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In this theoretical work, we describe a mechanism for the coupling between a plane structure consisting of four
quantum dots and a resonator. We systematically study the dependence of the quadruple coupling strength and the qubit
decoherence rate and point out the optimized operating position of the hybrid system. According to the transmission given
by the input–output theory, the signatures in the resonator spectrum are predicted. Furthermore, based on the parameters
already achieved in previous works, we prove that the device described in this paper can achieve the strong coupling limit,
i.e., this approach can be used for system extension under the existing technical conditions. Our results show an effective
and promotable approach to couple quantum dot structures in plane with the resonator and propose a meaningful extension
method.

Keywords: semiconductor qubit, circuit quantum electrodynamics (QED), semiconductor quantum dot, scal-
able semiconductor-based circuit QED architectures
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1. Introduction
Semiconductor qubits, encoded by the electron states iso-

lated in quantum dots, are among the promising platforms for
quantum computing processing.[1–5] To increase the number
of qubits in semiconductor systems, there are a series of works
focusing on the implementation of scalable architectures, in-
cluding quantum dot arrays and crossbar networks.[6–8] Ad-
ditionally, maturing circuit quantum electrodynamics (QED)
architectures promise an alternative and effective approach
in coupling nonlocal qubits and scaling up the number of
qubits, whereby the microwave resonator serves as a quan-
tum bus and provides photons as mobile carriers of quantum
information.[9–13] Compared to superconducting qubits, semi-
conductor qubits can work in a strong magnetic field, and the
hybrid circuit QED system promises an attractive platform for
studying spin–light interactions.[14,15] Moreover, recent exper-
imental progresses present that the semiconductor qubit has
a potential high operation temperature of ∼ 1 K.[16,17] Com-
bined with the resonator with high superconducting critical
temperature,[18,19] this achievement promises a circuit QED
system that can work and perform quantum information pro-
cessing at a higher temperature.

The first theoretical scheme for coupling quantum dots
to the resonator was proposed in 2004, in which an electric
charge in the double quantum dot (DQD) couples to photons
stored in the resonator with dipole interaction.[20] Based on
charge–photon coupling, some follow-up works put forward
schemes to enable the coupling between spin qubits and a

resonator via spin–charge hybridization.[21–24] Recently, ben-
efitting from the application of high-impedance resonators,
the coupling strength between semiconductor qubits and pho-
tons stored in the resonator has been greatly improved, lead-
ing to the achievement of the strong coupling limit in hybrid
superconducting–semiconductor circuit QED systems[25–30]

and demonstrating the potentiality in quantum information
processing.[15,31–33] From these works, we can find an intuitive
impression that the charge qubit has a large coupling strength
and a poor coherence time, and the spin qubit is the oppo-
site. Thus, how to balance the coupling strength and coher-
ence time becomes an interesting and valuable question. To
improve the charge qubit coherence time, some researchers
propose a scheme to prevent the charge qubit from the charge
noise on dipole axis by encoding a quadruple qubit.[34,35]

Although the expansion methods based on nearest-
neighbor interaction (quantum dot networks) and long-range
interaction (circuit QED architectures) have attracted signif-
icant interest, there is little research focusing on the combi-
nation of these two nonexclusive methods or showing the po-
tential scheme of that. In this work, we propose an effective
and promotable approach to couple quantum dot structures in
plane with a resonator. The coupling mechanism between a
resonator and four quantum dots from a honeycomb-like quan-
tum dot network is systematically discussed. We predict the
coupling strength and determine that the coupling of the en-
coded qubit to the resonator is based on quadrupole interac-
tion. Since the dipole coupling between the qubit and the res-
onator is suppressed, the coherence time is prevented from the
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charge noise. Then, we describe the decoherence processing
in semiconductor quantum dot systems and provide a map of
the dephasing rate as a function of quantum dot chemical po-
tentials. Furthermore, we simulate the observable signatures
of charge–photon coupling in the resonator spectrum, the vac-
uum Rabi splitting, and find the optimal working point for the
coupling between the quadruple qubit and the resonator. No-
tably, the coupling mechanism can be used for quantum dot
systems with more connections in the center dot.

2. Model
Referring to the device in Ref. [36], we give a device

sketch. This approach can reduce electrostatic disorder and
has inherent design flexibility for highly customizable device
layouts. Figure 1(a) shows the sketch of the quadruple quan-
tum dot (QQD), in which the center quantum dot (red) is ca-
pacitively coupled to three adjacent quantum dots (orange) and
a resonator (not shown). Figure 1(b) shows the device consist-

ing of a gate layer (gray) and a quantum dot layer (light blue)
from top to bottom. In the gate layer, there are three kinds
of gates (yellow), labeled with ‘O’, ‘P’, and ‘T’, for setting
up and accumulating the quantum dots. Gates O is used for
depleting carriers in a large area (pink region) and determin-
ing the region where the quantum dots can be set up. Gates
P control the chemical potentials of quantum dots, and gates
T control the interdot tunnel coupling. This structure can be
a basic unit of a two-dimensional (honeycomb-like) quantum
dot network, as shown in Fig. 1(c).

In our proposal, we consider a single electron shared
among four quantum dots. We assume that three surround-
ing plunger gates are connected, and the chemical potentials
of the left, the upper, and the right dots have the same value
εL = εU = εR = ε . Meanwhile, the chemical potential of the
center dot εC is tuned by an independent plunger gate. As
for the electron tunneling between nearest-neighbor quantum
dots, they are tuned into the same with amplitude t.

(a)

OO P T C

(b) (c)

Fig. 1. Schematic illustration of the gate-defined QQD. (a) Simplified diagram of a QQD. (b) The cross-section of the device through the black
dashed line in (c). (c) Top-down image of the quantum dot layer. In (a) and (c), the structure for future scaling is reserved and illustrated by the
pattern marked by blue dotted lines.

3. Hamiltonian of the QQD

We now model the single electron QQD. According to the
charge occupation, the electrons located on the center, the left,
the upper, and the right quantum dots are denoted as states |C〉,
|L〉, |U〉, and |R〉, respectively. On the basis of charge occu-
pation, {|C〉 , |L〉 , |U〉 , |R〉}, the QQD can be described by the
Hamiltonian

HQQD/h̄ =


EC −t −t −t
−t 0 0 0
−t 0 0 0
−t 0 0 0

+ ε14. (1)

Here, EC = εC − ε is the center-dot detuning. Solving this
Hamiltonian, we can obtain the eigenstates and their corre-
sponding energy levels. The ordered energy levels are

E0/h̄ = ε +
1
2

(
EC−

√
EC+12t2

)
, (2)

E1/h̄ = ε, (3)

E2/h̄ = ε, (4)

E3/h̄ = ε +
1
2
(EC +

√
EC+12t2). (5)

Using the mixing angle φ , which satisfies equation sinφ =
√

12t/
√

E2
C+12t2, the corresponding eigenstates can be ex-

pressed as

|0〉= cos(φ/2) |S〉+ sin(φ/2) |C〉 , (6)

|1〉= 1√
2
(|L〉− |R〉) , (7)

|2〉= 1√
6
(−|L〉+2 |U〉− |R〉) , (8)

|3〉=−sin(φ/2) |S〉+ cos(φ/2) |C〉 , (9)

where |S〉 = 1√
3
(|L〉+ |U〉+ |R〉). These results are still ef-

fective when there exists a small difference among the chem-
ical potentials of the left, the upper, and the right dot, i.e.,∣∣ε j− (εL + εU + εR)/3

∣∣�|εC|, where ( j = L,U,R).
Figure 2 shows the eigenenergies of the four-level Hamil-

tonian as a function of EC with a fixed detuning parameter
ε = 0. While the energy levels of states |0〉 and |3〉 are tuned
by varying EC, states |1〉 and |2〉 are degenerate at energy h̄ε .
In our proposal, the quadruple qubit is encoded in states |0〉
and |3〉 with the qubit (operation) frequency

ωa = ω3,0 = (E3−E0)/h̄ =
√

EC +12t2. (10)
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Fig. 2. Energy level En (n = 0, . . . ,3) as a function of the center-dot
detuning EC . The dashed line is the energy level without interdot tunnel
coupling (t = 0). Here, we calculate the energy levels with the parame-
ters ε = 0 and t/2π = 2 GHz.

4. Coupling between a quadruple qubit and a
resonator
The coupling between the QQD and a resonator is caused

by the influence of the resonator electric field on the center dot
chemical potentials and can be modeled as[20,34,37]

Hint = evV
[

3
4
|C〉〈C|− 1

4
(|L〉〈L|+ |U〉〈U |+ |R〉〈R|)

]
, (11)

where e is the electron charge, v presents the conversion coef-
ficient of resonator voltage applied to the center dot, and op-
erator V presents the voltage on the resonator near the center
dot. Since all resonator modes far detuned with the qubit are
neglected, the coupling can be described as

Hint = 2g0(a+a†)

[
3
4
|C〉〈C|

− 1
4
(|L〉〈L|+ |U〉〈U |+ |R〉〈R|)

]
. (12)

Here, the annihilation operator a and creation operator a† are
for the relevant resonator mode with frequency ωr. g0 =

vωr
√

2Zr/RQ is the overall coupling strength, Zr is the res-
onator characteristic impedance, and RQ = h/e2 is the resis-
tance quantum. According to recent experimental achieve-
ments using high-impedance resonator, the overall coupling
strength g0 can be around 2π ·100 MHz.[25,29,33] Furthermore,
we write the interaction in the eigenbasis of the Hamiltonian
shown in Eq. (1),

Hint = g0(a+a†)
3

∑
n,m=0

dn,m |n〉〈m|, (13)

with the normalized photon coupling strength

dn,m = 2〈n|
[

3
4
|C〉〈C|

− 1
4
(|L〉〈L|+ |U〉〈U |+ |R〉〈R|)

]
|m〉 . (14)

Thus, we can obtain the photon coupling strength to the tran-
sition 0↔ 3 as

gq = g0d0,3 = g0d3,0 = g0 sinφ . (15)

We note that the qubit does not have a dipole moment, since
−e〈3|x|0〉 is equal to zero, where x is the position operator.
This indicates that the qubit can be protected from charge
noise from the environment on the dipole axis.[34,35] As for the
quadrupole moment, it can be determined as −2e2〈3|x2|0〉 ∝

sinφ . Thus, we can consider that the quadruple coupling plays
a leading role in the charge–photon interaction, and the dipole
coupling is suppressed.

In Fig. 3, we estimate the magnitude of the coupling,
where gq/g0 is according to Eq. (15) and as a function of
the center-dot detuning EC and the interdot tunnel coupling
t. When EC = 0, as illustrated by the red dashed line, the
coupling strength gq reaches its maximum g0. In the region
where |EC| < t, the ratio of gq to g0 exceeds 0.96. For the
case that |EC| is much larger than t, states |0〉 and |1〉 are ap-
proximated by |S〉 and |L〉, respectively. Since the qubit has a
small quadrupole moment −2e2〈3|x2|0〉 ∼ −2e2〈L|x2|S〉 = 0,
the coupling between the quadruple qubit and the resonator
becomes quite weak.

EC/π (GHz)

t/

π
 (
G
H
z
)







↩ 



. 
gq/g0

.

Fig. 3. Calculated coupling strength as a function of EC and t. The red
dashed line corresponds to EC = 0, and the green dashed lines corre-
spond to EC =±t.

5. Decoherence rate of the quadruple qubit
In gate-defined quantum dot systems, the qubit decay is

caused by the charge–phonon coupling and should be of the
order of a few MHz.[38–40] The dephasing is caused by the
charge noise, which originates from random charge fluctua-
tions of material or the control and confinement voltage giv-
ing rise to fluctuation energies. And the decoherence rate is
given by γ = 1

2 γr +γϕ , where γr is the decay rate and γϕ is the
dephasing rate.

In this paper, we assume that all charge fluctuations sat-
isfy Gaussian-distributed 1/ f noise with a power spectral den-
sity Sq (ω) = Aq |ω|−1, where q∈{εC,ε} and Aq = σ2

q is the
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variance of noise power spectral density. The dephasing rate
for the quadruple qubit can be approximated by the analytical
expression[34,41]

γ
ϕ = γ

ϕ

3,0 =
1
h̄

[
∑
p

(
1
4

ω
2
pAp +

1
16

ω
2
p,pA2

p

)

+ ∑
p6=q

1
8

ω
2
p,qApAq

] 1
2
, (16)

where we use the definitions ωp ≡ ∂ω3,0/∂ p and
ωp,q≡∂ 2ω3,0/∂ p∂q with p,q∈{εC,ε}. For the case that the
chemical potentials of the left, the upper, and the right dots
are controlled by three independent plunger gates, we should
consider about two additional detuning parameters in the de-
phasing processing, i.e., p,q∈{εC,εL,εU ,εR}.

εC/π (GHz)

ε
/

π
 (

G
H

z
)

10

0

-10 100

-10

100 40 20
γϕ (MHz)

Fig. 4. Dephasing rate γϕ as a function of εC and ε . We have chosen
AεC/h2 = 1002 MHz2, Aε/h2 = 2002 MHz2, and t/2π = 1.5 GHz.

Figure 4 shows the calculated dephasing rate γϕ as a func-
tion of the chemical potentials of the center dot εC and the
detuning parameter ε . The calculated result is symmetrical

about the diagonal (εC = ε). And we can find that the dephas-
ing rate reaches its minimum at εC = ε , where the dephasing
rate caused by the charge noise in first order 1

4 ω2
pAp can be

negligible.

6. Resonator spectrum
After determining the system parameters of a QQD cou-

pling to a resonator, let us describe the response of the hybrid
system in teh resonator spectrum. Here, we assume a probing
microwave transmitting through the resonator with frequency
ωp and the resonator decay rate κ = κi +κ1 +κ2 consisting of
the internal photon decay rate κi and the external photon decay
rate through the input and output ports (κ1 and κ2). Within a
rotating-wave approximation, we can obtain the transmission
by employing input–output theory,[23,32]

S21 =
−i
√

κ1κ2

ωr−ωp− iκ/2+g0
3
∑

n=0

3
∑

m=n+1
dn,mχn,m

, (17)

where χn,m =
−g0dm,n(Pn−Pm)

(Em−En)/h̄−ωp−iγm,n
is the electric susceptibili-

ties of the electron charge state, Pn denotes the occupation
probability of state |n〉, and γm,n is the decoherence rate be-
tween states |m〉 and |n〉. Considering the case that the device
works at the temperature T ∼ 0 K, the QQD should be in its
ground state, i.e., Pn = δn,0. Thus, only the transitions 0↔ n
(n = 1,2,3) should be discussed. Moreover, since the nor-
malized photon coupling strength of transition 0↔ 1 (0↔ 2)
coupling to the resonator is equal to zero, the term of corre-
sponding transitions dn,mχn,m can be neglected. Based on the
discussions above, Eq. (17) can be simplified as

S21 =
−i
√

κ1κ2

ωr−ωp− iκ/2+g0d0,3χ0,3
. (18)
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Fig. 5. (a) Resonator transmission spectrum |S21| as a function of EC and ωp. (b) The coupling strength gq and the qubit decoherence rate
γ used in (a) as a function of EC . (c) Calculated vacuum Rabi splitting with (EC, t)/2π =(0,1.44) GHz (red dashed line), (EC, t)/2π =
(1.22,1.40) GHz (black line), and (EC, t)/2π =(3.24,1.10) GHz (blue dashed line). In these calculations, we have chosen κ1 = κ2 = κ/2 =
2π · 5 MHz, ωr/2π = 5 GHz, and the overall coupling strength g0/2π = 100 MHz. The parameters about qubit decoherence processing are
γr = 20 MHz, AεC/h2 = 1002 MHz2, and Aε/h2 = 2002 MHz2. The coherence parameters refer to Ref. [34].

In Fig. 5(a), we show the calculated transmission as a
function of the center-dot detuning EC and the probe frequency
ωp. Here, the amplitude of interdot tunnel coupling t is cho-
sen as t = 1.4 GHz < ωr/

√
12 to ensure the observation of

vacuum Rabi splitting in the resonator spectrum. The blue
(red) dashed line represents the frequency of the uncoupled
quadruple qubit (resonator). As the qubit is tuned close to the
resonator, the avoided crossing caused by the charge–photon
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hybridization can be observed, i.e., the original spectral line of
the resonator will split into two spectral lines in the transmis-
sion spectrum. When the quadruple qubit is in resonance with
the resonator at EC = ±

√
ω2

r −12t2 (the intersections of the
blue and red dashed lines), the vacuum Rabi splitting of size
2gq/2π can be observed. The green dashed line represents the
transitions 0↔ 1 and 0↔ 2. Since these two transitions do
not couple to the resonator, there is no corresponding avoided
crossing in the resonator spectrum. If not, there must exist a
difference among the chemical potentials of the left, the up-
per, and the right dot. Figure 5(b) shows the dependence of
the coupling strength gq and the qubit decoherence rate γ on
the center-dot detuning EC in Fig. 5(a). The coupling strength
gq reaches its maximum at EC = 0, and the decoherence rate γ

reaches its minimum at the same position. This result is gen-
eral and can be derived from Eqs. (15) and (16). Thus, we can
fix EC at zero to improve the quantum coherence performance
of the quadruple qubit. Figure 5(c) shows the calculated vac-
uum Rabi splitting with different EC. As |EC| increases, two
spectral lines become blurred and their distance decreases with
decreasing gq and increasing γ .

7. Discussion
According to the Eq. (15), the quadruple coupling

strength can reach the overall coupling strength g0 when EC =

0. Thus, we can directly use the maximum charge-photon cou-
pling strength max(gd) = g0.[20] in the system with a DQD
coupling to a resonator to estimate the quadruple coupling
strength gq. For the decoherence processing, if we set the
working position at EC = 0, the decoherence rate can reach
its minimum. Since the dephasing rate of the quadruple qubit
mainly caused by the charge noise in the first order is sup-
pressed and equal to zero, the decoherence rate of the quadru-
ple qubit should be not higher than the decoherence rate of
a DQD charge qubit on the sweet spot.[42] Thus, we can di-
rectly estimate the performance of the quadruple qubit from a
charge DQD qubit. Referring to the parameters shown in re-
cent experiments, Refs. [25,32,33], our approach can already
be realized in the strong coupling regime (g > γ,κ) and used
for system extension under the existing technical conditions.

Also, the method mentioned in this work can be used in
quantum dot systems with more connections in the center dot.
For the case that the center dot coupling to N quantum dots, we
can still encode the qubit in the lowest and the highest levels

of the quantum dots system with frequency ω ′a =
√

E2
C +4Nt2

and coupling strength g′q = g0 sinφ ′ =
√

2Ntg0/ω ′a.

8. Conclusion
In this paper, we describe how to couple an electron

shared among four quantum dots to photons stored in a

resonator. The general method for obtaining the coupling
strength and the decoherence rate of transitions of the electron
in the QQD is systematically discussed. We choose the low-
est and the highest levels of the QQD to encode the quadruple
qubit, which can prevent the qubit from charge noise on the
dipole axis and avoid other transitions. After determining the
coupling strength and the decoherence rate, we find the opti-
mal working point for charge–photon coupling and obtain the
resonator spectrum of the hybrid system using the transmis-
sion coefficient given by the input–output theory. In short,
our results show that the coupling mechanism is effective and
realistic for coupling the quantum dot structure in plane to a
resonator, since the qubit coherence time is improved while
maintaining the coupling strength. Also, our work indicates
a potential application in connecting two extension methods
based on quantum dot networks and hybrid circuit QED archi-
tectures.
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