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Neural network analytic continuation for Monte Carlo:
Improvement by statistical errors
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This study explores the use of neural network-based analytic continuation to extract spectra from Monte Carlo data.
We apply this technique to both synthetic and Monte Carlo-generated data. The training sets for neural networks are care-
fully synthesized without “data leakage”. We find that the training set should match the input correlation functions in terms
of statistical error properties, such as noise level, noise dependence on imaginary time, and imaginary time-displaced corre-
lations. We have developed a systematic method to synthesize such training datasets. Our improved algorithm outperforms
the widely used maximum entropy method in highly noisy situations. As an example, our method successfully extracted
the dynamic structure factor of the spin-1/2 Heisenberg chain from quantum Monte Carlo simulations.

Keywords: neural network, analytic continuation, quantum Monte Carlo
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1. Introduction
Numerical analytic continuation (AC) solves the follow-

ing inversion problem:

G(τ) =
∫

dωK(τ,ω)A(ω). (1)

The goal of AC is to extract the real frequency spectrum A(ω)

from the imaginary-time correlation function G(τ), which is
typically obtained by Monte Carlo simulation. The spectrum
A(ω) is required to be non-negative at any ω-point and sub-
jected to certain sum rule

∫
dωA(ω) = const. K(τ,ω) is the

inversion kernel, the form of which varies on specific prob-
lems being handled. This study involves two kinds of inversion
kernels K(τ,ω) including KF(τ,ω) = e−τω/(1+ e−βω) and
KS(τ,ω) = e−τω . KF(τ,ω) usually appears while calculat-
ing single-particle excitation spectra from measured Green’s
functions.[1,2] KS(τ,ω) is usually involved while extracting
dynamic structure factors from spin–spin correlation functions
in some spin models.[3]

To carry out actual calculation, τ and ω are of-
ten discretized as τi = τ1, . . . ,τM , ωi = ω1, . . . ,ωN . Then
the target problem can be reformulated as G(τi) =

∑
N
j=1 K(τi,ω j)A(ω j)∆ω. For the purpose of simplicity, ∆ω

will be absorbed to A(ω j) by A(ω j)∆ω → A(ω j) in fur-
ther discussions. The sum rule is then discretized to be

∑
N
i=1 A(ωi)∆ω = const. It seems like a simple problem of ma-

trix inversion at first sight but turns out to be a notoriously
challenging task due to the ill-conditioned nature of this in-
version problem. In almost all cases, corresponding condition

numbers go far beyond the tolerance of existing computers’
machine precision. Several methods are proposed to solve this
problem such as the maximum entropy method (Maxent)[2]

and stochastic analytic continuation (SAC).[4–6] Both of them
succeed in extracting empirically correct spectra. However,
these methods usually demand highly accurate simulated cor-
relation functions Gsim(τ).

As an emerging technique for machine learning, neural
networks (NNs)[7] have experienced great success in a variety
of physics-related domains. From the perspective of machine
learning, analytic continuation can be viewed as a vector-to-
vector prediction task, where G(τi) is mapped to A(ω j). To
construct a neural network capable of performing analytic con-
tinuation, both the network topology and training set should
be built appropriately. The common framework for this task
usually contains several steps: (1) Build a neural network.
(2) Synthesize spectra Atrain for training purpose. (3) Cal-
culate Gtrain by the forward mapping A → G. Noting that
the forward mapping is well-conditioned, thus Gtrain can be
exactly determined. (4) Train the network using the dataset
pair (Gtrain,Atrain) so that spectra predicted from Gtrain closely
match Atrain. (5) When developing and testing NNs, synthesize
testing set (Gtest, Atest) and evaluate the performance of the
trained NN on it. When using neural networks based analytic
continuation (NNAC) in actual tasks, apply the trained net-
work to predict spectra Apred from simulated correlation func-
tions Gsim generated by Monte Carlo simulations. To mimic
real-world simulated data, noises are usually added to corre-
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lation functions obtained from synthetic spectra such as Gtrain

and Gtest.
In a relatively early study, Hongkee Yoon[8] and co-

authors designed a network mainly based on fully-connected-
layers (FCLs).[7] In their research, both training and test-
ing sets are obtained from synthetic Gaussian-type multi-peak
spectra. Noises of Gaussian distribution are added to Gtrain and
Gtest. The trained NN performs well in the testing set as the
predicted spectra are very close to synthetic testing spectra.
Several different network structures[9–12] trained on similar
Gaussian-type datasets are also proposed. In addition to syn-
thetic datasets, NNAC is also examined on some exactly solv-
able models such as one-dimensional transverse-field Ising
model[13] and harmonic oscillator linearly coupled to an ideal
environment.[14] In these two studies, artificial training sets
(Gtrain, Atrain) are generated from exactly solved correlation
functions and corresponding spectra. Different spectra in the
training set correspond to different parameter values in the
Hamiltonian being studied. Target spectra Apred are predicted
from simulated correlation function Gsim using Monte Carlo
techniques. Reference [13] points out that the neural network’s
prediction performance can be improved by adding uniform
noises to the exactly solved Green’s functions at each imagi-
nary time in the training set.

Theoretically, we have no knowledge about precise forms
of spectra to be predicted before target spectra are actually pre-
dicted. That is because the knowledge of Gaussian-type spec-
tra is not expected to be known before prediction. This is actu-
ally an intriguing topic dubbed “data leakage”[15] in the field
of machine learning. Data leakage occurs when information is
used in the training process but not expected to be available at
the prediction time. All aforementioned articles about NNAC
have the issue of data leakage at some levels. In practice, we
usually apply numerical analytical continuation to models that
are not exactly solvable, where it is not possible to construct
training sets by exactly solved spectra.

To design the training set, hints from experiments or tradi-
tional AC approaches such as Maxent should also be explored.
It should be mentioned that NNAC is useful even when spec-
tra are already obtained from Maxent: NNAC performs better
at least in highly-noisy cases as described in Ref. [14]. This
topic will also be elaborated upon in this paper. In general,
domain knowledge,[16,17] especially possible spectrum peak
shapes, should be incorporated when designing the training
set as much as feasible but without data leakage. We then ex-
pect the trained NN to generalize[18,19] well enough to handle
unobserved correlation functions like Gtest and Gsim.

Intuitively, people expect better prediction of spectra by
incorporating more information. Monte Carlo simulations can

provide more information beyond the measured correlation
functions, such as the statistical errors of G(τ). Specifically,
they can provide information regarding two aspects of statisti-
cal errors: the measured errors R(τi) of G(τi) at each τi, and
the covariance of correlation functions at different imaginary
times.

This work avoids data leakage while synthesizing the
training sets and incorporates information of statistical errors
to improve the performance of NNAC. With these means,
NNAC has the potential to be a usable algorithm in practical
applications and a significant component in the Monte Carlo-
analytic continuation tool chain. In Section 2, NNAC of kernel
KF(τ,ω) is examined on synthetic data, where datasets synthe-
sized from spectra of different types of shapes are addressed.
In Section 3, NNAC of kernel KS(τ,ω) is applied to a one-
dimensional Heisenberg chain as a real-world example of an
AC problem. Conclusions are presented in the final section.
We demonstrate that NNAC can acquire knowledge embed-
ded within the inversion kernel, as detailed in Appendix A,
and discuss the performance of NNAC when the input correla-
tion functions are accurate in Appendix B. In Appendix C, we
show how to incorporate information from Maxent into NNAC
to enhance its robustness.

2. NNAC on synthetic datasets
In this section, we design and test NNs on synthetic

datasets. Principles for generating training sets will be de-
veloped. We first discuss three types of datasets, the training
framework, as well as the actual training process. Noise level
matching between the training and the testing set is then ex-
plored. The resulting spectra are then compared with those
from Maxent. The impact of measured noise shapes and time-
displaced correlation is then investigated.

2.1. Preparation of dataset

Multi-peak spectra A(ω) are produced by summing over
single peaks F(ω).

A(ω) =
1
Z ∑

i
Fi(ω). (2)

In the formula above, Z is a scaling constant ensuring that
A(ω) obeys the sum rule. In this section, we assume∫

dωA(ω) = 1 for convenience. This paper involves three dis-
tinct peak types: asymmetric exponential power (ASEP), skew
Gaussian (skew), and Lorentz. The ASEP single-peak curve
reads

FASEP(ω) =


hexp

[
−
(m−ω

a1

)b1
]
, ω < m;

hexp
[
−
(ω−m

a2

)b2
]
, ω ≥ m.

(3)
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In the above formula, h, m, a1, a2, b1, b2 are all control pa-
rameters. In this study, we set m ∈ [−5,5], a1,a2 ∈ [0.3,3],
b1,b2 ∈ [1,3], h ∈ [0.2,1]. The skew peak takes the form

FSkew(ω) =

{
0, z≤ 0;
h
az exp

(
− y2

2

)
, z > 0.

(4)

z(ω) = 1− k ω−m
a and y = 1

k ln(z). Control parameters are
m ∈ [−2,2], a ∈ [0.5,1], k ∈ [−1,1], and h ∈ [0.2,1]. The
Lorentz curve takes the relatively simple form

FLorentz(ω) = h
1

(ω2−a2)2−g2ω2 , (5)

where g ∈ [1,2], a ∈ [2,4] and h ∈ [0.2,1]. In this study, we
investigate spectra containing one to four peaks. At least 105

samples are generated for each peak number by randomly se-
lecting control parameters. In other words, one single dataset
includes at least 4×105 samples. Training and testing sets of
the same peak type are independently created.

The ASEP-type dataset has the most control parameters
among these three types and thus contains a greater diver-
sity of spectra while not explicitly containing spectra of skew-
type or Lorentz-type dataset. We expect the neural network to
learn from the ASEP-type dataset and generalize effectively to
achieve good performance on the other two datasets. It should
be noted that, unlike in some previous studies, we will not
examine Gaussian-type spectra here, as they are explicitly in-
cluded in ASEP-type dataset when b1 = b2 = 2 and a1 = a2.
This explicit inclusion case does not frequently occur in real-
world AC tasks and the performance of NNAC will be overes-
timated in the case of Gaussian-type testing sets.

The imaginary time τ ∈ [0,16] is discretized uniformly
into 512 pieces and the frequency domain ω ∈ [−15,15] is dis-
cretized into 1024 pieces. β is fixed to be 16 in the Fermion
kernel e−τω/(1+ e−βω).

2.2. Training framework

Convolution neural networks (CNNs)[20] will be em-
ployed in this work. FCL-based neural networks are also eval-
uated in the early stage of this study, which proves inferior
to CNNs. Involvement of residual modules[21] or deep layer
aggregation[22] also does not prove to make significant im-
provements. In the case of deep layer aggregation, both itera-
tive deep aggregation and hierarchical deep aggregation are at-
tempted. Based on the aforementioned factors, we employ the
neural network shown in Fig. 1. At first the 512-length G(τi) is
transferred to a p-length vector via an FCL (labeled “Dense”)
and then reshaped to be a 1× p matrix. This matrix can be re-
garded as a specific image that can be naturally processed by
convolution layers. Next, this image is passed to a q-channel

one-dimensional convolution layer “Conv1d”, followed by the
activation layer “Swish”. Within the “Conv1d” layer, convolu-
tion kernels of size 1×3 are used. Within the activation layer,
the activation function named “Swish”[23] is used. This acti-
vation function is both non-monotonic and smooth and may
improve the overall performance of the neural network com-
pared to the commonly used ReLU[24] activation function ac-
cording to Ref. [23]. This “convolution→ activation” process
will be carried out n times. The q-channel image is then com-
pressed by an average-pooling layer[25] and flattened to be a
pq/2-long vector. The flattened vector will be mapped to a
1024-long vector by another “Dense” layer. Ultimately, the
“SoftMax” layer will present predictions of the spectra where
the sum rule ∑ j A(ω j) = 1 is naturally satisfied after this soft-
max operation. Tricks to reduce overfitting such as dropout[26]

are not adopted here. Instead, we recommend enlarging the
training set when signs of overfitting emerge since it is rather
cheap to acquire data from synthetic spectra.

Conv1d

Pooling

Flatten

SoftMax

DenseInput

Output

Dense

Reshape

Swish

Repeat
n times

512

p

Tp
Tp/∂q

Tp∂q

Tp∂q

pq/





Fig. 1. The convolution-based structure of the neural network used in
this work. Hyper-parameters are chosen to be n = 8, p = 64 and q = 64
in actual training process.

Hyper-parameters are chosen to be n = 8, p = 64, and
q = 64. To select appropriate hyper-parameters, we build an
additional ASEP-type validation set, on which to evaluate NN
trained by the ASEP-type training set. When selecting hyper-
parameters, the trade-off between performance and training
time is taken into consideration.

We use Kullback–Leibler divergence (KLD)[27] as the
loss function, which takes the form

DKL(Atrue||Apred) =−∑
j

Atrue(ω j) ln
Atrue(ω j)

Apred(ω j)
. (6)

KLD measures the difference (more precisely, relative en-
tropy) between the true distribution Atrue and the predicted dis-
tribution Apred, which makes it a natural choice in this task.
Other commonly-used loss functions include mean absolute
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error (MAE) and mean squared error (MSE) as shown below:

MAE(Atrue,Apred) =
1
N

N

∑
j=1

∣∣Atrue(ω j)−Apred(ω j)
∣∣, (7)

MSE(Atrue,Apred) =
1
N

N

∑
j=1

[
Atrue(ω j)−Apred(ω j)

]2
. (8)

KLD also has the property of positivity as MAE and MSE.
Empirically, spectra from NNs with MSE loss are often

smoother than those from NNs with MAE loss since MSE pun-
ish large spectrum difference more severely. In this study, we
didn’t observe discernible difference in the performance be-
tween MSE-loss and KLD-loss NNs.

NNs are programmed using Keras toolkits[28] with
Tensorflow[29] backends. The Adam[30] optimizer is used for
gradient descent. The early-stopping trick is utilized during
training. The training process terminates when KLD measured
on the validation set does not drop for 20 epochs, where the
validation set is generated in the same manner as the train-
ing set. Trained weights are then restored to the epoch with
the lowest KLD. Each training task will be repeated at least 5
times with different random seeds. KLDs shown in this paper
are averaged among NNs trained with different seeds.

0 100 200 300 400 500 600
Epochs

0

0.2

0.4

0.6

0.8

1.0

R
e
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ti
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e
 l
o
ss

(a) KLD
MAE
RMSE

-15 -10 -5 0 5 10 15
ω

0

0.025

0.050

0.075

0.100

0.125

0.150

0.175

A
↼ω
↽

(b) Truth
KLD=0.110
KLD=0.045
KLD=0.023
KLD=0.014

Fig. 2. Tracking the training process. (a) Relative losses, including
KLD, MAE, and RMSE, vs. the number of trained epochs. This so-
called relative loss is defined as “loss after this epoch” divided by “loss
after the first epoch”. (b) A typical example of the convergence pro-
cess of one predicted spectrum to the true spectrum as KLD decreases.
Selected checkpoints are labeled by red dots in (a).

The training process is depicted in Fig. 2, where both the
training set and the testing set are of ASEP-type. Errors at
noise level 10−3 are introduced to Gtrain and Gtest (the concept
of noise level will be discussed later). Relative values of three
statistics measured on the testing set are tracked throughout
the training process in Fig. 2(a). We track RMSE =

√
MSE

instead of MSE itself because RMSE shares the same dimen-
sion as MAE and KLD. Relative loss in this figure is defined as
“loss after this epoch” divided by “loss after the first epoch”.
In Fig. 2(b) we show an example from the testing set of how
one predicted spectrum becomes closer to the true spectrum at
different KLD levels. Selected checkpoints are indicated by
red dots in Fig. 2(a). While visualizing the training process,
we only use 1000 samples for each epoch because statistics
converge too quickly for visualization if the entire training set
containing 4×105 samples is used. The complete training set
will be used in actual AC tasks hereafter.

In this study, model training on an RTX3060 graphics
card takes approximately 20 min on average. This is accept-
able in the majority of circumstances, especially in contrast
to the amount of time saved in the Monte Carlo simulation if
highly accurate correlation functions are not incorporated.

2.3. Noise level matching

Correlation functions measured from Monte Carlo sim-
ulation inevitably contain statistical errors. To mimic sim-
ulated errors, Gaussian-type noises are added to G(τi) by
G(τi)→ G(τi)+R(τi), where R(τi) ∼ N(0,σ2). Four differ-
ent noise levels are investigated in this work, σ = 10−4, 10−3,
3×10−3, 10−2. σ in this formula can also be interpreted as the
absolute average of noises. At this stage, we assume G(τi) to
be independently measured for each i. In real-world NNAC-
based tasks, noises of Gsim are measured from Monte Carlo
simulation, and noises of the training set should be carefully
arranged accordingly. Besides, the noise level of the testing set
should be the same as the simulated data to mimic real-world
tasks.

To design the training set, a natural question arises as
to how we should set noise level σtrain of the training set
when the noise level σtest of the testing set is known. We
train NNs by training sets of different σtrain and apply these
NNs on testing sets of different σtest. Corresponding results
are shown in Table 1 and Fig. 3. Table 1 contains KLDs of
spectra predicted from testing sets with different noise lev-
els σtest by NNs trained by training sets with different σtrain.
The smallest KLD in each line (marked red) is obtained when
noise levels of the training set and the testing set match
(σtrain = σtest). Performance degrades but remains acceptable
when σtrain increases and σtrain > σtest while the opposite is
not true when σtrain < σtest. For instance, KLD is relatively
small when (σtrain,σtest) = (10−2,10−4) but is large and un-
satisfactory when (σtrain,σtest) = (10−4,10−2). That’s because
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information of ASEP(σ = 10−4) is somehow “contained” in
ASEP(σ = 10−2): for each curve in ASEP(σ = 10−4) we may
find similar samples with similar noises in ASEP(σ = 10−2) if
datasets are large enough given noises are randomly selected,
whereas the converse is not true. We train NNs with different
noise levels and use them to predict one sample of G(τi) from
the testing set with σtest = 3× 10−3 and σtest = 10−2, which
are presented in Figs. 3(a) and 3(b), respectively. The resulted
spectra become closer to the ground truth when σtrain is closer
to σtest. In Fig. 3(b), incorrect and unstable peaks are predicted
by the NNs trained with σtrain = 10−4 or 10−3, whose KLDs
are large correspondingly as seen in Table 1.

Table 1. KLDs of spectra predicted from testing sets with different σtest by
NNs trained by training sets with different σtrain. In each line, the smallest
KLD (marked red) is obtained when σtrain = σtest. To determine the errors
of the KLDs in the table, we train NNs with at least 10 distinct random
seeds and calculate the statistical uncertainty of KLDs of spectra predicted
by these NNs.
PPPPPPσtest

σtrain 10−4 10−3 3×10−3 10−2

10−4 0.0137(3) 0.0151(4) 0.0181(2) 0.0280(1)
10−3 0.0172(1) 0.0164(4) 0.0185(2) 0.0280(1)

3×103 0.045(2) 0.0268(3) 0.0217(1) 0.02854(9)
10−2 0.31(2) 0.148(6) 0.060(1) 0.0350(1)

ω
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σtrain/-2

σtrain/-3
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0.35

ω
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Fig. 3. Illustration of noise level matching. Ground truths in both sub-
figures are the same curve. (a) Prediction of spectra from testing set with
σ = 3×10−3 by NNs trained with different σtrain. The best spectrum is ob-
tained when σtrain = σtest = 3×10−3. (b) Prediction of spectra from testing
set with σ = 10−2 by NNs trained with different σtrain. The best spectrum
is obtained when σtrain = σtest = 10−2. The predicted spectrum contains
unstable peaks at wrong locations when σtrain = 10−4 or 3×10−3.

Note that in this part, data leakage is not intentionally
avoided: the training set and the testing set are both of ASEP
type. With the same σtest, KLD differences caused by different
σtrain may be relatively small and taking datasets with differ-
ent line shapes may introduce unnecessary complexity, result-
ing in unsolid or even incorrect conclusions. From another
perspective, we expect NNs to use the knowledge learned
from the training set to predict correct spectra in actual tasks.
The performance will be usually slightly weakened if the line
shapes of the testing set and training set are different. There-
fore, we expect the NNs of proper σtrain to at least achieve
good results on the testing set with the same line shape. The
KLD results here do not represent the actual performances of
the NNs in practical tasks.

2.4. Comparison with Maxent

With the knowledge of noise level matching, Gtrain will be
designed to have the same noise level as Gtest in this work here-
after and we are now ready to compare NNAC with traditional
AC methods like Maxent. We train NNs with ASEP train-
ing sets and use them to predict ASEP-type, skew-type and
Lorentz-type spectra, respectively. Corresponding outcomes
are depicted in Fig. 4. Figures 4(a), 4(b) and 4(c) show KLDs
of spectra predicted by these two methods on ASEP, skew, and
Lorentz dataset respectively. Error bars of KLDs are omitted
in this and subsequent figures to make graphs more compre-
hensible as they are relatively small. Typical predicted results
at noise level 3× 10−3 are shown in Figs. 4(d), 4(e) and 4(f)
of three peak types. The performance of NNAC is comparable
with Maxent at the lowest noise level 10−4 but outperforms
Maxent significantly at relatively high noise levels. The im-
provement of the prediction effect is also obvious when the
training set and testing set are not of the same spectrum type.
In spectrum examples depicted in Figs. 4(d), 4(e) and 4(f),
peak locations are precisely predicted by NNAC but Maxent
didn’t provide accurate peak locations at this noise level. In
some frequencies, Maxent may even give incorrect signals of
peaks. Peak heights predicted by NNAC are also more accu-
rate and closer to ground truths than Maxent’s.

Spectra from Maxent in this section about kernel
KF(τ,ω) are calculated mainly based on the software
“TRIQS/maxent”[31] so that results can be easily checked.
Various α-choosing algorithms are evaluated, where α is the
penalty coefficient of the entropy term in the Maxent objective
function.[2] Among these algorithms discussed in Ref. [31],
“χ2-curvature”, which is analogous to Ω -Maxent,[32] and
“Bryan” algorithms greatly outperform others in terms of KLD
in tasks of interest. Between these two, “χ2-curvature” is
marginally superior to the Bryan algorithm. In this way, we
use “χ2-curvature” in this work to ensure a level playing field
for Maxent.
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Fig. 4. Comparison with Maxnet. NNs are trained by the ASEP dataset and applied on three different testing sets: ASEP, skew, and Lorentz.
(a)–(c) KLD predicted results of ASEP, skew, Lorentz datasets respectively at different noise levels. (d)–(f) Typical predicted spectra at the
noise level 3× 10−3 by Maxent and NNAC. The ground truth is also shown for comparison. The performance of NNAC is comparable with
Maxent when the dataset contains low-level noise but outperforms Maxent at high-level noise even if NNs are not trained by the dataset of the
same type as the testing set.

2.5. Influence of noise dependency on imaginary time

In the preceding discussion, noise R(τi) at each τi is as-
sumed to be sampled from the same Gaussian distribution and
has the same variance, which is rarely the case in Monte Carlo
simulation. We introduce the noise-shape-multiplier λ (τ) to
investigate the influence of noise dependency on imaginary
time and assume R(τi)∼N(0,σ(τi)

2), σ(τi)= λ (τi)σ . We re-
fer to this dependency as “noise shape” hereafter. These mul-
tipliers satisfy 1

β

∫ β

0 λ (τ)dτ = 1 to ensure that datasets with
the same σ but different noise shapes are at approximately the
same noise level. λ (τ) of four distinct linear shapes labeled
A, B, C, and D are displayed in Fig. 5(a).

To demonstrate the impact of noise shape and how to ap-
propriately arrange noises in the training set, we train NNs by
ASEP-type training sets with equal noise (λ (τ) = 1) and noise
shape A, respectively. These trained NNs are implemented
on skew-type testing sets with noise shape A. Corresponding
measured KLDs are presented in Fig. 5(b). Spectra examples
at noise level 3×10−3 are shown in in Fig. 5(c).

Origins of different performances by different noise
shapes can be, to some extent, explained by permutation fea-
ture importance (PFI),[33] despite the fact that neural networks
are typically seen as black boxes. To calculate PFI, we rear-

range G(τi) randomly over samples on one certain time piece

τi in the testing set and PFI at this time piece is defined by

how much the resulted KLD increases. PFI difference between

NNs trained by datasets of linear noise shapes and equal-

noise dataset is defined as [PFIT (τi)− PFIE(τi)]/[PFIT (τi)+

PFIE(τi)]. PFIE(τi) denotes PFI from NNs trained by equal-

noise dataset and PFIT (τi) denotes PFI from NNs trained by

dataset of some other noise shape, where T ∈ [A,B,C,D]. Re-

sulted relative PFI differences are shown in Fig. 5(d). Moving

average of adjacent five points is carried out to make curves

smoother and clearer. Relative PFI curves and λ (τ) curves

increase or decrease in the opposite direction, which means

NNs assign large feature importance on imaginary time pieces

where G(τi) are less noisy.

It should be emphasized that measured correlation func-

tions do not often have linear-type noise shapes. Instead, they

are frequently of exponential-like shapes. However, things can

become more subtle in the case of exponential noise shape,

when it becomes more difficult to disentangle the effects of

different noise levels and noise shapes. In light of these con-

cerns, we only examine linear-type noise shapes here, and it is

believed that physical images are similar in other scenarios.
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Fig. 5. Influence of linear noise shapes. (a) Four types of shape multiplier λ (τ). (b) Noises of the testing set are of shape A. Two neural
networks are trained by the training set of equal noise (λ (τ) = 1) and noise shape A, respectively. KLDs of trained neural networks are
compared on the shape-A testing set at different noise levels. (c) Typical spectra predicted from G(τ) of shape-A noises (σ = 3× 10−3) by
neural networks trained by equal-noise and shape-A training sets, respectively. (d) The relative difference in PFI between the neural network
trained on a training set with linearly-shaped noise and the neural network trained on a training set with uniformly-shaped (λ (τ) = 1) noise at
various imaginary times.

2.6. Influence of time-displaced correlation

In the previous discussion, we assumed that the correla-
tion functions G(τi) on different imaginary times τi are in-
dependently measured, which means there is no mutual cor-
relation between correlation functions at different imaginary
times. In actual Monte Carlo simulations, independent mea-
surements can indeed be achieved, but they come with signif-
icant computational overhead. Generally speaking, the corre-
lation functions at different imaginary times are usually mea-
sured simultaneously on a single Markov chain, and thus there
may be strong mutual correlations between them. The impact
of mutual correlations can be measured by the covariance ma-
trix Σ , defined as

Σi j = 〈G(τi)G(τ j)〉−〈G(τi)〉〈G(τ j)〉. (9)

Here 〈· · · 〉 denotes the average over Monte Carlo samples. In
practical analytic continuation tasks, the covariance matrix Σ

can be obtained before synthesizing the training set. If it is
required that spectra in the training set or the testing set also
satisfy a certain covariance matrix Σ , errors should be obtained
from the joint normal distribution, i.e., R∼ N(0,Σ):

1) Perform singular value decomposition (SVD) on the

covariance matrix Σ =UDV T. Since the covariance matrix is
real-symmetric, we have U =V .

2) Define the diagonal matrix d by dii =
√

Dii.
3) Define another matrix L =Ud.
4) Generate the vector r, where each element is a sample

from the standard normal distribution, ri ∼ N(0,1).
5) Calculate R = Lr.
Of course, one can also use the Cholesky decomposition

Σ = LLT to directly generate the matrix L, but it is widely ac-
cepted that the numerical stability of SVD is better than that
of Cholesky decomposition. Maxent requires to perform SVD
on the covariance matrix to obtain the inverse of the singular
values. Given that some singular values may be close to zero,
this operation can exhibit numerical instability. Conversely,
NNAC circumvents this possible numerical instability arising
from the inversion of singular values.

To illustrate the influences of time-displaced correlation,
we create the toy covariance matrix for the testing set by

Σi j =
σ2

1+ |i− j|1/γ
. (10)

In this work, we will investigate correlation matrices with
condition numbers being 103, 106, 109, and 1012 respec-
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tively by adjusting γ . U(τ) are generated at four noise levels
σ ∈ [10−4,10−3,3×10−3,10−2].

NNs are trained by ASEP-type datasets and are to be ap-
plied to skew-type testing sets with various noise levels and
condition numbers. Training sets are designed in two man-
ners: they may have zero correlation (R ∼ N(0,Σ0)) or the
same correlation as the testing set(R ∼ N(0,Σ)). Σ0 have the
same diagonal elements as Σ but all off-diagonal elements of
Σ0 are 0. In Fig. 6(a), condition number of the testing set is
fixed to be 1012. NNs are trained by the dataset with or with-
out time-displaced correlation on each noise level. As illus-
trated, the influence of τ-correlation is not significant at low
noise levels but correlation mismatching may lead to incorrect

prediction at high noise levels. In Fig. 6(b), the noise level

of the testing set (and the training set, as well) is fixed to be

10−2, where KLDs are lower when the condition number is

larger. The reason may be that R(τi) are dominated by only a

few singular values of Σ , whose pattern of noises is relatively

easy to be learned by NNs. Spectrum examples are shown in

Fig. 6(c) with noise level 10−2 and condition number 1012,

which contain predicted spectra by NNs trained with zero or

the same correlation as the testing set, as well as the ground

truth. Clearly, the predicted spectra contain wrong peaks at

the wrong locations when the time-displaced correlation is not

matched.
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Fig. 6. Illustration of influences of time-displaced correlation of G(τi). Noise levels of the training set and the testing set are matched. (a) The
condition number of the correlation matrix is fixed to be 1012. NNs trained by datasets without correlation may give wrong predictions if G(τi)
in the testing set is correlated, especially when the noise level is high. (b) Noise levels are fixed to be 10−2. KLDs are shown with respect to
different condition numbers. (c) Spectra examples with condition number 1012 and noise level 10−2.

3. NNAC on Heisenberg chain
In this section, NNAC is carried out to extract dynamic

structure factors of the spin-1/2 anti-ferromagnetic Heisen-
berg chain of length L, which reads

H = J
L

∑
i=1

𝑆i ·𝑆i+1, (11)

where 𝑆i represents a spin located on site i. Periodic bound-
ary condition is assumed, i.e., 𝑆L+1 = 𝑆1. Imaginary-time-
displaced spin–spin correlation of z-component is measured
by stochastic series expansion[34]

Gi, j(τ) = 〈eτHSz
i e−τHSz

j〉, (12)

Gk(τ) =
1
L ∑

i, j
Gi, j(τ)e−i(ri−r j)k/L. (13)

Gi, j(τ) is time-displaced spin–spin correlation of z-component
between spin i and spin j. Target correlation function Gk(τ)

in the wave-vector domain is then calculated via Fourier trans-
formation. ri denotes the location of spin i, where the lattice
constant is set to be 1. J is used as the energy unit. We set
the inverse temperature β = 1 in the Monte Carlo simulation.

In this work we will focus on k = π and Gk(τ) will be repre-
sented by G(τ) for the sake of simplicity. Then the AC task
reads G(τ) =

∫
dω e−τω A(ω), where A(ω) is the target dy-

namic structure factor. The corresponding sum rule is obtained
by setting τ = 0, i.e.,

∫
dωA(ω) = G(0).

The same NN structure and hyper-parameters are used
as in the previous section. Frequency ω takes the range
ω ∈ [−10,10]. The time domain and the frequency domain
are discretized into 512 and 1024 pieces respectively as be-
fore. The spectrum of the Heisenberg chain can be regarded
as a sum of δ functions at zero temperature. These δ func-
tions broaden as temperature increases. We perform quan-
tum Monte Carlo simulation on a 32-site Heisenberg chain,
where δ functions are dense enough on the required energy
scale ∆ω ∼ 0.02 so that a smooth spectrum can be obtained.
The stochastic series expansion approach with loop-update[34]

algorithm is used in the simulation. Spin–spin correlation
is measured every 100 update steps so that auto-correlation
can be ignored. The covariance matrix Σ is measured by
Σi j = [〈G(τi)G(τ j)〉− 〈G(τi)〉〈G(τ j)〉]/(Ns− 1), where Ns is
the number of independent samples.

Spin–spin correlation functions are measured using dif-

070705-8



Chin. Phys. B 32, 070705 (2023)

ferent numbers of Monte Carlo samples to create datasets of
different noise levels. In this section, noise levels are repre-
sented by relative statistical errors of G(0), which takes range
from 3.8× 10−3 to 3.6× 10−2. Simulated G(τ) are divided
by corresponding G(0) before being fed into neural networks
so that the sum rule is restored to

∫
dωA(ω) = 1. Then the

“SoftMax” layer results in the correct sum rule and the scale
of extracted spectra will be recovered accordingly by multi-
plying with G(0).

First, we will consider the case where there exist mutual
correlations between simulated correlation functions at differ-
ent imaginary times. In each Monte Carlo measurement step,
we simultaneously measure spin–spin correlation functions at
each imaginary time. Condition numbers of measured covari-
ance matrices range from about 1017 to 1018. As described
in Subsection 2.6, we incorporate the joint normal distribution
R∼ N(0,Σ0) or R∼ N(0,Σ) to generate errors R of the train-
ing set. The diagonal elements of Σ0 are the same as those of
Σ , while all off-diagonal elements are 0.

In Fig. 7, we show predicted spectra at different noise
levels. The predicted spectra are labeled “Zero Corr.” when
mutual correlations between imaginary times are not incorpo-
rated in the training set (R ∼ N(0,Σ0)). When mutual cor-
relations are considered while generating the training set, we
label predicted spectra as “Same Corr.”. The black dashed line
in the figure corresponds to the spectrum given by Okamoto
et al.[35] They used the finite-temperature Lanczos method
(FTLM) to calculate dynamic structure factors of an anti-
ferromagnetic Heisenberg chain of length 24, where some arti-

ficial peak broadening was added to results. Correlation func-
tions obtained from independent Monte Carlo simulations may
be slightly different, so we repeated Monte Carlo simulations
with the same update and measurement steps at least 5 times
and performed analytic continuation accordingly to estimate
the variance of the predicted spectra. The blue solid line in
each subfigure of Fig. 7 represents the averaged spectrum,
while the light blue area corresponds to the range within one
standard deviation for each imaginary time.

As shown in Figs. 7(a) and 7(d), the difference between
cases “Zero Corr.” and “Same Corr.” is more significant when
the noise level is lower. The predicted spectrum is inaccurate
and has a larger variance when not considering imaginary-time
mutual correlations. This difference decreases as the noise de-
creases, as shown in Figs. 7(c) and 7(f). When the noises of
the input correlation function are relatively small, there is no
significant difference between the predicted spectra in these
two cases.

It is worth noting that although the curve calculated by
FTLM shown in Fig. 7 is obtained from a Heisenberg chain
with L = 24 rather than L = 32 considered in this work, at rela-
tively high accuracies, results of NNAC are in good agreement
with the FTLM spectrum, at least in terms of peak position and
peak width within one standard deviation.

Due to the high condition number of the covariance
matrix Σ , Maxent cannot generate reasonable spectra in
this situation. To compare the performance of Maxent and
NNAC, we independently measure correlations at each imag-
inary time, so the off-diagonal elements of the corresponding
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Fig. 7. Dynamic structure factors of the one-dimensional antiferromagnetic Heisenberg chain predicted by NNAC. Monte Carlo simulations
with the same update steps and measurement steps are performed independently at least 5 times to obtain different spin–spin correlation
functions, then NNAC is performed accordingly. The blue solid line in each subfigure represents the averaged spectrum predicted by NNAC
from several independently measured correlation functions. The light blue area indicates the range of one standard deviation of the spectrum.
Subfigures (a), (b), and (c) correspond to the training process without considering imaginary time mutual correlations, while subfigures (d),
(e), and (f) correspond to the training process that considers imaginary time mutual correlations. Data of the black dashed line comes from
Okamoto et al.[35] They use the FTLM method to solve the dynamic structure factor of a one-dimensional Heisenberg chain of length 24.
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Fig. 8. Spectra predicted by Maxent and NNAC in the absence of imaginary time mutual correlation. Monte Carlo simulations with the same
update steps and measurement steps are performed independently at least 5 times to obtain different spin–spin correlation functions, then
NNAC is performed accordingly. The blue solid line in each subfigure represents the averaged spectrum predicted by NNAC from several
independently measured correlation functions. The light blue area indicates the range of one standard deviation of the spectrum. Subfigures
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correspond to the training process that considers imaginary time mutual correlations. At the noise levels involved in this figure, the NNAC
results are better than those of Maxent. Data of the black dashed line comes from Okamoto et al.[35] They use the FTLM method to solve the
dynamic structure factor of a one-dimensional Heisenberg chain of length 24.

covariance matrix are 0. The analytic continuation task we
need to deal with returns to the situation described in Subsec-
tion 2.5: the correlation function has no imaginary time mutual
correlation, but noises have imaginary time dependence. As
before, we perform Maxent and NNAC at different noise lev-
els and show relevant results in Fig. 8. At the different noise
levels involved in the figure, spectra predicted by NNAC are
more accurate than those given by Maxent, which agrees with
Subsection 2.4.

4. Conclusions
Applications of neural network-based analytic continua-

tion were discussed in this paper. Numerical experiments are
carried out on both synthetic datasets and Monte Carlo data.
The main conclusion is that a NN can learn from a carefully
designed training set and make good predictions on spectra
without data leakage, which surpasses Maxent in highly noisy
cases. To ensure that the neural network acquires adequate
knowledge to predict the target spectral functions, the training
dataset should comprise a sufficient number of diverse spectral
functions. Incorporating information of measured statistical
errors leads to better prediction of spectra. G(τi) of the train-
ing set should match those of simulated correlation functions
in terms of noises at each τi and time-displaced correlation.

While acceptable, the time required for NNAC is rela-
tively long compared to Maxent. Improving the efficiency of
model training may be a fruitful area for future investigation.
It may be possible to apply the idea of transfer-learning[36]

here so that we do not need to train a model from scratch for
each target spectrum but rather begin with a pre-trained model.
A more valuable and ambitious goal is to train a model that
is general to any spectrum. The input to this model should
probably be the simulated correlation functions and the ac-
companying covariance matrices, which contain most (if not
all) information needed to perform analytic continuation.

Appendix A: Inversion kernel learned by NNAC
In Subsection 2.5, we studied how the noise shape affects

predictions of NNAC by analyzing PFI. Here we also use PFI
to study feature importance for the spectrum at a specific fre-
quency. The feature importance of the correlation function at
imaginary time τi for the spectrum frequency ω j is denoted as
I(τi,ω j) and can be calculated in following steps:

1) Train the NN by the training set (Gtrain,Atrain).
2) Predict spectra Apred from testing correlation functions

Gtest.
3) Traverse each imaginary time τi:
3-a) Permute features at τi of the testing correlation func-

tions Gtest. Use trained NN to predict spectra Aperm from per-
muted Gtest.

3-b) For each sample in the testing set, calculate

∆As(τi,ω j) = |As
perm(ω j)−As

test(ω j)|

− |As
pred(ω j)−As

test(ω j)|, (A1)

where As is the sth sample in the testing spectra.
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3-c) Take average over samples

I(τi,ω j) =
1
Ns

∑
s

∆As(τi,ω j), (A2)

where Ns is the number of samples in the testing set.
3-d) Rescale I(τi,ω j)

I(τi,ω j)←
I(τi,ω j)

1
512 ∑

512
i=1 I(τi,ω j)

. (A3)

This step ensures that sums of feature importance at each
frequency are the same.

4) Rescale feature importances into the range [0,1],

I(τi,ω j)←
I(τi,ω j)

maxi, j I(τi,ω j)
. (A4)
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Fig. A1. (a) Feature importance for each specific frequency. The train-
ing set is of ASEP-type, and the testing set is of skew-type. The noise
level of correlation functions is 10−4. Here we don’t consider the
mutual correlation between imaginary times. The inversion kernel is
KF(τ,ω). (b) The inversion kernel rescaled by Eqs. (A3) and (A4). To
denoise the data, we have performed moving average with a window
length of 20 points in the imaginary time direction in both subfigures.

Here we use ASEP as the training set, skew as the testing
set, and KF(τ,ω) as the inversion kernel. Noises of input cor-
relation functions are set to be 10−4 and we don’t incorporate
mutual correlation between imaginary times. Resulted feature
importance I(τi,ω j) is shown in the left part of Fig. A1. The
inversion kernel KF(τ,ω) rescaled by Eqs. (A3) and (A4) is
shown in the right part of Fig. A1. Indeed, the trained NN has

successfully learned some knowledge contained in the inver-
sion kernel: when ω is small, the trained NN relies on G(τ)

with large τ; when ω is large, the trained NN relies on G(τ)

with small τ .

Appendix B: When noise levels are low
Some algorithms like DMRG or tensor network can

provide accurate correlation functions at the precision of a
double-precision floating-point number, which is approxi-
mately 10−16. To handle the analytic continuation from accu-
rate correlation functions, Maxent usually requires the manual
addition of noises to correlation functions. As an extension of
this work, we consider the performance of NNAC when the
error level is extremely low.
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Fig. B1. Performance of NNAC when noise levels are very low. The
training set is of ASEP-type. The testing set is of skew-type. (a) KLDs
of spectra predicted by NNAC at different noise levels. (b) One typical
example of predicted spectra.

As in Subsection 2.3, we train the NN by the ASEP-type
training set and evaluate the trained NN on the skew-type test-
ing set at different noise levels. The mutual correlations be-
tween imaginary times are not incorporated. Corresponding
results are shown in Fig. B1. We show KLDs of spectra pre-
dicted by NNAC at different noise levels in Fig. B1(a). One
typical example is presented in Fig. B1(b). On one hand, when
the noise level is very low, NNAC can still be effective (extra
noises are not needed); on the other hand, when the noise level
is less than 10−5, reducing the noise does not bring a signif-
icant improvement to NNAC’s performance. When dealing
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with high input accuracy, the NN’s performance may be lim-
ited by the size of the network architecture and the training
set.

Appendix C: Robust prediction with the help of
Maxent

As mentioned earlier, NNAC requires the training set to
be sufficiently abundant and diverse. A potential risk of NNAC
is that there is not enough overlap between spectra in the train-
ing set and the target spectrum. In this section, we attempt to
incorporate knowledge from Maxent into the training set to
obtain more robust predictions, ensuring that the performance
of NNAC is at least not worse than Maxent. The basic idea is
to generate an extra set of spectra from the spectrum generated
by Maxent and incorporate this extra dataset into the training
set.

Suppose the correlation function obtained from simula-
tion is Gsim(τ), and the spectrum produced by Maxent is
Amaxent(ω). As the first step, we need to generate a set of
spectra Adeform based on the Maxent spectrum Amaxent(ω):

1) Decompose the spectrum Amaxent(ω) into individual
peaks to obtain a series of single-peak curves Fi(ω), where
i = 1,2, . . . ,M.

2) Repeat Ndeform times to obtain a sufficient number of
samples:

2-a) Deform each single-peak curve Fi(ω) to obtain
Ji(ω).

2-b) Sum up deformed curves Ji(ω) to get Q(ω) =
1
Z ∑i Ji(ω), where Z is a constant to ensure that Q(ω) satisfies
the corresponding sum rule.

2-c) Add Q(ω) to the set of spectra Adeform.
The above process involves two important operations:

one is peak separation, and the other is deformation of single-
peak curves. To carry out peak separation, we use the differ-
ential evolution algorithm to fit the Maxent-generated spec-
trum Amaxent(ω) with a multi-peak ASEP-type curve. Fitting
residuals are assigned to each single-peak curve to ensure the
sum of single-peak functions recovers the original spectrum
Amaxent(ω). The steps of the peak separation are as follows:

1) Denote the trial spectrum as Atrial(ω) =
1
Z ∑

M
i=1 FASEP

i (ω), where FASEP(ω) is defined in Eq. (3). The
single-peak curve FASEP(ω) has 6 control parameters, so the
trial spectrum has 6M control parameters.

2) Minimize MSE(Amaxent(ω),Atrial(ω)) to obtain opti-
mized spectrum Aoptimal(ω).

3) Denote fitting residuals as Aresidual(ω) = Amaxent(ω)−
Aoptimal(ω). Assign residuals to each single-peak curve by

F residual
i (ω) =

(ω−ωc
i )

6

∑
M
j=1(ω−ωc

j )
6

Aresidual(ω), (C1)

where ωc
i is the peak location of FASEP

i (ω). Separated
single peak curves are given by Fmaxent

i (ω) = FASEP
i (ω) +

F residual
i (ω), where i = 1,2, . . . ,M.

ω
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0.25

Fig. C1. An example of peak separation. The spectrum to be separated is
the blue solid line labeled “Original”, which is of skew-type. The yellow
and green dashed lines represent the two single-peak curves after separation.
The sum of these two single-peak curves reproduces the original double-peak
spectrum.

In Fig. C1, we show an example of peak separation with
M = 2. The blue solid line represents a skew-type spectrum to
be separated, and the yellow and green dashed lines represent
the two single-peak curves after separation, labeled as peak 1
and peak 2, respectively.

To deform the single-peak curve, we define four opera-
tions, namely “raise”, “move”, “shrink” and “distort” as shown
in Fig. C2. Blue solid lines represent single-peak curves be-
fore deformation and yellow dashed lines represent single-
peak curves after deformation. In fact, the peak to be deformed
in Fig. C2 is “peak 2” after peak separation in Fig. C1.

The operation “raise” is defined as Fafter(ω) =

rraiseFbefore(ω), where rraise is the cofficient. This op-
eration aims to adjust the peak height. In Fig. C2(a),
we set rraise = 1.2. The operation “move” is defined as
Fafter(ω) = Fbefore(ω − ωmove). This operation adjusts the
peak location without changing the shape. In Fig. C2(b),
we set ωmove = 1. The operation “shrink” is defined as
Fafter(ω) = Fbefore(ω

c+rshrink(ω−ωc)), where ωc is the peak
location of the curve Fbefore(ω) and rshrink is the shrinking co-
efficient. This operation can be performed separately on the
left half (ω < ωc) and the right half(ω > ωc). In Fig. C2(c),
we set the shrinking coefficient of the left to be rleft

shrink = 0.5
and don’t deform the right half. The shrinking operation aims
to change the peak width, and if the left and right shrinking
coefficients are different, it also changes the skewness of the
single-peak curve. Given the distortion coefficient rdeform,
the distortion operation shown in Fig. C2(d) is performed as
follows:

1) Rescale the curve by F̃before(ω) = Fbefore(ω)/Fmax,
where Fmax = maxω Fbefore(ω).

2) Define α = ln(rdeform)/ ln(0.5) and deform F̃before(ω)

by

F̃after(ω) =

{
0.5[2F̃before(ω)]α , F̃before(ω)< 0.5,
1−0.5[2−2F̃before(ω)]α , otherwise.

(C2)
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As in the “shrink” case, different distortion coefficients can
also be assigned to the left half and the right half of the single-
peak curve. In Fig. C2(d), the distortion coefficient for the
left half is rleft

distort = 0.2 and the right half is not distorted
(rright

distort = 0.5). If distortion coefficients for the left half and
the right half are the same, this operation changes the kurtosis
of the targeted single-peak curve.

We will show how to obtain a more robust training set
by incorporating the Maxent-generated spectrum for the AC
task of a skew-type double-peak spectrum. First, we define
three datasets: LASEP (left ASEP), RASEP (right ASEP), and
DMS (deformed maxent spectra). Similar to Eqs. (2) and (3),
spectra in LASEP and RASEP are still based on single-peak
ASEP-type curves generated from random control parameters.
The parameter selecting ranges for LASEP are m ∈ [−3,0],
a1,a2 ∈ [0.3,5], b1,b2 ∈ [1,3], and h ∈ [0.2,1]. For RASEP
the ranges are m ∈ [0,3], a1,a2 ∈ [0.3,5], b1,b2 ∈ [1,3], and
h ∈ [0.2,1]. Note that peak locations ωc of spectra in LASEP
are less than 0, and peak locations of spectra in RASEP are
greater than 0. Spectra in DMS is the set of spectra Adeform

deformed from the Maxent-generated spectrum, where defor-
mation coefficients are randomly selected in ranges rraise ∈
[0.3,1], ωmove = [−0.5,0.5], rleft

shrink,r
right
shrink ∈ [0.25,1.5], and

rleft
distort,r

right
distort ∈ [0.2,0.8]. Predictions of NNs trained by var-

ious training sets are shown in Fig. C3.
As before, we add noises to the true correlation function

Gtrue(τ) to mimic simulated correlation functions Gsim(τ) =

Gtrue(τ) +R(τ), R(τ) ∼ N(0,σ2). We generate at least five
different “simulated” correlation functions for each noise level
with different random seeds to evaluate the standard error of

resulted KLDs of predicted spectra. The structure and training
process of NNs are the same as in Section 2 but the inverse
temperature is adjusted to be β = 4 to avoid unnecessary com-
plexities, where Maxent can generate reasonable spectra.

Figures C3(a), C3(d), and C3(g) compare the perfor-
mance of NN trained by DMS with that of Maxent. Fig-
ure C3(a) shows KLDs of spectra predicted by these two meth-
ods at different noise levels. Even though spectra in DMS are
generated based on Maxent-generated spectra, the NN trained
with DMS can still provide more accurate predictions than
Maxent itself. We present examples of the predicted spectra
at two noise levels in Figs. C3(d) and C3(g).

Figures C3(b), C(e), and C3(h) compare the performance
of NNs trained by LASEP and LASEP+DMS. LASEP doesn’t
contain peaks with peak locations greater than 0 (ωc > 0), and
the ground truth contains one peak that ωc > 0. Apparently,
the NN can not learn enough knowledge to provide good pre-
dictions. However, if DMS is added to the training set, which
means incorporating the information from Maxent, the NN can
make accurate predictions, at least not worse than Maxent it-
self. Similarly, Figures C3(c), C3(f), and C3(i) compare the
results of NNs trained by DMS+RASEP and RASEP itself.
When the training set only contains RASEP, spectra predicted
by the neural network are inaccurate with large KLDs. When
DMS is added to the training set, the performance is at least
not worse than Maxent.

If a training set does not contain enough information for
NNs to make good predictions, DMS can be added to ensure
that NNAC is at least not worse than Maxent. In other words,
DMS makes NNAC more safe and more robust.
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Fig. C2. Four types of deformation operations: raise, move, shrink, and distort. (a) Raise: this operation change peak height. (b) Move: this
operation changes peak location. (c) Shrink: this operation changes the peak width. Different shrinking coefficients can be defined for the left
half and the right half, respectively. (d) Distort: this operation changes the kurtosis of the single-peak curve. Different distortion coefficients
can be defined for the left half and the right half, in which case the skewness also changes.
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Fig. C3. This figure compares the predictions from neural networks trained on 5 different training sets and Maxent. These five training sets are
DMS (distorted maxent spectra), LASEP (left ASEP), RASEP (right ASEP), DMS+LASEP, and DMS+RASEP. The spectra in DMS are generated by
deforming the Maxent-generated spectrum. The spectra in LASEP are of ASEP-type, but peak locations of all single peaks are less than 0. The spectra
in the RASEP dataset are also of ASEP-type, but the peak locations of all single peaks are greater than 0. (a) KLDs of spectra predicted by NN trained
by DMS and Maxent. The DMS-trained NN outperforms Maxent at all four noise levels involved. (d) and (g) Examples of the predicted spectra by these
two methods at two noise levels. (b) KLDs of spectra predicted by NNs trained by DMS+LASEP and LASEP. (e) and (h) Examples of the predicted
spectra from these two methods at two noise levels. (c) KLDs of spectra predicted by NNs trained by DMS+RASEP and RASEP. (f) and (i) Examples
of the predicted spectra from these two methods at two noise levels.
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