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Mobility edges in one-dimensional finite-sized models with
large quasi-periodic disorders

Qiyun Tang(汤起芸) and Yan He(贺言)†
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We study the one-dimensional tight-binding model with quasi-periodic disorders, where the quasi-period is tuned to
be large compared to the system size. It is found that this type of model with large quasi-periodic disorders can also support
the mobility edges, which is very similar to the models with slowly varying quasi-periodic disorders. The energy-matching
method is employed to determine the locations of mobility edges in both types of models. These results of mobility edges
are verified by numerical calculations in various examples. We also provide qualitative arguments to support the fact that
large quasi-periodic disorders will lead to the existence of mobility edges.
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1. Introduction
The phenomena of localization[1] have been extensively

studied in condensed matter physics for many years. For three-
dimensional (3D) systems, a threshold of disorder strength ex-
ists, above which the Anderson localization will take place.
For generic band structures, a closely related notion is the mo-
bility edge[2] which is the critical energy separating the local-
ized and extended energy eigenstates. Since the direct obser-
vation of mobility edges in a 3D system is quite challenging,
attention has been turned to low-dimensional systems. How-
ever, the number of dimensions is a very important factor for
Anderson localization. It is argued by the scaling theory[3,4]

that for one-dimensional (1D) systems even infinitesimal small
disorders will make all eigenstates completely localized. Thus,
one cannot find any mobility edges in the 1D band structure.

About forty years ago, the low-dimensional quasi-
periodic systems with correlated disorders were proposed and
captured a lot of attention. The most famous example is the
so-called Aubry–Andre (AA) model.[5,6] In essence, the AA
model is just a 1D tight-binding model with incommensurate
or quasi-periodic on-site potentials. By Fourier transforma-
tion, one can show that the hopping terms and potential terms
of the AA model can transfer into each other. By equating the
hopping terms with the potential terms, one can see that a self-
dual symmetry exists in the AA model. It is easy to see that
this self-dual point will separate between the localized and ex-
tended states. Unfortunately, one still cannot find any mobility
edges in the standard AA model.

In order to make mobility edges possible in the AA-type
models, Das Sarma and co-workers[7–9] introduce the slowly
varying quasi-periodic potentials into the AA model. This
new class of 1D model was shown to support the mobility

edges and has been extensively studied ever since. The suc-
cess of slowly varying quasi-periodic model stimulated a lot
of more works on the mobility edges in 1D quasi-periodic
systems.[10–13] It is also found that the mobility edge can ap-
pear in many different types of modified AA model such as
in Refs. [14–19]. During the same time, the mobility edges
of many different models have been studied.[20–23] A variety
of novel physical phenomena induced by the mobility edge
and methods to determine the mobility edges are also explored
extensively.[24–30] In addition, the research of mobility edge
has been further extended to the domain of non-Hermitian
systems.[31–37]

In this paper, we present another version of modified
AA model, which can also accommodate mobility edges. In
this modified AA model, we simply replace the irrational fre-
quency α with another much smaller irrational frequency such
as α/M where M ∼ 102. Due to this much smaller irrational
frequency, our model has a quite long quasi-period, which is
roughly a few percent of the system size. Here we emphasize
that the system size must be kept finite. We will call this model
the “AA model with large quasi-periodic disorders”. We will
present a detailed study of mobility edges of this large quasi-
periodic model with disorders in on-site potentials or in hop-
ping coefficients or in both. We will see that, in each case,
their mobility edges are very similar to the AA model with
slow-varying quasi-periodic disorders.

We can determine the location of these mobility edges by
the so-called energy-matching method that we have proposed
in our previous works.[38] In essence, we can approximate the
above quasi-periodic disordered model by an ensemble of dif-
ferent periodic models. Then the region of extended states can
be approximately obtained by the overlaps of energy bands of
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all these periodic models. We will demonstrate this method
works quite efficiently in determining the mobility edges for
different versions of AA models with large quasi-periodic dis-
orders. In the end of this paper, we will present qualitative
arguments in support of the existence of mobility edges in the
models with large quasi-periodic disorders.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the two types of quasi-periodic disordered
models, which will be studied closely. Then we present a brief
review of the energy matching method in Section 3. In Sec-
tion 4, we will apply this method to determine the mobility
edges of various disordered models and also use detailed nu-
merical calculations to verify them. In Section 5, we provide a
qualitative explanation of the existence of mobility edges in
large quasi-periodic disordered models. At last, we briefly
conclude in Section 6.

2. The large quasi-period disordered model and
slowly varying disordered model
In this paper, we will mainly focus on the modified AA

models with very small irrational frequencies or large quasi-
periodic disorders. The Hamiltonian of this type of models
can be summarized as

Ĥ =−
N−1

∑
i=1

(t +wi)(ĉ
†
i ĉi+1 + ĉ†

i+1ĉi)+
N

∑
i=1

µiĉ
†
i ĉi, (1)

here ĉi (ĉ
†
i ) is the fermionic annihilation (creation) operator,

N is the total number of lattice sites. For convenience, we set
t = 1 as the energy unit. Disorders with large quasi-periods
are introduced into the above model by the following assump-
tions:

wi = wcos
(

2π
α

M
i
)
, µi = µ cos

(
2π

β

M
i+φ

)
. (2)

Here w and µ are the amplitude of the disorder and i labels
the lattice site. α and β are certain order 1 irrational numbers,
which determine the quasi-periodic behavior. In particular, if
one set α = 0, then the model only contains disorders in po-
tential terms. Similarly, one can also put the disorders in the
hopping term or in both hopping and potential terms. Here φ

is some fixed phase angle, which can tune the relative disorder
between the potential terms and hopping terms. Most impor-
tantly, we also introduce a large integer M in the denominators,
which is used to control the order of magnitude of irrational
frequencies. It is easy to see that the length of quasi-period of
wi and µi is given by

Tα =
M
α
, Tβ =

M
β
, (3)

which is quite long when compared to the system size. In this
sense, we call it the long quasi-period model.

Throughout the whole paper, we will often compare the
models of large quasi-periods disorders with the models of
slowly varying quasi-periodic disorders. As we discussed in
the introduction, the model with slowly varying quasi-period
is well known to support the mobility edges. Its Hamiltonian
can be expressed as

Ĥ =−
N−1

∑
i=1

(t +w′i)(ĉ
†
i ĉi+1 + ĉ†

i+1ĉi)+
N

∑
i=1

µ
′
i ĉ

†
i ĉi, (4)

where

w′i = w′ cos(2παiv), µ
′
i = µ

′ cos(2πβ iv +φ). (5)

One usually assumes the exponent v to satisfy 0 < v < 1. In
this case, one can see both w′i and µ ′i approaches to some con-
stant value as i become very large. This behavior justifies the
name of slowly varying quasi-period disorders.

Due to the characteristic that w′i and µ ′i approach con-
stants in the large i limit, one can give a heuristic argument
to determine the mobility edge of the slowly varying quasi-
periodic model in certain cases. In this method, the asymp-
totic constancy of w′i and µ ′i is considered to be an impor-
tant condition for the generation of mobility edges. The large
quasi-periodic model does not have this property that disorders
gradually approaching constants, but it still produces mobil-
ity edges similar to the slowly varying quasi-periodic models.
This shows that the asymptotic constancy of w′i and µ ′i is not a
necessary condition for the existence of mobility edges.

There is a simple physical picture that can roughly ex-
plain why the mobility edges can exist in the slowly varying
disordered models. For small i, the model of Eq. (4) will favor
the localized states due to the disorders. On the other hand,
for large i, the model of Eq. (4) becomes uniform and favors
the extended state. It is the competition of these two effects
that gives rise to the mobility edges in the slowly varying dis-
ordered models. In Section 5, we will provide some simple
arguments to explain the appearance of mobility edges in the
large quasi-periodic disordered models.

In the rest of this paper, we will set the irrational number
α or β in the above two types of models to be

√
5−1
2 . The total

number of lattice sites is set to be N = 10000.

3. Introducing the energy-matching method
The “energy-matching method” is an effective method to

determine the mobility edge. The basic idea of this method
is to approximate the quasi-periodic disordered models by an
ensemble of periodic models. For convenience, we label these
periodic models by a = 1, . . . ,N. Then their Hamiltonian can
be written as

Ĥa =−
N

∑
i=1

(t +wa)(ĉ
†
i ĉi+1 + ĉ†

i+1ĉi)+
N

∑
i=1

µaĉ†
i ĉi,
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wa = wcos
(

2π
α

M
a
)
, µa = µ cos

(
2π

β

M
a+φ

)
. (6)

Here periodic boundary conditions such as cN+1 = c1 are im-
posed and wa and µa do not depend on the lattice site. For
each Ĥa, we can diagonalize the Hamiltonian in the momen-
tum space to find the extended eigenstates with the following
energy bands:

E = µa−2(t +wa)cosk. (7)

Although we cannot diagonalize the quasi-periodic disordered
model analytically, one can expect intuitively that the eigen-
state of a given energy E is extended, if this energy E is lo-
cated inside in the energy band of all the periodic model Ĥa.
Therefore, the energy region of the extended state of the model
of Eq. (1) will be the overlap of all energy bands of Eq. (7)

E ∈
⋂
a

(
µa−2(t +wa), µa +2(t +wa)

)
. (8)

The energy-matching method can also be applied to the
model with slowly varying quasi-periodic disorders. In this
case, one only needs to change wa and µa to the following

wa = wcos(2παav), µa = µ cos(2πβav +φ). (9)

In a previous paper,[38] we have verified that the energy-
matching method can give the correct location of mobility
edges in this case.

In the next section, we will apply this method to calculate
the mobility edges of the models with large quasi-period and
the models with slowly varying disorders in several different
examples. We will verify that the numerical results of mo-
bility edges are consistent with the result of energy-matching
method. In the meantime, the above two types of models will
give rise to the same mobility edges.

4. Numerical verification of mobility edges
In this section, we choose the inverse participation ratio

(IPR) and Lyapunov exponent,[39–41] which are common phys-
ical quantities of disordered systems, as the indicators to dis-
tinguish between extended states and localized states. These
indicators can help us to numerically verify the accuracy of the
mobility edges, which are obtained by the energy-matching
method in the previous section.

The inverse participation ratio (IPR) of the n-th normal-
ized eigen-wave function ψn is defined as

IPRn =
N

∑
j=1

∣∣∣an
j

∣∣∣4, ψn = (an
1, . . . ,a

n
N). (10)

For the extended states, one expects that their amplitudes are
roughly uniform. Thus each component of ψn is roughly the
same order of magnitude |an

j | ∼ 1/N for all j. Then it is easy

to see that the IPR of the extended state should be the order of
∑

N
j=1

1
N2 = 1

N , which approaches 0 as the system size N→ ∞.
On the other hand, the non-zero amplitudes of localized states
will mostly confined to only a few components. Therefore, in
this case, we expect the IPR to be order 1.

At the same time, one can also calculate the Lyapunov
exponent of the system, which is defined as

γ(Eu) =
1

N−1

N

∑
u6=v

ln|Eu−Ev|−
1

N−1

N−1

∑
i

ln|t +wi|. (11)

It is well-known that the Lyapunov exponent is the inverse of
the localization length. Therefore, one expects the non-zero
Lyapunov exponent γ 6= 0 for localized states. On the other
hand, the Lyapunov exponent will be almost zero for extended
states.

4.1. The AA model with disordered potential

As the first example, we consider the case with α = 0
and β = (

√
5− 1)/2, which means the disorders are only in

the potential. This is also the original version of the AA
model. In this case, wa is just a constant w. According to
energy-matching method, the lower bound of the region of
extended states is determined by the maximum value of the
bottom of each energy band of Ĥa, which can be denoted as
Ebottom = µa − 2(t + w). Similarly, the upper bound of ex-
tended states is determined by the minimum value of the top
of each energy band of Ĥa, which is Etop = µa +2(t +w). It is
easy to see that the resulting energy region of extended states
is

E ∈
(

µ−2(t +w),−µ +2(t +w)
)
. (12)

As µ is tuned, the above upper and lower bounds generate two
lines of mobility edges separating extended states from local-
ized states.

To verify the above mobility edges, we plot the eigenen-
ergy of the AA model with large quasi-period disordered po-
tential of Eq. (1) as a function of µ in Fig. 1(a). The parame-
ters used in this calculation are listed in the figure caption. The
color of each point represents the IPR value of the eigenstates.
One can see that the boundary of the dark region matches the
mobility edges that we have decided above by the energy-
matching method. Similarly, we plot the eigenenergy of the
slowly varying AA model Eq. (4) with disordered potential in
Fig. 1(b). The parameters of α , β in the slowly varying AA
model are the same as those in the AA model with the large
quasi-period. We also assume w′ = w and the slowly varying
exponent as v = 0.5. It can be seen from the figure that the
mobility edges of the two types of models are the same, and
they are both consistent with the calculated results of Eq. (12).

In order to make more quantitative observations, in
Figs. 1(c)–1(f), we also plot the IPR values and Lyapunov ex-
ponent as a function of eigenenrgy for a few selected points as
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µ = 0.9, 1.6, 2.5. While figures 1(c) and 1(d) show the results
of the AA model with a large quasi-period, and figures 1(e)
and 1(f) show the results of slowly-varying AA model. One
can see that the IPR drops from the order of magnitude of 10−2

to 10−4 when the eigenenergy across certain critical values,

and the Lyapunov exponent will also change from non-zero to
zero. This clearly signals the transition from localized states
to extended states. These figures also support the conclusion
that the mobility edges of the two types of models are both
consistent with formula (12).
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Fig. 1. (a) Eigenenergy of the model of Eq. (1) as a function of µ with α = 0, β = (
√

5−1)/2, w = 0.5 and M = 200. (b) Eigenenergy of the
model of Eq. (4) as a function of µ ′ with w′ = w and v = 0.5, other parameters are the same as (a). The colors in panels (a) and (b) represent
the IPR of each eigenstate. The red and green curves represent the mobility edges. (c) and (e) The IPR and Lyapunov exponent of Eq. (1) as
a function of eigenenergy for (w,µ) = (0.5,0), (0.5,1.6), (0.5,3.2), other parameters are the same as (a). (d) and (f) The IPR and Lyapunov
exponent of Eq. (4) with w′ = w and v = 0.5, other parameters are the same as (c).

4.2. The AA model with the same disorders in hopping and
potential

Now we turn to a more complicated model with β = α

and φ = 0. In this case, µi and wi have the same disorder.
For this model, we can also use the energy-matching method
to determine the mobility edge. The lower bound of the en-

ergy region of Eq. (8) is determined by the extreme values

E = µ − 2(t +w) and E = −µ − 2(t−w). Depending on the

value of µ , we will take the larger one as the lower bound.

When µ > 2w, clearly, the lower bound of the energy region

of the extended state is Emin = µ − 2(t +w). One the other

hand, if µ < 2w, we have Emin = −µ − 2(t−w) as the lower
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bound.
Similarly, we can also get extreme values E = µ +2(t +

w) and E = −µ +2(t−w) for the upper bound of the energy
region of the extended state. Obviously, regardless of the value
of µ and w, the energy E = −µ + 2(t −w) is smaller. So
the upper bound of the energy region of the extended states is
Emax =−µ +2(t−w). In summary, when β = α , we find the
condition for extended states is given by

E ∈
(
−µ−2(t−w),−µ +2(t−w)

)
, for 0 < µ < 2w,

E ∈
(

µ−2(t +w),−µ +2(t−w)
)
, for µ > 2w. (13)

To verify the above mobility edges, we show the eigenenergy
of the AA model with large quasi-periodic disorders in both
the hopping and potential in Fig. 2(a). The parameters used

are listed in the figure caption. Again, the color of each point
represents the IPR value of the eigenstates. Similarly, we also
plot the eigenenergy of the slowly varying AA model with the
same disorders in Fig. 2(b). The values of the parameters of
the slowly varying AA model are the same as those in the AA
model with the large quasi-period, but with the varying expo-
nent v= 0.5. It can be seen from these figures that the mobility
edges of the two types of models are both consistent with the
calculated results of Eq. (13). In Figs. 2(c) and 2(d), the IPR
values as a function of eigenenergy are shown for a few points
with µ = 0.9, 1.6, 2.5. Whereas panel (c) shows the results of
AA model with large quasi-period and panel (d) shows the re-
sults of slowly-varying AA model. It provides a more accurate
verification of the mobility edges of Eq. (13).
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Fig. 2. (a) Eigenenergy of the AA model Eq. (1) as a function of µ with α = β = (
√

5− 1)/2, w = 0.5 and M = 200. (b) Eigenenergy of the
slowly varying AA model Eq. (4) as a function of µ ′ with w′ = w and v = 0.5, other parameters are the same as (a). The colors in panels (a) and
(b) represent the IPR of each eigenstate. The red and green curves represent the mobility edges. (c) The IPR of the AA model as a function of
eigenenergy for (w,µ) = (0.5,0.9), (0.5,1.6), (0.5,2.5), other parameters are the same as (a). (d) The IPR of the slowly varying AA model with
w′ = w and v = 0.5, where other parameters are the same as (c).

4.3. The AA model with different disorders in hopping and
potential

As the last example, we consider the case with different
disorders in hopping and potential. This can be easily achieved
by setting φ 6= 0. In this case, w j and µ j are not the same dis-
order, but they are also not completely independent. To de-
termine the mobility edges, we still consider an ensemble of
periodic models labeled by a with wa = wcos(2παa/M) and

µa = µ cos(2πβa/M−π/2) = µ sin(2πβa/M). Here we set

the phase difference to be φ = −π/2. Since in the periodic

model Ha, wa and µa are only constants, we can simplify the

Eq. (8) to the following

E ∈
⋂
a

(
R−a−2t, R+a +2t

)
, (14)

127202-5



Chin. Phys. B 32, 127202 (2023)

here R±a is given by

R±a = Rcos
(
±2π

α

M
a− arctan

(
µ

2w

))
,

R =
√

µ2 +(2w)2. (15)

For a given R, the smallest interval is given by taking R−a = R
for lower bound and R+a = −R for upper bound. Therefore,
we find that the overlap of all intervals, which is the region of
extended states is given by

E ∈
(

R−2t,−R+2t
)
. (16)

To verify the above mobility edges, we plot the eigenen-

ergy of the above model with color indicating its IPR value in
Fig. 3(a). The parameters are given in the figure caption. As
a comparison, we also display the eigenenergy of the slowly
varying AA model of Eq. (4) with the same type of disorders
in Fig. 3(b). It can be seen from these figures that the mobil-
ity edges of the two types of models are consistent with the
calculated results of Eq. (16). In Figs. 3(c) and 3(d), we show
the IPR values as a function of eigenenergy for a few selective
points of µ = 0, 1, 2. The panels (c) and (d) correspond to the
results of the AA model with large quasi-period and slowly-
varying AA model, respectively. It provides more quantitative
evidence that supports the mobility edges of Eq. (16).
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Fig. 3. (a) Eigenenergy of the AA model Eq. (1) as a function of µ with α = β = (
√

5−1)/2, w = 0.5, φ =−π/2 and M = 200. (b) Eigenenergy
of slowly varying AA model Eq. (4) as a function of µ ′ with w′ = w and v = 0.5, other parameters are the same as (a). The colors in panels (a)
and (b) represent the IPR of each eigenstate. The red and green curves represent the mobility edges. (c) The IPR of the AA model as a function
of eigenenergy for (w,µ) = (0.5,0), (0.5,1), (0.5,2), and other parameters are the same as (a). (d) The IPR of the slowly varying AA model
with w′ = w and v = 0.5, and other parameters are the same as (c).

5. Qualitative explanations of the emergence of
mobility edge with large quasi-period

In the original AA model, there is a duality point located
at µ = 2t. It has been proved rigorously[42] that the eigen-
states are all localized for µ > 2t and are all extended for
µ < 2t. Because of this, no mobility edge exists for a fixed
µ in the original AA model. Our modification of AA model is
to make the irrational frequency very small as α→ α/M. The
appearance of mobility edges in the large quasi-period models
seems to contradict the above-mentioned theorem. We should

emphasize that the observed mobility edges only show up for
finite-sized systems. It is the combined effects of the large
quasi-period and finite system size that make the mobility edge
appear.

Here we want to show the effects of M on the model of
Eq. (1). In Fig. 4, we plot the eigenenergy of the AA model of
Eq. (1) with colors indicating its IPR value for several differ-
ent M values. The parameters are given in the figure caption.
In panel (a), we have M = 1 which is exactly the original AA
model. One can clearly see that the duality point located at
µ = 2 separates the extended and localized states. Therefore,
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for a fixed µ , there are no mobility edges. From panels (b)
to (c), we gradually increase M from 60 to 120. Then for a
fixed µ , there appear more and more localized states. But the
location of the mobility edge is still not very clear. When we
reach M = 180, the mobility edge becomes quite sharp and its
location is the same as the mobility edge of the slowly vary-
ing disordered the AA model. These figures clearly show the
relationship between the values of M and the appearance of
mobility edges.

To see the effects of M more clearly, we propose an-
other quantity that can reflect the degree of localization of
each eigenstate. In the energy-matching method, we approxi-

mate the large quasi-period model by a lot of periodic models.

For a given eigenenergy E, we can find the number of peri-

odic models whose energy bands contain E. The eigenstates

become more localized if this number becomes smaller. In

Fig. 5, we plot the number of periodic models as a function

of eigenerngy E for µ = 1.5 and µ = 2.5. For the left and

right panels, M = 50 and 200, respectively. One can see that

for µ = 1.5, the number of periodic models rapidly decreases

from the band center to the band edges. For larger M, this

number decreases even faster. This indicates that the eigen-

states near the band edges are essentially localized for µ < 2.
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Fig. 4. Eigenenergy of the AA model Eq. (1) as a function of µ with α = 0, β = (
√

5− 1)/2, w = 0. The colors represent the IPR of each
eigenstate. From (a) to (d), M = 1, 60, 120, 180, respectively.
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√
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The mobility edges of the AA model for a fixed µ are also
observed in Ref. [43]. In this paper, it is argued that the orig-
inal AA model can be thought as a 1D projection of the 2D
Hofstadter model with incommensurate magnetic flux density.
From this point of view, the localization of the eigenstate of
the AA model near the band edge can be understood by semi-
classical calculations of the 2D Hofstadter model with small
magnetic flux density. We refer readers to Ref. [43] for more
detailed explanations. These results are consistent with what
we observed. In our paper, we also consider the generalized
AA models and find similar results.

To see the effects of system size N, we plot the IPR value
as a function of eigenenergy E for N = 103 and 104 in Fig. 6.
Here the IPR is calculated for µ = 1.5 and 2.5. The first µ is
smaller than the critical µc = 2 and the other is greater than
it. One can see that if the system size is smaller, the IPR of
states with these two µ become closer. One can also see that
for fixed µ = 1.5, the IPR also decreases a lot as one moves
from the band edges to the band center. This shows there is
some critical E for µ < 2, which separates the extended and
localized states. This feature is more observable for a finite-
sized system. Because in this case, the IPR difference between
µ < 2 and µ > 2 is not that large.

6. Conclusion
In this paper, we have shown that the AA-type model

with the large quasi-period can also support mobility edges.
By inserting the large quasi-periodic disorders in the hopping
coefficients, the potentials or both, we demonstrate that the
mobility edges in these examples are almost the same as the
corresponding slowly varying disordered models. The pre-
cise locations of the mobility edges are deduced by the energy
matching method. We argued that the appearance of mobil-
ity edges for a fixed µ in the large quasi-periodic disordered
models is due to the combined effects of long quasi-period and
finite system size. The longer quasi-period makes the IPR dif-
ference between the band edges and band center bigger. On

the other hand, the smaller system size makes the IPR differ-
ence across the dual point smaller. Combining the above two
effects, the mobility edges for a fixed µ become more apparent
for a model with a large quasi-period and finite system size.
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