the
wavepacket is reflected and gradually decreases in Figs. 7(c)
and 7(d). Finally, the reflected part of the wavepacket dis-
appears, and the wavepacket moves through the impurity in
Fig. 7(e).

We find that the reflection behavior on the phase impurity
in the non-unitary DTQW is similar to the one on the on-site
impurity in the Hatano—Nelson model. Their physics is also
similar. In DTQW, the wavepacket of the walker is regarded as
the composition of the plane wave with different momentum.
For the effective Hamiltonian with OBC, due to the degen-
eracy splitting, different momentum corresponds to different
energy. The imaginary part of energy represents the decay ra-
tio of the plane wave. In a homogeneous system, the plane
wave component with the largest imaginary part of the energy
in the spectrum grows the fastest and gradually becomes dom-
inant. The reflection on the impurity or the boundary changes
the momentum composition of the wavepacket. By contrast,
the wavepacket across the impurity remains approximately un-
changed. Therefore, the decay ratio of the reflected part is less
than the other. The reflected wavepacket relatively decreases
and even disappears. We provide the numerical detail in the
momentum space in supplemental material III.
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Here, we provide an observable to verify our argument.

We define the discrete related decay ratio (DRDR) of the
walker population

Nn

o =log - (16)

Here, N, is the population of the walker in n-th step. In the

quantum circuit experiment, we can measure the walker popu-

lation for each step by the quantum measurement on the imple-

mentation of the operator M. The DRDR of the phase impu-

rity experiment rapidly decreases when the wavepacket moves

across the impurity and recovers after the reflected part dis-

appears, as shown in Fig. 7(e). It is in line with our physical

analysis.
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Fig. 7. The quantum circuit implementation of the phase impurity ex-
periment. (a) The quantum circuit implementation of the phase impu-
rity experiment (we ignore the initialization of the initial state and the
final measurement on the position qubits). (b)—(e) The density distri-
bution of the final state after 4, 11, 14 and 19 steps of evolution with
the initial state |yp) = |1,0). (f) The discrete related decay ratio for
the first 20-step evolution in the non-unitary DTQW with and without
phase impurity. The red dashed line represents the result without the
phase impurity, and the blue line represents the result with the phase
impurity. The parameter of the non-unitary DTQW in this figure is
(6,0,6p,x0) = (w/4,0.5,m,-7).

5. Simulation with quantum noises

In Section 4, we simulate the ideal quantum circuit imple-
mentations for different dynamical phenomena without noise.

However, noise is inevitable in the NISQ devices. Generally,
the type and the strength of the quantum noise depend on the
physics implementation of the quantum circuit. In this sec-
tion, we focus on quantum noise and consider two types of
common quantum noise, measurement error, and environmen-
tal decoherence. Besides the quantum error, we also discuss
two types of random perturbations in our experiment in sup-
plemental material V.

5.1. Measurement error

Firstly, we consider the measurement error on the imple-
mentation of operator M. We model this noise as the stochastic
flipped on the ancilla qubit measurement with probability pp,.
The effective evolution of M with the measurement error on
the coin qubit follows

1 0 0 0
Merr = (1= pm) (0 cosa) + Pm (O 1—cosa>

1 0
—@)pm | - a7

O o+ ( I1—pm

It indicates that the measurement error renormalizes the pa-

rameter o as

(1-a)pm
1—pm

To quantify the influence of the measurement error in our

Olerr = O+ (18)

experiment, we induce two observers, the average position and
the DRDR.
The average position is defined for a state of the DTQW,
which follows
o Lal(wloP
Lo (Wl
where |, |x)|? is the density of the state |,) on the position
x. We calculate the average position of the final state to quan-

19)

tify the result in the chiral moving experiment and the domain
wall experiment. The relation of the parameter & and the av-
erage position is shown in these experiments in Figs. 8(a) and
8(b). We can observe the qualitative phenomenon in these ex-
periments under the measurement error py ~ 0.2, which is
much larger in the general experiment py,, ~ 0.05. It indicates
that the experiments are robust under measurement noises on
the NISQ device.

In the phase impurity experiment, we can measure the
walker population to calculate the DRDR. The difference is
that the walker population measured in the noisy experiment
is the result of the effective evolution with the non-unitary op-
erator M.;. When the measurement error py, increases, the
DRDR of the non-unitary DTQW with the phase impurity
decreases and is close to one without the phase impurity, as
shown in Fig. 8(c). We calculate the difference of the DRDR
in the non-unitary DTQW with and without the phase impu-
rity Ay, and show the relation of the phase impurity pp and
the maximum DRDR’s difference MaxAy for the first 20-step
evolution in Fig. 8(d). It is proved that we can approach the
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anomalous decay phenomenon in the phase impurity under the
large measurement error pp, ~ 0.2.

In summary, these non-Hermitian dynamical phenomena
are stable under the measurement error py,. Their robustness
depends on the robustness of NHSE under the parameter «.
With the measurement error pp, increasing, the effective pa-
rameter ¢¢ increases, but the effective system still exhibits the
NHSE (detail in supplemental material I).

The chiral moving experiment The domain wall experiment

(a) (®)

11—

0 1
8 -lf— - s 0 //
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(c) Discrete related decay ratio (d) The phase impurity experiment
0
' 05
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= 04 g 0.3
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-0.8 0‘(1}
5 10 15 20 0 0.1 0.2 0.3
Steps Pm

Fig. 8. The influence of the measurement error. (a) The average po-
sition of the walker after 5-step evolution under different measure-
ment error pp, in the chiral moving experiment. The red line marks
the result with the initial state |yp) = |1,0) while the blue line marks
the result with the initial state |yp) = |/,0). The dashed line rep-
resents the result of the standard DTQW while the solid line repre-
sents the result of the non-unitary DTQW. (b) The average position
of the walker after 8-step evolution under different measurement er-
IOl P, in the domain wall experiment. The marks in (b) are the same
as those in (a). (c) The measuring DRDR for the first 20 steps in the
phase impurity experiment for pp, = 0.05 (red), pm = 0.2 (orange) and
pm = 0.3 (blue). The dashed line represents the result of the non-unitary
DTQW with the phase impurity while the solid line represents the re-
sults without the phase impurity. (d) The relation between the mea-
surement error py, and the maximum measuring DRDR’s difference
MaxAy in the phase impurity experiment. The parameter in this fig-
ureis (6, ¢, 6p,x0) = (7/4,0.5,7,—7).

Evolution of the standard Evolution in the domain wall

5.2. Environmental decoherence

Next, we consider environmental decoherence, which
comes from the interaction between the system and the en-
vironment. Here, we model it by considering one-qubit and
two-qubit depolarizing error models, ") acting on the system’s
density matrix p as

P
o' (p) = (1 ~p)P+3 Y CaipOai
a#0
@"(p) = (1=p2)p-+ 13 X '0ui0p,1p0p.0us- (20
wh

Here, oy ; is the Pauli operator on the i-th qubit, and the
primed sum denotes (¢, 8) # (0,0). In our simulation, we
compile our experiment design with the CNOT gate and the
single qubit gate (detail in supplemental material IV), apply
the channel qu(lq) to the single qubit gate, and apply the chan-

nel éDl.(qu) to the CNOT gate. Here, we set pg = p» = 10p; as
the decoherence rate which qualifies the strength of the envi-
ronmental decoherence.

In the chiral moving experiment and the domain wall ex-
periment, with the decoherence rate p4 increasing, the posi-
tion distribution trends to the uniform distribution, as shown
in Figs. 9(al) and 9(a2). In view of the quantum informa-
tion, the information of the system leaks to the environment,
and the state turns towards the homogeneous mixed state due
to the environmental decoherence. Correspondingly, the av-
erage position in the experiment rapidly decreases to 0 with
the decoherence rate pq4 increasing, as shown in Figs. 9(b) and
9(c). The non-Hermitian dynamical phenomena in these ex-
periments cannot be observed while pg > 0.01.

The chiral moving experiment The domain wall experiment

(al) DTQW (a2) experiment
-0 (c) 2R
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§ 02 —pa=0.010 | & af
— 0.1 - /
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-8 -4 0 4 8 0 0.004 0.008 0 0.004 0.008
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-0.2 R -02 _02 ~ 0.4
e - - - | Il 03
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Fig. 9. The influence of the environmental decoherence. (al) The position distribution of the walker after 5-step evolution in the standard DTQW
under different decoherence rate py. (a2) The position distribution of the walker after 8-step evolution in the domain wall experiment under different
decoherence rate pq. (b) The average position of the walker after 5-step evolution under different decoherence rate pq in the chiral moving experiment.
The red line marks the result with the initial state | o) = |1,0) while the blue line marks the result with the initial state |yp) = |J.,0). The dashed line
represents the result of the standard DTQW while the solid line represents the result of the non-unitary DTQW. (c) The average position of the walker
after 8-step evolution under different decoherence rate py in the domain wall experiment. The marks in (c) are the same as those in (b). (d1)—(d3)
The measuring DRDR for the first 20-step evolution in the phase impurity experiment. The gray line is the result of the ideal experiment. (e) The
relation of the decoherence rate pg and the maximum DRDR’s difference MaxAy in the phase impurity experiment. The parameter in this figure is

(6, 6p,x0) = (1/4,0.5,m,~7).
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In the phase impurity experiment, with the decoherence
rate pq increasing, the difference between the non-unitary
DTQW with and without the impurity decreases, as shown in
Figs. 9(d1)-9(d3). The maximum DRDR difference in this
experiment rapidly decreases to 0 with the decoherence rate p
increasing to pq ~ 1073, as shown in Fig. 9(e). It indicates
that a tiny decoherence rate pq (pg < 0.002) is necessary for
our phase impurity experiment.

In summary, the environmental decoherence weakens the
stability of the non-Hermitian dynamical phenomenon in the
experiment. Generally, the influence of environmental deco-
herence is exponentially related to the depth of the quantum
circuit or the number of quantum gates and quantum measure-
ment. In the next section, we discuss the possible improve-
ment to reduce the depth of the quantum circuit in our experi-
ments.

6. Discussion and conclusions

In conclusion, we propose a quantum circuit as the new
experiment platform to study the non-Hermitian dynamical
phenomenon based on a new type of non-unitary DTQW. We
study the effective Hamiltonian of non-unitary DTQW to ana-
lyze its dynamic. Based on this non-unitary DTQW, we then
construct three quantum circuit experiments, including chi-
ral moving, domain wall, and phase impurity experiments, to
exhibit the non-Hermitian dynamical phenomenon. Further,
we discuss the robustness of those phenomena under different
noises. Our proposed quantum circuits can be implemented
on near-term superconducting quantum devices and on future
fault-tolerant digital quantum computers.

The previous papers study many non-Hermitian tight-
binding systems whose hopping range is finite. However, the
hopping range of the effective Hamiltonian for our non-unitary
DTQW is infinite. In this paper, we numerically study the
spectrum and the dynamic of the non-unitary DTQW and find
that the degeneracy splitting criterion for the NHSE and some
non-Hermitian dynamical phenomena keeps valid in our sys-
tem. The generalization of the non-Hermitian theory to more
systems is meaningful work.

In this paper, we design three experiments based on the
non-unitary DTQW model in the quantum circuit. In fact,
the other physical systems also can implement the non-unitary
DTQW model, for example, the topolectrical circuits!!>!6]
and the optic system.[*18:3%-601 Our work also inspires the im-
plementation of the non-Hermitian dynamical phenomenon in
the other experiment platform. Besides, we also provide the
remaining probability of states on all our designs for experi-
menters in supplemental material VI.

At last, we consider the possible improvement of our ex-
periment implementation. In Subsection 4.2, we indicate that
the reduction of the quantum circuit depth can strengthen the

robustness under the environmental decoherence in the NISQ
device. In our design, the realization of the operator S de-
notes lots of quantum gates (more detail in supplemental mate-
rial IV). A selective method is changing the position encoding
to reduce the number of quantum gates. (']

Noted added After this work was submitted to Chinese
Physics B, a relevant paper appeared on arXiv,[®* implement-
ing the edge-burst phenomenon with the same operator design
in the photonic platform.
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