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We study analytically and numerically the nonlinear collective dynamics of quasi-one-dimensional spin—orbit cou-
pled spin-1 Bose—Einstein condensates trapped in harmonic potential. The ground state of the system is determined by
minimizing the Lagrange density, and the coupled equations of motions for the center-of-mass coordinate of the condensate
and its width are derived. Then, two low energy excitation modes in breathing dynamics and dipole dynamics are obtained
analytically, and the mechanism of exciting the anharmonic collective dynamics is revealed explicitly. The coupling among
spin—orbit coupling, Raman coupling and spin-dependent interaction results in multiple external collective modes, which
leads to the anharmonic collective dynamics. The cooperative effect of spin momentum locking and spin-dependent inter-
action results in coupling of dipolar and breathing dynamics, which strongly depends on spin-dependent interaction and
behaves distinct characters in different phases. Interestingly, in the absence of spin-dependent interaction, the breathing dy-
namics is decoupled from spin dynamics and the breathing dynamics is harmonic. Our results provide theoretical evidence
for deep understanding of the ground sate phase transition and the nonlinear collective dynamics of the system.

Keywords: spin—orbit coupled spin-1 Bose—Einstein condenses, collective excitations, nonlinear modes cou-

pling
PACS: 03.75.Mn, 03.75.Lm, 05.45.Yv

1. Introduction

Ultra-cold atomic gases provide an ideal platform for ex-
ploring novel spin—orbit (SO) coupling physics, owing to their
unprecedented levels of control!!™ and precision in experi-
ments. In ultra cold atomic gases, SO coupling can be gen-
erated by the two-photon Raman coupling technique.>! Re-
cently, SO-coupled spin-1 Bose—Einstein condensates (BECs)
have been successfully achieved in experiments through Ra-
man coupling among three hyperfine states of atoms, [>!%! thus
paving the way to explore the rich physics of SO-coupled
spin-1 BECs. Theoretical predictions and experimental ob-
servations of SO-coupled spin-1 BECs render various novel
ground-state phases including plane wave phase, stripe phase
and zero-momentum phases, etc./11-14]

The collective excitation also provides an effective tool
for exploring the physics of the condensates, and can be used
to identify the phase transition of the system dynamically. The
collective excitation of the spin-1/2 BECs with SO coupling
has been widely and deeply explored experimentally!”-!3] and
theoretically!'®!7! by using the sum rule approach!!8! and the
Bogoliubov spectrum analysis.!!?! It is found that the collec-
tive dynamics is trivial for conventional condensates and the

(20211 However, the collec-

collective oscillation is harmonic.
tive dynamics of the trapped spinor BECs is complex. Mean-
while, because of emergence of nonlinearity, a lot of interest-
ing phenomena in the collective excitations of BECs, such as

frequency shift,[*? mode coupling, [>-2>! damping, [*62"] col-
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lapse and revival of oscillations, 28291 are observed.

Recently, elementary excitations of SO-coupled spin-1
Boses gases are studied in free space, and it is found that
phonon modes of different phases have different structures

[12,13,30 Noticeably, in trapped SO coupling spin-

of rotons.
1 cold-atomic systems, an analogy of Hall response can
be detected through collective excitations.?!! In Ref. [32],
the collective excitation of a quasi-one-dimensional SO-
coupled spin-1 BEC at finite temperatures for antiferromag-
netic spin interactions was studied by utilizing the Hartree—
Fock-Bogolyubor-Popov approximation. Moreover, the spin
dynamics of spin-1 condensates in an external magnetic field
is studied,**! which exhibits a variety of periodic oscillations
and provides theoretical support for interactions-driven oscil-
lations. In general, because of coupling effects (induced by
SO coupling and Raman coupling) and strong nonlinearity
(induced by density-dependent interaction and spin-dependent
interaction), rich nonlinear modes coupling (harmonic, anhar-
monic and irregular dynamics) should exist in SO-coupled
spin-1 BECs. Accordingly, the nonlinear modes coupling will
result in rich nonlinear spin dynamics. However, those are
still open subjects. Particularly, the physical mechanism of
generating anharmonic collective dynamics and the transition
of harmonic-anharmonic dynamics in different phases of the
system are still unclear.

In this paper, we study collective dynamics of SO-
coupled spin-1 BECs in harmonic potential bath analytically

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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and numerically. Using variational approaches, the coupled
equations of motions for the center-of-mass coordinate of the
condensate and its width are derived. Then, two low energy
excitation modes in breathing dynamics and dipole dynamics
are obtained analytically, which are in agreement with the nu-
merical results of solving the Gross—Pitaevskii equation. We
find that the dipolar dynamics for center-of-mass motion and
the breathing dynamics for width variation of condensate are
coupled through the spin dynamics induced by the SO cou-
pling. This leads to the emergence of multiple external collec-
tive modes. Thus, the dipolar and breathing oscillation will be
the superposition of the multiple harmonic oscillations, which
generates an anharmonic collective dynamics. Furthermore,
in anharmonic oscillations, breathing oscillations can be in-
duced by excited dipole oscillations, and vice versa. Inter-
estingly, spin-dependent interactions play an important role
in collective excitation. In dipole dynamics, two degenerate
low-energy excitation modes become non-degenerate as spin-
dependent interaction increases. In breathing dynamics, how-
ever, when spin-dependent interaction is absent, the breathing
dynamics is decoupled from spin dynamics and dipole dynam-
ics, in which the breathing oscillation is harmonic. Particu-
larly, we find that the collective dynamics is distinct in dif-
ferent phases, which is revealed both analytically and numeri-
cally.

The paper is organized as follows. In Section 2, based
on the mean field approximation, we obtain the Hamiltonian
of SO-coupled spin-1 BECs in a quasi-one-dimensional har-
monic potential. In Sections 3 and 4, the variational equation
of the system is obtained by minimizing the Lagrange density
and the ground state phase of the system is analyzed in detail.
In Sections 5, two low energy excitation modes in dipole dy-
namics and breathing dynamics are obtained analytically and
verified numerically. Then the physical mechanism causing
the anharmonic oscillation is discussed and the coupling ef-
fect of spin dynamics and breathing dynamics is emphasized,
which leads to the phenomenon that the dipole (breathing)
mode induces the breathing (dipole) mode in anharmonic os-
cillation. Finally in Section 6 we present conclusions.

2. The model

We study the collective dynamics of SO-coupled spin-1
BECs in harmonic potential. The SO coupling is characterized
by equally weighted Rashba and Dresselhaus SO coupling.!”!
The SO coupling only exists in the £ direction and mainly
affects the collective dynamics in the X direction, while the
dipole oscillations in the ¥ and Z directions are still harmonic
oscillations, and the oscillation frequency is the harmonic po-
tential frequency in that direction. Furthermore, when the
strength of the trapping potential in the § and Z directions
is much larger than the frequency of the trapping potential

in the X direction, the transverse degrees of freedom of the
system are frozen such that the dynamics of the system only
occurs in the X direction. Therefore, we consider the one-
dimensional case and discuss the nonlinear mode coupling
caused by SO coupling in the £ direction. According to the

(34351 about the realization of SO-coupled

recent experiments
spin-1 BECs, the dynamics of the BECs trapped in harmonic
trap can be expressed by a dimensionless mean-field Gross—
Pitaevskii equation (GPE) for normalized spinor wave func-

tion ¥ = (w1, wo, w_1)" asl!336]
10,V (x,t) = (ho + 2hint) W (x,1), 1)

where hy = —402 +12Y0:F, + (A + 27*)F2 + V2QF; + Vext
is the dimensionless single-particle Hamiltonian. Here, F' =
(Fy,Fy,F,) is the spin-1 operator; ¥ = [, kg is the dimension-
less SO coupling strength, kg = %Z with Ay being the wave-
length of Raman lasers. 2 = Q/(hw, ) is the dimensionless
Raman coupling (RC) strength; A = A/(hw, ) is the dimen-
sionless quadratic Zeeman strength; [, = \/FW is the
transverse characteristic length of the condensates with ex-
ternal trapping frequency w, , with m being the atomic mass.
Vext = %a)z)c2 is the external harmonic potential along £ direc-
tion with ® = @,/ ®, (®, > ®,). In addition, the dimension-
less interatomic two-body interaction can be written as!1%37]
hine = $(PTW) + 4 (YT F?W), where density-dependent in-
teraction go = 2Nh(ag +2a2)/(3mw, 13 ) and spin-dependent
interaction g, = 2Nh(ay — ap)/(3mw, 13 ) are related to the
s-wave scattering lengths, with N being the total number of
atoms. 33411 The detailed dimension reduction process and di-
mensionless process are dipicted in Appendix A. In the ex-
periment, go and g, could also be tuned through Feshbach

resonances. [42]

3. The variational analysis

Now, the selection of the proper form of the trial func-
tions is crucial. In our case, a natural choice is a Gaussian,

i.e., we take
i(a+p)/2
i S Vm M
Y= w |= —1=m; o(x), 2

i(a—p)/2
v ) \eert

where ¢(x) is a normalized Gaussian function

exp [~ O ik —x0) + E8(x—x0)?]
(p('x) - (\/ER)I/Z

with the width R, the center-of-mass position xp, momen-

3)

tum k along £ direction and the variational rate of radius &
of the wave packets. Here, o and B are variational param-
eters of the related phases of the two spin states. In par-
ticular, the average spin polarization (F,) = M = [(Jy|*> —

lw_1|?)dx and spin tensor (F2) =m, = [(|y1 >+ |y_1|*)dx
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can be measured in experiment. Notice that the parame-
ters (R,k,0, ¢, B,x0,M,m;) are all time dependent. The non-
linear dynamics is controlled by a set of coupled Gross—
Pitaevskii equations. However, the problem of solving the
Gross—Pitaevskii equations can be formulated as a variational
problem that minimizes the Lagrangian density. Upon sub-
stitute the spinor wave function into the Lagrangian £ =
J1G/2)(P* —PP*) — W* (ho + hing) W] dx, one can obtain

1 .. )
£:kx'0—M(ic—ZR25—mZB—E, 4)

where

15 [P 1 )
Ezik —2}’kM+ZCO (R +2X0)+m+ R )
+(272+A)mz—.QCOS(OC—ﬁ)(mZ—M)

g0+ goM?

—Qcos(a+ m2—M?4+ 22—
(o) fm =+ T
_Zgz(mz—1)(mz—|—COS(2ﬁ)Vm%—M2)

2V/27R '

Applying the Euler-Lagrangian equations Jd£/dq; —

&)

d(d£/d¢;)/dt =0, where q; = {k,R,M,m,x0,ct, 3,0}, we
arrive at
k = —w’xo, (6)
Xo=k—2YM, @)
R=R§, (8)
§— 2g>(1 —mg)(m;+cos(2B)+/m2 —M?)
V27R3
2 1 got+gM?
—0* 4 : 9
O°+ 2 TS &)
M =Q+\/2—2m_[\/m,—Msin(a.— )
+ mz+Msin(a+l3)], (10)
. ﬁgZ\/mg—Mzsin(Zﬁ)( )
m; = ﬁR m;

+Q+/2—-2m_[\/m.+Msin(a+ )

—\/m;—Msin(a — )], (11)

cos(a—fB) cos(a+p)
& =27kt~ .(2\/2 m ( \/7+\/m)

_gzM[\/mg—M +cos(2B)(m; —1)] 12
V2R /m2 — M2 ’
. g2cos(2B)M?
h= (2YZ+A)+\/ER\/m§fM2
g2 [(1—2m;)(cos(2B)m, + /m2 — M?)]
V27R\/m% — M2

)

Q[cos(a— B)y/m;—M +cos(a+ B)y/m,+ M|
- V2=2m; -

13)

Equations (6)—(9) describe the wave packet dynamics of the
system, while Eqs. (10)—(13) give the spin dynamics of the
system. It is clear that, because of spin-momentum locking
and spin-dependent interaction [Egs. (7), (10), and (11)], the
wave packet dynamics and the spin dynamics are coupled. As
discussed in the following sections, the ground state and the
dynamics of the system are well described by the Eqgs. (6)—
(13). The variational analysis with Gaussian ansatz is widely
used in studying the dynamics of trapped interacting Bose
gas. In literature,*>*4! an intensive study of the reasonabil-
ity of Gaussian ansatz and variational method was also pro-
vided. The reasonability of our variational results obtained
with Gaussian ansatz (3) is further well confirmed by numeri-
cal simulations of the full GPE (1).

4. The ground state

The ground state of the system can be obtained by solv-
ing the equations of steady state, i.e., ¢; = 0. We find the SO
coupled BECs condensate into the momentum state k = ki, =
2yYM. Thus, the ground state phases of the system can be de-
termined by the order parameter M. When M = 0, the con-
densates are in zero momentum state. On the contrary, when
M # 0, the condensates are in nonzero momentum state. In
addition, by substituting the solutions of the steady state equa-
tions into Eq. (5), we can numerically obtain the ground state
energy of the system. Then, the ground states of the system
can be determined.

—3.7

m —3.9

—4.0

—4.1

Fig. 1. (a) The energy band of the system as a function of k for different
Q with go = —0.5. (b) The average spin polarization |M| against  for
different go. Wesetgo=1,y=0.1, »=0.1,and A = —4.

To identify the ground state phases of the system, we plot
the energy band structure and average spin polarization |M|
with different Q in Fig. 1. It is obvious that, with  increas-
ing, the spin polarization M decreases from a finite value to
zero and the band structure changes from a double degenerate
minimum with k& # 0 to a single degenerate minimum with
k = 0. This proves that the system has undergone a phase
transition. For M # 0, the atoms condense in the k = £2yM
state, the energy band structure has a double well structure.
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In this case, there are different numbers of atoms in the two
spin states mg = 1 and mg = —1, thus the condensates are in a
magnetized state (spin polarized state) with nonzero momen-
tum. For M = 0O, the atoms condense in the zero momentum
state, and the band structure presents a parabolic structure. In
this case, the two spin states mp = +1 have the same number
of atoms, thus the condensates are in an unmagnetized state
with zero momentum.

5. The collective excitation

To analyze the dipolar and breather modes, we consider
the weak perturbation around the equilibrium state g of
Egs. (6)—(13). Substituting g; = gio + 6¢; into Egs. (6)—(13),
the linearized equations for collective dynamics are acquired
as follows:

8xo + 0> 8xo +2y8M = 0, (14)
SM — Ao —A16R —Ar6M —A38m, =0,  (15)
8iit, — BySxog— Bi1SR — BoSM — B3dm, =0,  (16)
SR+C18R—Cr8M — C36m, =0, (17)

where Ay = 2a,7, Ay = apag +ajaz, Ay = apag +a (—4y* +
a4), A3z = apa7 + ajas, By = 2apY, By = apasz + (a1 +a2)a6,
B, = ao(—ZYZ + a4) + (a1 + az)as, and B3 = apas + (a1 +
az)a;. The coefficients a;(i =0—8) and C; (j = 1,2,3) are
given in Appendix B. Owing to the SO coupling, there is a cou-
pling between dipolar and breathing dynamics through spin
dynamics. Thus, the collective oscillations can be regarded as
the superposition of the four collective modes in general cases,
which leads to the emergence of the anharmonic collective be-
haviors.

5.1. Dipolar dynamics

Firstly, we only focus on the dipolar oscillation, and as-
sume that the width of condensate still remains unchanged un-
der the weak excitation, i.e., SR = 0. Based on Egs. (14)-(16),
one can obtain

6x(()6) +D116x(()4) +D125x((>2) +D13 =0, (18)

where D) = —Ay — B3 +2A0Y+ w?, D1y = B3A; — Ay® —
A3By +2A3Byy — B3O)2, D3 = AB3 w? —A3Bz(l)2; SXB") is
the n-th order derivative of dxo about ¢. From the characteris-
tic equation (18), the low-frequency mode @y and the high-
frequency mode apy of the dipolar oscillation can be acquired

as follows:
_ 1 4/3 192 1/3
%L.H*W[iz D1, +6%x27°Dyy
+2D11AY3 — (24)23)1/2, (19)
where

A=2D}, —9Dy 1Dy +27D13 4+ 3V3(-D3, D3,

+4D}, +4D3, D13 — 18Dy D1xD13 +27D3;) %, (20)
and the dipolar oscillation can be described by

X0 :ADLCOS(O)DLt)+ADHCOS((DDHI), (21)

2 2
O~ — WOpy
Ap, = 75)50;

(22a)
W5 — Oy
0 — o?

ADH = ﬁS}CO, (22b)
L — Wby

with 8xo being the initial deviation of the center-of-mass from
the equilibrium position.

g2=—0.1 g2=—0.5 g2=—1.0
1.5 S <., = 1.0
i wpL == ApL “los
h : - - A N . .
1o A wor, L i
[ M. N 0.6
0.58 N\ v g=11] g . 04
Y At <" 0.2 =
@) |t (b) : ©1%* =
33 0.0 = — = =T -0.0 &
. s a N e N " - . w
[ K . N
(Vi 0.8 %
1.0t 1 | <
v - 0.6
" : -
n - . 4
0.5F 1\l 7 g0=9 - 0
1 " .
;b (d) ,g‘) () 1%
0.0

00 05 1.0 1.5
2

0.0 05 1.0 1.5 0.0 0.5 1.0 1.5

Fig. 2. Frequency and the corresponding amplitude of the dipolar os-
cillation versus Q for different gy and g, where y=0.1, A = —4, and
o = 0.1: (a)—~(c) for go = 1, (d)—(e) for go = 9. The corresponding M
in the ground state is represented by the solid red line, the dashed black
line is the higher-frequency mode with zero amplitude. The results of
direct numerical simulation of GPE (1) is represented by symbols. The
red dashed line marks the phase transition point.

For a conventional condensate, the dipolar oscillation is
trivial, its frequency is just the harmonic-trap frequency and
is independent of SO coupling, RC and inter-atomic interac-
tions. However, for an SO coupled condensate, the dipolar-
oscillation frequency is different from the trapping frequency.
The coupling effect of SO coupling, RC and atomic inter-
actions is generation of two external dipolar modes, which
can lead to the dipolar dynamics in the superposition of the
two harmonic oscillations. When one of the two external fre-
quencies is the inherent frequency, and the amplitude of the
other external frequency vanishes, the dipolar oscillation is
harmonic, otherwise it is the anharmonic dipolar oscillation.
Whether the dipolar oscillation is harmonic depends on the
competition between the two external modes, this is demon-
strated in Eqgs. (21) and (22) and clearly shown in Fig. 2. In
Fig. 2, the phase transition point 2 = €. is represented by
M =0. When Q =0 and |g;| is small [see Figs. 2(a) and
2(d)], the two modes degenerate to the trapping frequency, i.e.,
W, = Wpy = @. With the increase of |g»|, the two degeneracy
frequencies are split apart, and the larger the |g;| is, the more
obvious the split is. However, the larger go weakens the effect
of g» on wpy [see Figs. 2(d)-2(f)]. As shown in Fig. 2, the
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lower-frequency mode wp; does not change much and keeps
at trapping frequency as €2 increases, i.e., Wp. = @, whereas
the higher-frequency mode wpy always increases with 2, es-
pecially in the 2 > Q. region. When the system is deeply in
the unmagnetized phase (2 > €.), the dipolar oscillation is
harmonic with wp;, = ® (Ap, = 1 and Apy = 0). However,
around the phase transition point (2 = ), the collective
excitation of the system is complicated and anharmonic. In
this case, many modes will be excited. When the system is
in the fully magnetized phase (2 < €), the amplitude Apy
corresponding to mode wpy disappears and the dipolar oscil-
lation is also harmonic with @y, = w. In this case, M — 1 and
m; — 1, nearly all atoms condense in the spin state of my = 1
(e |¥_ 11> =0, |¥|*> — 0and |¥|> — 1), it can be approxi-
mated that the system is nearly one-component, spin dynamics
disappears, so dipolar oscillation is harmonic.

2=0.1 2=0.55
0.8 .
08 (al) (a2) 0.8 (a3)

0.4 0.4 0.4

—0.4 0.4 0.4

4.2 (b1) 4‘2W~MWUWWW 4.2 (b3)
~

3.6 36 3.6

—1 0.5
1.5 | g5 (c2) (c3)
S 10— O‘OW\\/\/W\’\/’\/ 0.0~~~
0.5 —0.5 —0.5
1.005 0.780]
(d1) (d2) (d3)
n 0.97]
£1.0000 ] 0.785
0.96
0.995 0.790
0 200 400 600 0 200 400 600 0 200 400 600

t

0.4 (el) (e2) (e3)
0.2 w wDL «

WDH
0.0

0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
Frequency

Amplitude

Fig. 3. The dipolar dynamics started in the fully magnetized phase
with Q = 0.1 (al)—(el), in the magnetized phase near phase transition
point with 2 = 0.55 (a2)—(e2), and in the deep unmagnetized phase
with Q = 2.0 (a3)—(e3). (el)—(e3) The corresponding spectrum analy-
ses of dipolar oscillation. We set y=0.1, go = 1, go = —0.5, dx9 = 0.5,
SR=0,w=0.1,and A = —4.

To confirm the variational prediction, with small displace-
ment of the center mass position of wave packets from the
ground state, we perform direct numerical simulations of full
GPE (1) using the fourth-order Runge—Kutta method, and the
dipolar dynamics in the different phase regions is depicted in
Fig. 3. Meanwhile, the numerical results of the two dipo-
lar modes are also shown in Fig. 2, we find that the varia-
tional results are in good agreement with the numerical sim-
ulations. When the condensates are perturbed in nearly fully
magnetized phase [see Figs. 3(al)-3(el)], as predicted by vari-
ational analysis [see Fig. 2], the amplitude of higher-frequency
mode Apy is zero, the dipolar oscillating is harmonic with
op. = o [see Fig. 3(el)]. In this case, M — 1 and m, — 1 [see
Figs. 3(c1)-3(d1)], the spin dynamics disappears, the breath-
ing dynamics cannot be excited, R =~ R [see Fig. 3(b1)]. When

the condensates are excited in a magnetized phase near the
phase transition point [see Figs. 3(a2)-3(e2)], where the dipo-
lar dynamics and the breathing dynamics are strongly coupled
due to SO coupling [see Egs. (14)—(17)], the dipolar oscilla-
tion is anharmonic and its oscillation frequency is the super-
position of two modes @y, and wpy [see spectrum analysis in
Fig. 3(e2)]. In addition, the dipolar dynamics induces com-
plex and irregular breathing dynamics and spin dynamics [see
Figs. 3(b2)-3(d2)]. When the condensates are excited in the
deep unmagnetized phase [see Figs. 3(a3)-3(e3)], where the
dipolar dynamics and the breathing dynamics are decoupled
due to M = 0 [see Eqs. (14)—(17)], the dipolar oscillating is
harmonic, the dipolar dynamics cannot induce the breathing
dynamics and spin dynamics [see Figs. 3(b3) and 3(d3)].

2=0.1 2=0.55 2=20
0.15/ (al) t=0|010 @ (a3)
vl 0.05
0.10F - - [wol
==yl 0.05
0.05
0.00 e 0.00 0.00
0.15} (b1) t=9 ®2) 3 (b3)
=200 \
0.10 i 0.05
0.10 i
0.05 i
0.05 /\
— 0.00 . 0.00 0.00
=
1 2 -3
0.151 (¢1) — 400010/ 2 (c3)
, 0.05
0.10 i
0.05 ;
0.05
0.00 0.00 [e=s 0.00
(d1 d2) d3)
0.15 (1) +=600|0.10} ¢
0.05
0.10
0.05
0.05 -
0.00 —— 0.00 -~ 0.00
—25 0 25 —25 0 25 —25 0 25

x
Fig. 4. Time evolution of the three pseudo spin states |y, |wo| and
|w_1]| in the fully magnetized phase with Q = 0.1 (the first column),
in the unmagnetized phase near phase transition point with 2 = 0.55
(the second column) and in the deep magnetized phase with Q = 2.0
(the third column). We set gg = 1, g2 = —0.5, y=0.1, ® = 0.1, and
A=—4.

The corresponding wave packets in different ground state
phases are shown in Fig. 4. The wave packets |y1|, |wo| and
|w_;| are always Gaussian like. In the case of full magne-
tized phase [see Figs. 4(al)—4(d1)], M — 1, m; — 1, only one
component |y exists and there is almost no spin exchange
between the spin components |y;| and |y_;|. However, in
the magnetized phase near phase transition point, the dynamic
behaviors of two pseudo spin components |y | and |y_| are
different [see Figs. 4(a2)—4(d2)], the strong spin exchange can
be observed evidently. In addition, |y | and |y_{| are almost
coincided in the deep unmagnetized phase [see Figs. 4(a3)—
4(d3)], M = 0, the spin exchange between two pseudo spin
components is very weak in this case. We conclude that strong
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spin dynamic induces strong coupling of dipolar and breather
modes, which results in anharmonic and complex wave pack-
ets dynamics and spin dynamics. The numerical simulation
confirm the variational predictions.

5.2. Breathing dynamics

When considering the breathing dynamics under the weak
excitation, the mass center of condensates can be regarded to
be at rest, i.e., 6xg = 0. Based on Egs. (15)—(17), one can
obtain

SR — Dy SR +DySRP + D3 =0,  (23)

where Dy = —(Ay+B3+C), Dy = —A1Cy —A3By +AxB3 +
ACy + B3Cy — B1C3, D3 = A1B3C; — A1BoC3 + A3ByCy —
AsB3Cy — A3B1Cy +AyB1C3; SR™ is the n-th order derivative
of OR about ¢. From Eq. (23), the low-frequency mode g,
and the high-frequency mode wgy of the breathing oscillation
can be acquired as follows:

s [+2*3D3, +6 x 23Dy,

1
~ 2V3BI/3
+2D, B — (2B)*)'/2, (24)

where

B =2D3, — 9D, Dy +27Dp3 +3V/3(—D3,D%,
+4D3, +4D3, D3 — 18D D3y Dos +27D3%3) /2. (25)

The breathing oscillation can be described by

R = Ry + Apy cos(@p ) + Ay cos(@ppt ), (26)
where
C — 2
Ay = —— Do 5 (27a)
L — Wgy
2
—-C
Agy = =L 5R, (27b)
W5, — Oy

with §R = R — Ry being the deviation of width from Ry ini-
tially.

The inherent frequency of the breathing oscillation for
a conventional condensate is @z = /C| = /302 + 1/R?,
which depends on the harmonic trapping and atomic interac-
tions. However, the breather modes are complex for spinor
BECs, which is related to SO coupling, RC, harmonic trap-
ping, and atomic interactions. Obviously, under a weak exci-
tation, the breathing dynamics of trapped BECs with SO cou-
pling is also the superposition of the two harmonic oscillations
with frequencies wg; and wgy. The competition of the two
breather modes is clearly depicted in Fig. 5.

Similar to dipolar dynamics, when one of the two exter-
nal frequencies is the inherent frequency, and the amplitudes
of the other external frequencies vanish [see Egs. (27a) and

(27b)], the breathing oscillation is harmonic, otherwise it is
anharmonic. Whether the breathing oscillation is harmonic
depends on the competition between the two external modes,
which is demonstrated in Eqgs. (26) and (27).
the spin-dependent interaction g, has an important effect on

In addition,

breathing dynamics. In particular, when g, = 0, breathing
dynamics is decoupled not only from spin dynamics but also
from dipolar dynamics due to coefficients C; =0 and C3 =0
[see Eq. (17) or Egs. (8) and (9)]. In this case, the breath-
ing oscillation is also harmonic with wg,. Meanwhile, dif-
ferent from the dipolar mode, the two breather modes do not
degenerate when g; is small and g, only has a greater influ-
ence on gy mode. However, the larger g9 weakens the effect
of g» on wpy [see Figs. 5(d)-5(f)]. As shown in Fig. 5, the
lower-frequency mode g always varies around the inherent
frequency gy = /C; as Q increases. Contrarily, the higher-
frequency mode wpy always increases with 2, especially in
the Q2 > Q. region. When the system is in the fully magnetized
phase (2 < Q.), M — 1, m; — 1, spin dynamics disappears,
the breathing dynamics is harmonic with high-frequency mode
wgy. The breathing dynamics around the phase transition point
(2 = Q,) is also complex for the reasons similar to that of the
dipolar mode, i.e., strong coupling of breathing dynamics and
spin dynamics occurs. However, when the system is deeply
in the unmagnetized phase (Q > Q.), M = 0, the spin and
breathing dynamics are decoupled, the breathing oscillation is
also harmonic with @wg; = Wyy (Ag, = 1 and Agy = 0).

———— =1.0
' “o.g
A \'\‘"n,,' o6
) : ' 0.4
0.2

wB
(=]
(=]

=0.0

0.8

Ap/SR, M

0.6
0.4

0.2

20 9 0 0 0 29390 o

v Ay 0.0
0.0 05 1.0 1.5 2.0

0.0 ~— -
00 05 1.0 1.5 0.0 05 1.0 1.5
i)

Fig. 5. The same as Fig. 2 but for the breathing oscillation.

To prove the variational predictions, with the weak per-
turbation of wave packet width from the ground state, the
breathing dynamic behaviors of different phase regions are
obtained by numerical simulation [see Fig. 6]. Meanwhile,
the numerical simulation results of the two breather modes
are also shown in Fig. 5. We find that variational results
are also in good agreement with the numerical simulations.
When the condensates are disturbed in nearly fully magnetized
phase [Figs. 6(al)-6(el)], as predicted by variational analy-
sis [Fig. 5], the amplitude of lower-frequency mode g is
zero, and the breathing oscillation is harmonic with @gy. In
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this case, the dipolar dynamics and spin dynamics are not ex-
cited [see Figs. 6(b1)-6(el)]. When the condensates are ex-
cited in a magnetized phase around the phase transition point,
the breathing oscillation is anharmonic [see Fig. 6(a2)] due to
dipolar dynamics and spin dynamic behaviors are excited [see
Figs. 6(b2) and 6(c2)]. At the same time, breathing oscillation
frequency is the superposition of two frequencies g, and gy
[see spectrum analysis in Fig. 6(e2)]. When the condensates
are excited in the deep unmagnetized phase [see Figs. 6(a3)-
6(e3)], where the breathing dynamics and the dipolar dynam-
ics are decoupled due to M = 0 [see Eqgs. (14)—(17)], the
breathing oscillation is harmonic, and the breathing dynamics
cannot induce the dipolar dynamics and spin dynamics [see
Figs. 6(b3)-6(e3)]. Interestingly, in this case, although the
spin tensor m; is excited, it has weak effect on the collective
dynamic of the system.

2=0.1 2=0.55 2=2.0
4.2 (al)] 4.5 (a2)| 45 (a3)
e 39 4.0 4.0
3.6
3.3 35 3.5
0.5 ®n] 0 ®2)] 0.5 3)
- 0.5
8 0.0p————————~~~~ g9 0.0
—0.5 —0.5 —0.5
15 @ o5 ) *° ©
S 10—~ (0 0.0
0.5 —0.5 0.5
1.1 0.9
(d1) (d2) (d3)
785
g 1.0 0.97
o.780f 0™
0.784-
0.9 0.96 200 205 210 215 220
) 300 600" 0 200 400 600 O 200 400 600
xr
© 0.4 0.2 0.4
9 (e1) (e2) (e3)
= |
=02 | wao 0.1 wpL  |wsn 0.2 wio
] \
g \
e 0.0
< 00 0.2 0.4 0.2 0.49-0 0.2 0.4
Frequency

Fig. 6. Breathing dynamics started in the fully magnetized phase with
Q2 =0.1 (al)—(el), in the magnetized phase near phase transition point
with Q = 0.55 (a2)—(e2), and in the deep unmagnetized phase with
Q2 =2.0 (a3)—(e3). (el)—(e3) The corresponding spectrum analyses of
breathing oscillation. We set go = 1, g = —0.5, y = 0.1, R = 0.5,
Ox0 =0, ®=0.1, and A = —4. The inset in (d3) is a larger view of the
gray area.

In breathing dynamics, the corresponding wave packets
dynamics in different ground state phases are shown in Fig. 7.
In the fully magnetized phase [Figs. 7(al)-7(d1)], M — 1,
m; — 1, the condensates keep in the mp = 1 state during the
breathing dynamics. The numerical results well confirm the
variational predictions. In the magnetized phase near phase
transition point [Figs. 7(a2)-7(d2)], the wave packets of the
two spin components |y | and |w_| are obviously different,
and there is an obvious spin exchange between |y | and |y_;|
during the time evolution. However, in the deep unmagnetized
phase [Figs. 7(a3)-7(d3)], M = 0, the wave packets of the two
spin components |y| and |y_| almost coincide, and there is

no spin exchange between |y;| and |y_;| in the time evolu-

tion.
2=0.1 2=0.55
0.15
(al) t=0{0.10 (a2) 0.05/ (@3)
0.10 i
= vl 0.05
0.05 ==y
0.00 - 0.00 0.00
0.15 .
(b1) t=100|0.10 (b2) I 0.05 (b3)
0.10 A
0.05 0.05 f
B 0.00 - 0.00 /\ 0.00
= 0.10
0.15} (c1) t =200 (c2) 7 (c3)
i 0.05
0.10
0.05
0.05
0.00 - 0.00 0.00
0.15
(d1) =300|4.10| (d2) (d3)
0.10 0.05
0.05
0.05
0.00 - 0.00 T 0.00
—25 0 25 —25 0 25 —25 0 25

x

Fig. 7. Time evolutions of the three pseudo spin states |y |, |yo| and
|w_1] in the fully magnetization phase with = 0.1 (the first column),
in the magnetized phase near phase transition point with Q = 0.55 (the
second column) and in the deep unmagnetized phase with 2 = 2.0 (the
third column). We set go =1, g =—0.5,7=0.1, ®=0.1,and A = —4.

6. Conclusions

In summary, we have characterized the collective excita-
tions of interacting SO-coupled spin-1 BECs in harmonic po-
tential. We analytically predict the dipolar and breather modes
in collective excitations, which are well confirmed by the nu-
merical results. The collective behaviors of the BECs can be
regarded as the superposition of the multiple harmonic oscilla-
tions induced by the coupling effects of SO coupling, RC and
atomic interactions. Therefore, the collective oscillations can
translate between harmonic and anharmonic, which depends
on the competition of the multiple external collective modes.
In addition, the dipolar dynamics and breathing dynamics can
be coupled due to the cooperative effect of spin momentum
locking and spin-dependent interaction, and behaves distinct
characters in different phases. Interestingly, in anharmonic
oscillations, breathing oscillations can be induced by excited
dipole oscillations, and vice versa. Our results provide the-
oretical evidence for identifying, exploring and manipulating
the ground sate phases and collective dynamics of a system
experimentally.
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Appendix A: The dimensional reduction of the
model

The GPE describing the three-dimensional trapped SO-
coupled spin-1 BECs can be written as

0¥ 1 1 . -
inS - = [%(px ~ 2k )2+ Sml +V2IOF + AF2
o [P+ g |
PJ_ 1
+ 2—+2mwl(y +22) |, (A1)
where ¥ = (y1, ¥y, y—1)" is the spinor wave function, py =

—ihdy, py = —ih(dy+3;), go = 4mh*(ap +2a2)/(3m), g2 =
4nh?(ay — ag)/(3m), Q is the RC strength, and A is the
quadratic Zeeman strength. We consider an SO coupling char-
acterized by an equally weighted Rashba and Dresselhaus
SO coupling. The SO coupling only exists in the £ direc-
tion and mainly affects the collective dynamics in the £ di-
rection, while the dipole oscillations in the § and Z directions
are still harmonic oscillations, and the oscillation frequency
is the harmonic potential frequency in that direction. Further-
more, when the strength of the trapping potential in the ¥ and
Z directions is much larger than the frequency of the trapping
potential in the X direction, the transverse degrees of freedom
of the system are frozen such that the dynamics of the sys-
tem only occurs in the X direction. Therefore, we consider
the one-dimensional case and discuss the nonlinear mode cou-
pling caused by SO coupling in the X direction. The three-
dimensional wave function can be decomposed into

¥Y(r,t)="Y(z,1)¢(y2), (A2)
where
B 1 y2 +Z2
00:2) = e[ = | (A3)

1, =+/h/(mo, ). Then, substituting Egs. (A2) and (A3) into
Eq. (Al) and integrating over (—oo,c0) for x and y, one can

obtain
L 4 1 1
ins- = [%(px—zhkRF) + ymORE +V2QF, + AF?
gz + 2
Y'FY Y. A4
27r12| | 27 12 i

A constant is ignored in Eq. (A4). Comparing Egs. (A4) with
(A1), we can find that the dimensional reduction of the GPE
only causes a correction for the strength of interactions.

For convenience, the variables are rescaled as ¢ ~ ta)ll,
x~I xand ¥ ~ /N/I, ¥, then the dimensionless equation
is

L 1, .
iS5 = [— 592 +HI2Y0F, 4 (A +27)F) + V2QF,
1
+50% + g +g2lPTF2\P} P, (AS)
where go = 2Nh(ap + 2a2)/(3mw, [3), = 2Nh(ay —

ap)/(B3mw, B3), y=11ke, Q= Q/(ho, ), and A = A/ (hw,).

The obtained dimensionless parameters can be estimated
according to the relevant experimental parameters. 343 Tak-
ing the wavelength of the Raman laser as Az = 804.3 nm,
trapped potential frequency @, = 27 x 20 Hz and @y = @, =
N = 10000, then the oscil-
lator lengths in the £ direction and the transverse direction

21 x 400 Hz and atomic number

are lp =2.41 wm and [, = 0.571 um, respectively; SO cou-
pling y ~ 4, RC strength 2 ~ 0-100 and quadratic Zeeman
strength |A| ~ 0-35 are experimentally adjustable to a large
extent. For 8’Rb atoms, the scattering length ag = 5.387 nm
and ap = 5.313 nm, then the reduced density-dependent inter-
action go ~ 200 and spin-dependent interaction g ~ —1 can
be obtained. However, for 2Na atoms, the scattering length
ap = 2.646 nm and a; = 2.919 nm, then go ~ 53 and g, ~ 2.
Therefore, the physical parameters used in this paper are all
within the ranges of experimental parameters.

Appendix B: Linearization coefficients

The linearization coefficients mentioned in Section 3 are
given as follows:

1 2
C = 7 +3w?, (B1)
. 2\@82M 2 2
Cz—mz—\/m<\/mz —-M *1+mz>, (B2)
_ 2V2¢g +m;)
Co= " (1= \fme =2 =2 \/7) (B3)
a1 = /2 —2my(\/m;— M+ \/m,+ M), (B4)
_ 2v/2g(1 —mz)(Mz—mﬁ), (BS)
VAR mZ — M
goM 1—m,
— , B6
3T V2R ( m2 —M2> (B0)
P (_ 1—m, )_ QVT-m
V21R? m2 —M?2/)  2:/2(m,+M)3/?
B Q\/1—m, B gM(1—my)
2V2(m, —M)3/2 27/27R\/m; — M(m,+M)3/2
M(1—
g2 ( mZ) (B7)

 2V2IR/m, + M(m, — M)3/2
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; __Q\/lfmz< 1 B 1 )
> 2V/2 (m +M)3/2 (m; _M)3/2
B Q\1—m, ( 1 _ 1 )
2V2(m, — 1) \/m; =M \/m;+M
_ &M(1—m) ( 2 n 1 n 1 )
2V2aR\/mE —MEN(1=mz)  m+M  m,—MJ’
(B8)
ag = 82 (1+mz(1_m2) —2mz), (B9)
V2R nZ M2
2 1— 1 1
7:\fgz+gz( mz)( n )
VTR V2R \m;—M  m;+M
_Q\/l—mz< 1 . 1 )
2\/E (m +M)3/2 (m; — M)3/2
B Q ( 1 . 1 )
2V2/T=m, \/m;—M ~ \/m,+M
n Q\/1—m, ( 1 n 1 )
2V2(m, — 1) \m; =M~ \/m +M
N 9 (M? +m; —m?) ( 1 N 1 )
2V2mR 2 M2 \m A M m—M
gamy(m;—1) Q(y/m;—M+\/m;+M)
V27R(m2 — M?) V27R\/m — M2
. (1 _mz)m (B10)
2V2(1—my)
782(1/2*’"1)( 1 1 )
ag = —
V27R m,+M m,—M
7.(2\/1—mz( 1 B 1 )
2v2  \(my—M)3?  (m +M)32

_ Q ( 1 B 1 )

22/ T=m \Vm.—M  /m,+M

Q1— 1 1

+ ‘/7"11( + )
2V2(m, — 1) \Vm; =M~ \/m.+M

gg(Mz—i-mz—Zm?)

_l’_

2V27R\/m; — M(m, +M)3/2

3 g (M? +m, —2m?) _ Qym —M
2V2rR/m, + M(m, —M)3/2  2y/2(1 —m,)3/2

gM(l-m)  V2uM
V2rR(m2 —M?)  /TR\/m2 —M?
Qym +M

T2 m R e

where M, m; and R are taken in the ground state and are deter-
mined by Eqgs. (6)-(13).
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