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through a two-dimensional electron gas with both Rashba
spin—orbit coupling and Zeeman splitting
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Based on the Bogoliubov—de Gennes equation and the extended McMillan’s Green’s function formalism, we study
theoretically the Josephson effect between two d-wave superconductors bridged by a ballistic two-dimensional electron gas
with both Rashba spin—orbit coupling and Zeeman splitting. We show that due to the interplay of Rashba spin—orbit coupling
and Zeeman splitting and d-wave pairing, the current—phase relation in such a heterostructure may exhibit a series of novel
features and can change significantly as some relevant parameters are tuned. In particular, anomalous Josephson current
may occur at zero phase bias under various different situations if both time reversal symmetry and inversion symmetry of
the system are simultaneously broken, which can be realized by tuning some relevant parameters of the system, including
the relative orientations and the strengths of the Zeeman field and the spin—orbit field in the bridge region, the relative
orientations of the a axes in two superconductor leads, or the relative orientations between the Zeeman field in the bridge
region and the a axes in the superconductor leads. We show that both the magnitude and the direction of the anomalous
Josephson current may depend sensitively on these relevant parameters.

Keywords: anomalous Josephson effect, d-wave pairing, Rashba spin—orbit coupling, Zeeman splitting

PACS: 72.25.Dc, 72.25.Ba, 74.78 .Na, 85.25.Cp

1. Introduction

The Josephson effect in hybrid mesoscopic systems in-
volving conventional or unconventional superconductors have
been extensively studied for decades.!'=>! Such hybrid meso-
scopic systems provide ideal platforms for studying various
aspects of the superconducting proximity effect. For ex-
ample, in a conventional superconductor/topological insula-
tor/conventional superconductor junction, the proximity ef-
fect between the superconducting paring and the helical spin—
momentum locking of the topological insulator surface states
may lead to the formation of Majorana zero modes!®! and odd-
frequency pairing,!”! which have been viewed as rarely occur-
ring in nature. The Josephson effect in various types of hybrid
mesoscopic systems is not only of theoretical interest but also
of practical importance, which are the key elements of super-
conducting electronics and also the bases of some conceptu-
ally new types of superconducting electronic components pro-
posed in recent years, such as superconducting qubits,3! cryo-
genic memories, ! superconducting phase batteries,!!?! phase

qubits,!'! rectifiers, %!

etc.

The dissipationless Josephson current /; flowing in a
Josephson junction is related to the macroscopic phase dif-
ference ¢ of the superconducting order parameters between
two superconductor leads. This relation is described by the
current—phase relationship (CPR). The CPR is an important

characteristic of a Josephson junction and its features link with

fCorresponding author. E-mail: 1bhu26@ 126.com
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the symmetries of the junction. For instance, in the presence of
time-reversal symmetry or inversion symmetry, the constraint
I(9) = —I;(—9¢) is satisfied, which results in the vanishing of
the Josephson current at ¢ = 0. If both time-reversal symme-
try and inversion symmetry are preserved, the CPR in its sim-
plest form, reads Iy(¢) = Ic sin(¢), with I¢ the critical current.
Such a Josephson junction is called a O-junction, the Joseph-
son free energy of which is minimum at ¢ = 0. However, if
time-reversal symmetry or inversion symmetry is broken in a
Josephson junction, the junction can turn into a 7-junction,
the Josephson free energy of which is minimum at ¢ = 7 but
not at ¢ = 0. In a w-junction, the direction of the flow of the
Josephson current at a phase bias ¢ is reversed as compared
with that in a O-junction at the same phase bias. It is pre-
dicted that m-junctions and controllable O-7 transitions may
find some important applications in superconducting electron-
ics, such as in the design of noise-immune superconduct-
ing qubits!® and cryogenic memory.!”! The 0-7 transitions
in conventional superconductor/ferromagnet/conventional su-
perconductor junctions have been intensively studied in the
past decades, which may result from Zeeman splitting by ex-
change interaction in the ferromagnetic layers sandwiched be-
tween two conventional s-wave superconductors. If a sin-
gle ferromagnetic layer is sandwiched between two super-
conductor leads, the O—7 transition can be induced by tun-
ing the thickness of the ferromagnetic layer.!'*! If multiple
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077201-1


https://doi.org/10.1088/1674-1056/accc7f
mailto:lbhu26@126.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 32, 077201 (2023)

ferromagnetic layers are sandwiched between two supercon-
ductor leads, the O—7 transition can also be induced by tun-
ing the relative orientations of the magnetizations in differ-
ent ferromagnetic layers.!'*l In some recent studies, it was
also found that when two conventional s-wave superconduc-
tors are linked by a bridge with strong intrinsic spin—orbit
coupling (SOC), which may originate from either bulk inver-
sion asymmetry (such as Dresselhaus SOCH3) or structural
inversion asymmetry (such as Rashba SOC!'®)), the 07 tran-
sition can also be induced by tuning the strength of SOC in
the bridge region.!”! Moreover, when strong SOC is in appro-
priate combination with Zeeman splitting in the bridge region,
an anomalous phase shift may be induced in the Josephson
current, which can take an intermediate value ¢y between O
and m. Such a Josephson junction is called a ¢y-junction, the
minimum of the Josephson free energy of which occurs at the
phase bias ¢ = ¢y but not at ¢ =0 or at ¢ = 7. The presence
of this anomalous phase shift implies that the Josephson cur-
rent can flow between two superconductor leads even at zero
phase bias. Such phenomenon is called the anomalous Joseph-
son effect. Experimentally, the anomalous Josephson effect
has recently been observed in Josephson junctions through a
quantum dot!'”! and Bi,Ses interlayer.*! It is predicted that
the anomalous Josephson effect may also find some important
applications in superconducting electronics, such as supercon-
ducting phase batteries, ") phase qubits,!'!! and rectifiers, !
etc. Due to these possibilities, various different ways have
been proposed in recent years focusing on breaking both the
time-reversal and the parity symmetries of a Josephson junc-
tion to create anomalous Josephson current at zero phase bias.

From the theoretical points of view, the anomalous
Josephson effect is relate to the inverse Edelstein effect ob-
served in some normal metals or semiconductors with strong
SOC. While the Edelstein effect consists in the genera-
tion of an out-of-equilibrium spin polarization by a charge
current,[13-211 the inverse Edelstein effect, also called the spin-
galvanic effect, consists in the generation of a charge current
by an out-of-equilibrium spin polarization.[*>-2*] Both these
two kinds of magnetoelectronic effects have been observed ex-
perimentally in some normal metals and semiconductors with
strong SOC.!19-21:23.241 From the theoretical points of view, if
in a Josephson junction two superconductor leads are linked
by a bridge with strong SOC, similar magnetoelectronic ef-
fects may also occur in the junction, and in particular, if Zee-
man splitting coexists with strong SOC in the bridge region,
a finite Josephson current may also be generated in the junc-
tion even at zero phase bias due to the occurrence of out-of-
equilibrium spin polarization in the bridge region, similar to
the spin-galvanic effect found in some normal metals or semi-
conductors with strong SOC. Due to this similarity, the anoma-
lous Josephson effect in such types of Josephson junctions

may also be viewed as a kind of spin-galvanic effect.[!->3-2]

In this paper we study theoretically the Josephson effect
in a ballistic Josephson junction in which two d-wave super-
conductor leads are linked by a bridge of two-dimensional
electron gas (2DEG) with both Rashba SOC and Zeeman split-
ting. Up to now, while the features of the Josephson effect in
junctions consisting of conventional superconductor leads and
various types of bridges with strong SOC and Zeeman split-
ting have been intensively studied in recent years,?’=71 what
peculiar features the Josephson effect may exhibit in junctions
consisting of unconventional superconductor leads linked by
bridges with both strong SOC and Zeeman splitting remains
to be further investigated in some detail. From the theoretical
points of view, since pairing potentials in unconventional su-
perconductors are anisotropic and depend on the directions of
quasi-particles’ motions, the interplay of strong SOC and Zee-
man splitting on the Josephson effect in junctions consisting
of unconventional superconductor leads may be more subtle
as compared with that in junctions consisting of conventional
s-wave superconductor leads. For instance, in the d-wave case,
the influence of SOC and Zeeman splitting on the propagations
of quasi-particles may depend not only on the relative orien-
tations and the relative strengths of the spin—orbit field and
the Zeeman field in the bridge region but also depend on the
relative orientations between the a axes in two d-wave super-

1381 and due to such complicated dependences,

conductor leads,
it is possible that more rich features may be exhibited in the
Josephson effect in such junctions. In this paper we take such
complicated orientation dependences into account and present
a systematical theoretical investigation on the features of the
Josephson effect between two d-wave superconductor leads
linked by a bridge of 2DEG with the simultaneous presence of
both Rashba SOC and Zeeman splitting. Our studies are based
on the McMillan’s Green’s function formalism, 1391 which is a
suitable formalism for studying quasi-particle transport in bal-
listic superconducting junctions.3*~*!1 We extend this formal-
ism to include the interplay of Rashba SOC and Zeeman split-
ting and d-wave pairing, and based on the extended formalism,
we calculate the Josephson current and the current—phase re-
lation under various different situations. We show that due to
the coexistence of multiple complicated factors, the interplay
of Rashba SOC and Zeeman splitting on the Josephson effect
in such heterostructures may exhibit a series of novel features,
and in particular, we show that anomalous Josephson current
may occur at zero phase bias under various different situations
in such a junction, which depends sensitively not only on the
strengths of Rashba SOC and Zeeman splitting but also on the
relative orientations of the Zeeman field in the bridge region
and the relative orientations of the a axes in two d-wave super-
conductor leads.

The paper is organized as follows. In Section 2 we

077201-2
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present the model Hamiltonian and construct the McMillan’s
Green’s function formalism for calculating the Josephson cur-
rent and the current-phase relation. The numerical results for
the Josephson current and the current-induced relation are pre-
sented and discussed in Section 3. Finally, a summary is given
in Section 4.

2. Model and formulation

We consider a ballistic Josephson junction in which two
d-wave superconductor leads are linked by a bridge of two-
dimensional electron gas with both Rashba SOC and Zeeman
splitting. The junction lies in the y—z plane. The two inter-
faces between the bridge region and the two superconductor
leads extend along the y direction and are located at z = 0 and
L, respectively, with L the width of the bridge region. For sim-
plicity, the junction interfaces are assumed to be perfectly flat
and transparent. The direction of the superconducting phase
bias is along the z direction. To open a gap at the crossing
point of two split bands by Rashba SOC, we assume that a
Zeeman field h = (hy, hy, h;) is applied in the bridge region.
The low-energy electron and hole excitations of the system can
be described by the following Bogoliubov—de Gennes (BdG)
Hamiltonian[4?]

N H(k) A(k)

HBdG: _A*(_k) —I:I*(—k:) 9 (1)

with the spinor basis ¥ = [, {1, I/A/T+ , lilj]T in Nambu-spin
space, where the arrow index (1,]) corresponds to real spin.

The single-particle Hamiltonian H (k) is given by

H(k) = & — u]oo + O (2)O(L—z)[h- 0 + o (k.0y — kyo2)],
2
where &, = h?k?/2m is the kinetic energy of an electron with

~

wave vector k = (0,ky,k;) and effective mass m, u is the
chemical potential, 6 = (0, 0y, 0;) represent the Pauli ma-
trices acting on the real-spin degrees of freedom, oy stands for
the 2 x 2 identity matrix, @(z) is the Heaviside step function,
and og is strength of Rashba SOC in the bridge region. The
gap matrix A(k) = iA(8)o; is a 2 x 2 matrix in spin space,
with the magnitude of the pairing potential given by

A(0) = A(T)[cos(2(0 —ar))O(—2z)
+ cos(2(0 —ag))e'?@(z—L)], 3)

where 6 = arccos(k,/k) is the propagating angle of quasi-
particles with respect to the z axis, ar, and ar denote the an-
gles between the z axis and the a axes in the left and the
right d-wave superconductor leads, respectively, and ¢ is the

macroscopic superconducting phase difference between two

superconductor leads. Since only the phase difference be-
tween two superconductor leads is related to the Josephson
current, for simplicity, we set the macroscopic superconduct-
ing phase equal to zero in the left superconductor lead. Ac-

4142 the temperature dependence

cording to the BCS relation, !
of the magnitude of the pairing potential can be given by
A(T) = Aptanh(1.74\/T. /T — 1), where Ay = 1.76kg T, with
T the critical temperature and kg the Boltzman constant.
Since the junction is assumed to be translational invari-
ant along the y direction, the solutions of the BdG equa-
tion can be described by the general ansatz y(z)e'®Y, where
ky is the transverse component of wave vector and y(z) is
the solution of the BAG Hamiltonian for the effective one-
dimensional scattering problem along the z direction, which
can be constructed from the eigensolutions of the BAG Hamil-
We first

solve the eigensolutions within the d-wave superconducting

tonian in each different regions of the junction.

regions. There are eight propagating modes in these regions
for a fixed quasi-particle excitation energy E and k,. Four of
them are spin-up modes, and the corresponding eigenfunctions
can be written as: (i) right-going electronlike quasi-particle
mode Yot = Ajetkstiby (i) right-going holelike quasi-
particle mode ¥, = Aye~knztiky | (jij) left-going electron-
like quasi-particle mode Wi+ = Azeikeztiky (iv) left-going
holelike quasi-particle mode Wiy 4+ = Agetfnitiky  Here the
subscripts r (1), e (h), and 1 (J) correspond to right (left)-
going modes, electronlike (holelike) modes, and spin-up (spin-
down) modes, respectively, and A,»=1N4 denotes of the spinors
of the corresponding quasi-particle modes. The explicit forms

of the spinors A;—; 4 can be given by

uiel 1 %X %) uzen viel
N 0 A 0 A 0 A 0
Al - O b A2 == 0 ) A3 = 0 9 A4 = O )
V1 up V2 uj
where
ui2) = \/ va Vi) = \/ TH7 Q)
A(6) A(m—0)
ey = , e =", (6)
| A(6) | |A(m—0) |
where @ = /E2—|A(0)]> for E > 0, £ =

_VEEZTA(O)F for E < 0, @ — \/EZ = [A(x—=8)? for
E >0, &= —\/Bm for E < 0. The magni-
tude of the z-component of the wave vectors of electronlike
(holelike) quasi-particles are denoted as ke and kp, respec-
tively, which are related to the quasi-particle excitation en-

ergy E and the transverse component k, of the wave vectors
by the following dispersion relation: kg () = 4 /kg (h) —&—k% =
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(2m/h?)(u £ Q), where kg () is the magnitude of the wave
vector of an electronlike (holelike) quasi-particle. In general,
the quasi-particle excitation energy E and the superconduct-
ing pairing potential A(@) are both much smaller than the
chemical potential (. As a result, one can set kg ~ kg ~ kp to
(2mp /H?) is

the magnitude of the Fermi wave vector in normal states.

simplify the theoretical treatment, where kg =

Similarly, there are four spin-down propagating modes in
the d-wave superconducting regions, and the corresponding
eigenfunctions can be written as: i) right-going electronlike
quasi-particle mode W, . | = By e'*#t1kY i) right-going hole-
like quasi-particle mode y; 1, | = Bye ™ itk iij) left-going
electronlike quasi-particle mode Y. | = Byeikeztiky iy
left-going holelike quasi-particle mode Wiy, | = Byelfnitiky,

where the explicit forms of the spinors B;_14 can be given by

0 0
b —uie] b —Voe€r
Bl - V1 i BZ - M2 )
L () - L O -
- 0 - - 0 -
po_ | Tuze2 p | —vier
By=| 27|, Ba=| ) )
L 0 - L O -

In the bridge region between two superconductor leads,
there are also four electron and four hole propagating modes,
which can be described by the following eigenfunctions:

[ _hx + l(h} + aRke,i)
Vei=1n4 = Bk +0hz TR izt ;
i 0
i 0
Whim1~4 = . 0 ethnistiky o (g)
A=l —h, — l(l’ly — (XRkh’,') ’
| H+E +h. + ok,

where H; 0 — (12 /2m) (k2 ()i +k}) — p and ke ) denotes
the z component of the wave vectors of electrons (holes) in the
bridge region, respectively, which are related to the excitation
energy E and the transverse component k, of the wave vectors

by the following dispersion relations:

(Hf —E)* =g — (hy + athe)* = (he — aky)* = 0, (%)
(—HP —E)? — 2 — (hy — athy ;) — (h, + atky)* = 0. (9b)

4

The scattering states in each different regions of the junc-
tion can be constructed from the linear combination of the cor-
responding propagating modes in each different regions. For
example, for spin-up electronlike quasi-particles incident from
the left superconductor lead, the wave functions of the scatter-

ing states in the left superconductor lead can be expressed as

follows:

Y(z<0)=Yrer +rVint +n2Vies +r3Win, +r4Vie, |,
(10)
where ry (r3) are the Andreev reflection coefficients without
(with) spin flip and r, (r4) the normal reflection coefficients
without (with) spin flip, respectively. In the bridge region
between two superconductor leads, the wave functions of the

scattering states can be expressed as

PO<z<L)y=a{W¥e1+a5Wer+a5Ve3+aiWes
+al W1 + a3 Who +d3Whs +ajvhg, (11)

h . . .
where a?:(1)~4 are the scattering coefficients corresponding to

the four electron (hole) propagating modes in the bridge re-
gion, respectively. In the right superconductor lead, the wave
functions of the scattering states can be expressed as

W(z>L)=tVWint +0Wier +65Win, +aVie,, (12)

where t;—;4 are the transmission coefficients. All the scatter-
ing coefficients in the wavefunctions (10)—(12) are determined
by the interfacial boundary conditions at z = 0 and L, which

are
P(07)=¥(0"), (13)
W(L+0")=P(L+0"), (14)
0,¥(07) =0.¥(0"), (15)
P, (L+07)=0,¥(L+0T), (16)
where
. 19Hp4g
YT R ok,

is the velocity operator.

By the procedure outlined above, for a fixed quasi-particle
excitation energy E and ky, the wavefunctions corresponding
to various scattering processes can be constructed in a simi-
lar form. On the basis of these wavefunctions, we can con-
struct the retarded Green’s functions GR(z,7;E k) follow-
ing McMillans” method.**! To construct the retarded Green’s
functions, we need the wavefunctions and the conjugates of
all relevant outgoing waves due to various types of scattering
processes and the conjugate processes. Let us take the retarded
Green’s function in the left superconductor lead region (with
7,7 < 0) as the example. In this region, for electronlike or
holelike quasi-particles incident from the left or from the right
superconductor lead, there are eight different types of outgoing
waves in total, and the corresponding scattering wavefunctions

can be expressed as follows:
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WI(Z) :Al 1kez+1k)y+a A elkhz+1kv)+b A3eflkez+1k)y_~_c B elfnztiky +diBse ikez+ikyy (17a)
7169 :Azeflkhzirlk‘y +arAse 1kez+1k)y+b A, e iknztiky +erBie ikez+ikyy +dB e tknztikyy (17b)
v3(z) = By ekt by o g By thntiby 4 py Beikettiky 4 oAy ethnatiky 4 gy Ay e ikettikyy (17c)
W4(Z) — B‘Zefikhz+ikyy +a4B‘3efikez+ikyy +b4é4eikhz+ikyy +C4A3efikez+ikyy +d4A"4eikhz+ikyy’ (17d)
Vs (Z) — EIAS e ikeztikyy Jrf1A4eikhz+ikyy JrngSe—ikcz—Hkyy +h13‘4eikhz+ikyy, (17e)
llfé(Z) — 62A4eikhz+ikyy —‘r—f2A3 e—ikez+ik,-y _’_g2g4eikhz+ikyy + hzl% e—ikez-ﬁ—iky}" (17
ye(z) = e3B; e iketiky +f3é4eikhz+ikyy +g3/i3 e tkertiky +h3A4eikhZ+ik"y, 17g)
ws(z) = e4é4eikhz+ikyy +f4é3 e ikeztikyy —|—g4A4eikhz+ikyy + h4A3 efikeerik).y) (17h)

where V.4 represent the scattering processes when spin-up electronlike quasi-particles, spin-up holelike quasi-particles, spin-
down electronlike quasi-particles, and spin-down holelike quasi-particles are incident from the left superconductor leads, respec-
tively, while s, g represent the corresponding scattering processes when quasi-particles are incident from the right superconduc-
tor leads, respectively. The coefficients a; (c;) are the Andreev reflection amplitudes without (with) spin flip and b; (d;) the normal
reflection amplitudes without (with) spin flip, respectively. The coefficients e;, fi, g;, and h; are the transmission amplitudes. All
these coefficients are determined by the interfacial boundary conditions (13)—(16) for the corresponding wave functions. Sim-
ilarly, in terms of the eigensolutions of the conjugated BdG Hamiltonian, the conjugated wavefunctions corresponding to the
conjugate processes of the eight different types of scattering processes described above can be expressed as follows:

W (Z,) _ CA ikez —ikyy +a C4elkhz —ikyy +b/ Cw3e7ikez —ikyy +c'D elkhz —ikyy —l—d,D eflkez ikyy (18a)
-Z(Z/) "Ze—lkhz ikyy +a CSe—lkez —ikyy +blzc"w eikhzl—lkv} +chDse ikez —ikyy +d’D elkhz ikyy (18b)
_3(2/) _ [)1 ikez +ikyy +d-D elkhZ —ikyy +b/3[)3€ ikez' 1k,v+c é elkhz —ikyy +d/C e ikeZ' —ikyy (180)
_4(Z/) — Dzefikhzq»ikyy +a£‘D3efikez’,ikyy +bgDL‘eikhz/,ik).y_'_Cgé:;efikez/,ikyy +d£é4eikhz/,ik),-y7 (18(:1)
_ ~ s /_; , A . /s N s T ~ . /i
5(7) = &y Cye et~k f18y ekt =ik 4 of Pye ket =ik 4yl P, elknt —iky (18e)
_ A ik —ikey A i iy PR T T R
6(2/) _ 6/2C4e1khz ikyy +f2/C3e ikez —ikyy +g/2D4elkhz ikyy +h/2D3e ikez 1I<y)’ (le)
_ A YAy A A PR A ik iy ~ e iy
7(Z/) — 6/3D3 e ikez —ikyy —|—f3{D4elkhz ikyy +g'3C3e ikez —ikyy +h/3c4e1khz 1/@,}7 (lgg)
B T AT T A N i N
W (Z/) _ 62D4elkhz ikyy +f4(D3 e ikez' —ikyy JrgQCwIkhZ ikyy +/’l£1C3€ ikeZ 1kyy’ (18h)
where C‘i:1N4 and D;_, 4 are the spinors determined by the conjugated BdG Hamiltonian, with
uze) [viel [uie v2€)
A 0 A 0 A 0 A 0
C] = 0 bl C2 - O ’ C3 = 0 I’ C4 = 0 I’ (19a)
1% | U1 L V1 uz
0 [0 [0 0
D _ —uzen Dz _ —viel D _ —uieg A, —Ven (19b)
1 vy ) ui ) 3 v ) u
0 0 0 0

All the coefficients in Eqs. (18a)—(18h) are also determined by the interfacial boundary conditions (13)—(16) for the corresponding
wave functions. After all the relevant wavefunctions in Eqs. (17)—(18) are determined by the interfacial boundary conditions at
z=0 and z = L, the retarded Green’s functions GR (z,Z;E,ky) in the left superconductor lead region (with z,z < 0) can be
constructed from a linear combination of y;(z) ll_/j(Z/)T, which are 4 x 4 matrices in Nambu-spin space and can be expressed

explicitly as follows:

Gee(2,7E ky) Gen(z,7;E ky)

GR (2,7 E k) , 20
(=25 Zg”"” Ghe(2,75E ky) G2, 73, ky) <0

\
wherei=1~4and j=5~8ifz>7,i=5~8and j=1~4  |. For simplicity, in the following we denote GR(z,z';E,ky)

if z< 7, and Gap (o, B € {e,h}) are 2 x 2 matrices in spin  simply as G(z,7). The Green’s functions so constructed sat-
space and their elements are denoted as Gp v5, With v,6 =1 isfy the following equation of motion: [E —HApys(2)]G(z,7) =
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6(z—7/). By integrating this equation at z = 7, the following
boundary conditions can be obtained for G(z,7') atz =7/,

G(z,z—0) =G(z,z+0), 2n

d d 2m

where 7, represent the Pauli matrices in Nambu space. The
coefficients g;; in Eq. (20) are determined by the boundary
conditions (21)-(22).

There are 16 elements in total in the retarded Green’s
function matrix G(z,z'). From the expressions of the current
operator in the superconductor lead regions (see Egs. (28)-
(29) below), one can see that the elements Gee 1), Gee 1
th,Tl’ th,iT’ Geh,TT’ Geh,u’ Ghe.,TT, and GheA,u are not in-
volved in the calculations when we calculate the charge cur-

rent in the superconductor lead regions using the retarded
Green’s function matrix. Due to this fact, the expressions of
G(z,7') can be simplified substantially by setting these unin-
volved elements to zero. By this simplification, we find that
G(z,7) defined by Eq. (20) can be equivalently expressed
as the sum of two different parts: G(z,7) = G (z,7) +
GW(z,7), where G (z,7/) and GW(z,7') are 4 x 4 matrices
in Nambu-spin space and can be expressed by a set of sim-
plified outgoing wavefunctions and the conjugates which take
into account the contributions of spin-up and spin-down prop-
agating modes separately. For instance, in the left supercon-
ductor lead region GM (z,7') can be expressed by the follow-
ing simplified forms of the wavefunctions yi, y», Y5, and yg,
which are given in Egs. (17a)—(17h) and their conjugates are
given in Eqgs. (18a)—(18h),

Vi (z) = Ay ety 4 g Agethnetiby 4 p Az e ihectiby, (232)
w(z) = A e~ thnatiky | g Ay e ik tiky | A, e iknitikyy, (23b)
¥s(2) = etAze Hestiby 4[4, eihnatiby, (23¢)
ll’é(z) _ 62A4eikhz+ik)y +f2A3 e—ikez+ikyy’ (23d)
W1 () = Crethe? 7hy g g Cyethnd =ik y pl Ey e 1he? —ik, (23¢)
_Z(ZI) _ ’\zefikhz’fik)-y —|-Cl/zé3 efikezlfikyy +b/26"v4eikhz’7ikyy’ (23f)
Fs(e) = €l Cre el T g i ol ik, (3%)
V() =¢) A4eikhz/7ik)-y+f2/é3efikez’fikyy. (23h)

But it should be stressed that all scattering coefficients in these simplified wavefunctions and the conjugates, including a;, b;, e;,
fi» d}, b, €}, and f], should still be calculated by use of the complete scattering wavefunctions given in Egs. (17a)—(17h) and the
conjugates given in Eqgs. (18a)—(18h), which in combination with the interfacial boundary conditions (13)—(16) include not only
the effect of all spin-conserving interfacial scattering processes but also the effect of all spin-flip interfacial scattering processes.
The equation set Egs. (23a)—(23h) only means that some elements of G(z,7') can be obtained equivalently by use of the above
simplified forms of y1, Y, s, and Yy and the conjugates. Due to the presence of spin-orbit coupling and Zeeman splitting in
the bridge region, the spin-up and spin-down scattering processes should be treated as a whole but cannot be treated separately
as simplified in the equation set Eqs. (23a)—(23h).

Substituting Egs. (23a)—(23h) into Eq. (20), we find that in the left superconductor lead region G (z,7') can be expressed
in the following explicit forms:

GV(z,7) = w1 ()W () + 2y (2)Wg () + sy () WA () + cu i (2) W () (24a)

for7 <z<0,and

GD(z,7) = Biws(2) W] () + Bowe () W1 () + Bsws (2) W3 () + Bawe (2) W3 (2) (24b)

for z < 7/ < 0. In Eqgs. (24a) and (24b), the coefficients ¢;—;~4 and Bi—i.4 are determined by the boundary conditions (21)—(22)
for the Green’s functions at z = z’. Making use of these boundary conditions and after some straightforward algebras, GM (z,7)
can be further simplified to the following form (for 7/ < z < 0):
M (z,z’) = [Alé}“eike(z—z’) + alA4é3Teikhz—ikez/ + b1A3é;Fe—ikez—ikez/]
T [Azé‘"{e—ikh(z—z’) JrazASéI e—ikcz+ikhz’ + bz[hé}eikthrikhz’]7 (25)
where A;_..4 are the spinors defined in Eq. (4) and élT: 14 the transposes of the spinors defined in Eq. (19a), and j; and j; are
two coefficients defined by

. mE
J1

T i T ik,

mE 26)
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Similarly, by the same procedure as above, we find that in the left superconductor lead region G) (z,7') can be expressed in the

following explicit forms (for 7/ < z < 0),

G(L)(Lz/):jl[élf);reike(zfz/)+a1g4f)geikh17ikez’+blé3ﬁgefikezfikez/]
+J-2[862D1"efikh(zfz’)+02§3D1"efikez+ikhz’+bzé4bzeikhz+ikhz’]’ (27)

where B;_j.4 are the spinors defined in Eq. (7) and DiT:l~4
are the transposes of the spinors defined in Eq. (19b). The
advanced Green’s functions can be constructed by incoming
waves in a similar way as above.

After all the relevant Green’s function matrices are ob-
tained, the Josephson current in the superconductor leads can

40,41

be calculated from them. %41 Firstly, we derive the charge

current density operator from the charge density operator,
which reads

N I . A

where ¥ (z) and ¥(¢') are the field operators and e the elec-

tron charge and z = 7 +0. From the time derivative of the
charge density operator, the following continuity equation are
obtained:

d n oA
Zp+Vit+S=o,
- P+VI+

where J is the quasi-particle part of the charge current den-
sity operator and $ is the source term (The physical origin
of the source term is due to the non-self-consistency of the
mean-field treatment of Cooper pairing states. In a fully self-
consistent calculation, the source term is vanished. See, e.g.,
Refs. [43—46]), which are given respectively by

F= (2 0 QW)+ 0] (9 + B )+ ) e8)
§= 5 @+ AN E) - ¥ Q9] ()~ MW + 9 Q¥ (), 9

where the superconducting paring potential operators A (z) and A (z') act on the field operators ¥ (z) and ¥(z'), respectively. The
Josephson current is given by I = (/) + [ (S)dz, where (/) and (S) denote the expectation values of J and S, which can be obtained
by summing all the relevant contributions from the relevant Green’s function matrix elements. After some straightforward but

cumbersome algebras, the total Josephson current can be expressed in the following explicit form:

ke+kh |A(9) ‘
ke ot |A6) P

ekgT
1= / ko,

where the energy argument is analytically continued to the
Matsbura frequencies @, = i(2n+ 1)/B. On the basis of
this formula, we can calculate the the Josephson current and
the current-phase relation under various different situations by
means of numerical methods.

3. Results and discussion

In the following we present the numerical results obtained
based on the formalism outlined above. For convenience, in
the results presented below, the magnitudes of all relevant
quantities are given in dimensionless forms as following: the
strength of Rashba SOC is measured by a dimensionless quan-
tity o0 = 2mo / 12k, the strength of Zeeman splitting and su-
perconducting paring potential are measured in units of the
chemical potential u, the magnitude of the Josephson current
is measured in units of eAg /A, the width L of the bridge re-
gion between two superconductor leads is measured in units
of the superconducting correlation length & = W kg /mAy, and

(a1 +as)

Cketkn  |A(—9)]
kn /@24 [A(x—6) 2

(a2 + a4) , (30)

the temperature 7' is measured in units of the critical temper-
ature .. We set L =0.1& and T = 0.17; in the numerical
calculations.

A fundamental property of a Josephson junction is
its current—phase relation (CPR). In general, the Joseph-
son current can be decomposed into a Fourier series of
1(9) =

Y>1 nsin(ng) 4 J, cos(n@)], where the current components

contributions of different orders as following:

with index n correspond to the contributions of the n-th reflec-
tion processes of quasi-particles.?! If time reversal symmetry
or inversion symmetry is conserved in the system, the coeffi-
cients J,, vanish for all n since in such cases I(¢) = —I(—¢),
and consequently no Josephson current can occur at zero phase
bias. Furthermore, if the higher-order current components
with index n > 2 are negligible, the CPR then reduces to the
ordinary sinusoidal form, 7(¢) ~ I sin(¢), with I the criti-
cal current. This is usually the case in the absence of spin—

orbit coupling and Zeeman splitting. However, the presence of
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spin—orbit coupling and Zeeman splitting would invalidate this
simple argument. For the system under consideration, both
time reversal symmetry and inversion symmetry can be simul-
taneously broken by tuning some relevant parameters of the
system, including the relative orientations and the strengths of
the Zeeman field and the spin—orbit field in the bridge region,
the relative orientations between the a axes in two supercon-
ductor leads, or the relative orientations between the Zeeman
field in the bridge region and the a axes in the superconductor
leads. In the following discussions we focus on how the CPR
varies as these relevant parameters are tuned. We show that the
CPR of the system may exhibit a series of novel features due
to the interplay of these complicated factors and anomalous
Josephson current may occur at zero phase bias under various
different situations when both time reversal symmetry and in-
version symmetry of the system are simultaneously broken.
Since the pairing potentials in d-wave superconductors
are anisotropic, the CPR of the considered structure would
depend on the relative orientations of the a axes in two su-
perconductor leads, which are characterized by the angles ar,
and ag, respectively. We first consider the situations where
the orientations of the a axes in two superconductor leads are
parallel to each other and also parallel to the direction of the
current flow, corresponding to that the angles a;, = ag = 0. In
Figs. 1(a)-1(c), we show several numerical results for the CPR
obtained in such situations for various directions and strengths
of the Zeeman field. For convenience of comparison, the val-
ues of all other parameters are set to be the same in all panels.
Figure 1(a) shows that when the direction of the Zeeman field
is along the x axis, the magnitude of the Josephson current can
be changed significantly as the strength of the Zeeman field
is varied, but the basic features of the CPR curves remain the
sinusoidal-like forms and posses 27 periodicity in the phase
bias ¢, and though both time-reversal symmetry and inversion
symmetry are broken in the cases shown there, no anomalous
Josephson current occurs at zero phase bias. Just as usual, the
first harmonic component /; sin(¢) plays the predominant role

in the Josephson current in these cases and the contributions
of other harmonics are negligible.

Figures 1(b) and 1(c) show that when the direction of the
Zeeman field is along the y axis or along the z axis, both the
magnitude of the Josephson current and some basic features
of the CPR (e.g., the periodicity in ¢ or the curve shapes of
the CPR) may be significantly changed as the strength of the
Zeeman field is varied, and furthermore, a finite anomalous
Josephson current may occur at zero phase bias under some
circumstances. For instance, in the cases of A, /1 =0.75 and
1.0 in Fig. 1(b), the CPR possess a 2z-periodic dependence
on the phase bias ¢ and no anomalous Josephson current oc-
curs at @ = 0. In these two cases, the first harmonic com-
ponent [; sin(¢) plays the predominant role in the Josephson
current and the first harmonic component Jj cos(¢) is neg-
ligible as usual. In contrast, in the case of h,/u = 0.25 in
Fig. 1(b), though the CPR still possess 27 periodicity in ¢, a
finite anomalous Josephson current occurs at zero phase bias.
In this case, the first harmonic component 7; sin(¢) still plays
the predominant role in the Josephson current, but the contri-
bution of the first harmonic component J; cos(¢) is not neg-
ligible, while the higher-order current components with index
n > 2 are still negligible. In the case of h,/u = 0.5 in Fig. 1(b),
the periodicity of the CPR in ¢ is no longer 27 but becomes
to be 7, and no anomalous Josephson current occurs at zero
phase bias. From these features and the curve shape of the
CPR in this case, one can see that the second harmonic com-
ponent I, sin(2¢) plays the predominant role in the Josephson
current in this case and the contributions of the two first har-
monic components are negligible. Similar significant changes
can also be found in the cases shown in Fig. 1(c). It is also
noted that when the first harmonic components play the pre-
dominant role in the Josephson current, O—7 transitions may
also be induced as the strength or the orientation of the Zeeman
field is varied. For example, in the cases shown in Fig. 1(c),
the CPR is typical of a m-state when A,/u = 0.75 and typical
of a 0-state when h;/u = 1.0.

1.0 0.5 0.15 T T
e () = (0, h,,0) (©h=(0,0,h)
—h /=050 y ;
0.5 /=075 0.10r
: —h/u=1.00
i} ‘ _ 0.05¢
I < I
=0 20 =0
= 2 =
— h/u=025 —0.05 b /p=025
—0.5 — h/u=050 — W /=050
(@) h=(h_,0,0) h/p=0.5 —0.10 h/u=0.75
N — h/u=100 — h/u=1.00
-1.0 —0.5 —0.15 ‘ ‘ .
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0 0 05 1.0 1.5 2.0
&/ @/ ¢/

Fig. 1. The Josephson current as a function of the phase difference ¢ for various directions and strengths of the Zeeman field h. In panels (a)—(c), the
directions of the Zeeman field are set along the x axis, the y axis, and the z axis, respectively. The strengths of the Zeeman field are shown in the figures and
the other parameters are setas T = 0.17;, L=0.1€, A = 10‘3/.L, a=0.5a =0,agr =0.
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1.0 ¥ 0.6 005 h =025
— h/p=025 —AH=D
— h /=050 04 ®E=0R.0) o _::71:8:2
— 2 ./ u=0.
05 h/u=0.75 0.03 — h/u=100
— h/u=100 0.2} 0.02 :
I, 3, T\ 3 001
= ) N F o
=02y —h/u=025 —0.01
-0.5 —h /=050 —0.02
—04} h/u=0.75
(@ h=(h,0,0) L /Z: oo 003 (©) 7 =(0,0,h)
~1.0 s - - —0.6 : : : —0.04 : :
0 0.5 1.0 1.5 2.0 0 0.5 1.0 L5 2.0 0 0.5 1.0 15 2.0

o/n

¢/n o/

Fig. 2. The Josephson current as a function of the phase difference ¢ for various directions and strengths of the Zeeman field h. In panels (a)—(c), the
directions of the Zeeman field are set along the x axis, the y axis, and the z axis, respectively. The strengths of the Zeeman field are shown in the figures and
the other parameters are set as T = 0.17., L=0.1&, Ag = 1073y, & = 0.5, ap, = /4, ag = /4.

Next we consider the situations where the orientations of
the a axes in two d-wave superconductor leads are still paral-
lel to each other but misalign with the direction of the current
flow. We take the situations where the angles a;, = ag = 7/4
as the examples. In Figs. 2(a)-2(c), we show several numeri-
cal results for the CPR obtained in such situations for various
directions and strengths of the Zeeman field. For convenience
of comparison, the values of all other parameters are set to be
the same as in Figs. 1(a)-1(c). We can see that the basic fea-
tures of the CPR shown in Figs. 2(a)-2(c) are largely similar as
compared with the corresponding results shown in Figs. 1(a)-
1(c). This suggests that if the orientations of the a axes in two
superconductor leads keep parallel to each other, the changes
of the relative orientations of the a axes in two superconductor
leads with respect to the direction of the current flow has only
some small influences on the basic features of the CPR, pro-
vided that the values of all other relevant parameters remain
unchanged.

Now we consider the more complicated situations where
the orientations of the a axes in two d-wave superconductor
leads are not parallel to each other. We take the situations
where the angles a, = 0 and ag = 7/4 as the examples. In
such situations, the direction of the current flow is parallel to
the a axis in the left superconductor lead but forms an angle
of m/4 with the a axis in the right superconductor lead. In
Figs. 3(a)-3(c) we show several numerical results for the CPR
obtained in such situations for various directions and strengths
of the Zeeman field. For convenience of comparison, the val-
ues of all other parameters are still set to be the same as in
Figs. 1(a)-1(c) and 2(a)-2(c).

By comparing the corresponding results shown in
Figs. 1-3, one can see that the CPR exhibits more rich
and more complicated features in the situations illustrated in
Fig. 3, and more significant changes may be induced both in
the magnitude of the Josephson current and in some basic fea-
tures of the CPR as the strength of the Zeeman field is varied.
For instance, in the cases shown in Fig. 3(a), the periodicity

of the CPR in ¢ is 27 and the Josephson current vanishes at
¢ =m/2 and ¢ =37/2, but a finite anomalous Josephson cur-
rent occurs at ¢ = 0. From these features and the shapes of
the CPR curves in these cases, we can deduce that the Joseph-
son current in these cases can be expressed approximately as
a combination of the first harmonic component J; cos(¢) and
the second harmonic component /sin(2¢). Which compo-
nent plays the predominant role in the Josephson current de-
pends on the strength of the Zeeman splitting. For example,
in the case of h,/u = 0.25, the second harmonic component
bLsin(2¢) plays the predominant role, while in the case of
hy/u = 1, the first harmonic component J; cos(¢) plays the
predominant role.

In the cases shown in Fig. 3(b), when h,/u = 0.25, the
periodicity of the CPR in ¢ is & and a small anomalous Joseph-
son current occurs at zero phase bias. The Josephson cur-
rent is also nonvanishing at ¢ = 7/2. From these features and
the shape of the CPR curve in this case, we can deduce that
the Josephson current in this case can be expressed approx-
imately as a combination of the two second harmonic com-
ponents I, sin(2¢) and J, cos(2¢), with the I, sin(2¢) compo-
nent playing the predominant role. In contrast to the case of
hy/u = 0.25, when hy/u = 0.5, 0.75, and 1.0, the periodicity
of the CPR in ¢ is still 7, but the Josephson current vanishes
both at ¢ = /2 and at ¢ = 0 (i.e., no anomalous Josephson
current occurs at zero phase bias). From these features and the
shapes of the CPR curves in these cases, we can deduce that
the Josephson currents in these cases are predominated by the
L sin(2¢) component and the contributions of other harmonics
are negligible.

In the cases shown in Fig. 3(c), the periodicity of the
CPR in ¢ is 27 and a finite anomalous Josephson current oc-
curs at zero phase bias in all the cases shown there. From
the features of the CPR curves in these cases, we can deduce
that the Josephson current in these cases can be expressed ap-
proximately as a combination of the first harmonic component

Jicos(¢) and the second harmonic component I sin(2¢). It
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is also interesting to note that, since the magnitude of the
anomalous Josephson current is determined by the first har-
monic component Jj cos(¢) in these cases, the magnitude of

the anomalous Josephson current at zero phase bias in these
cases is comparable to the maximum value of the Josephson
current at ¢ # 0.

0.15 ; : 0.10 mapy ey 0.06 :
(@) h=(,0,0) — /=050 (c)h=1(0,0,h)
0.10 + h/u=0.75 0.04

0.05 —h /p=1.00

0.02

hl led,
()
0

¢

hi Jed
fem)

—0.02

— h/p=025 ~0.05 — h/u=025
0.10 — h/u=050 0.04 — h/u=0.50
e h/u=0.75 =0 h/u=0.75
— b /u=1.00 (b) h = (0, K\0) — h/u=100
—0.15 P ‘ —0.10 kL ‘ —0.06 : : :
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
¢/n ¢/ o/

Fig. 3. The Josephson current as a function of the phase difference ¢ for various directions and strengths of the Zeeman field h. In panels (a)—(c), the
directions of the Zeeman field are set along the x axis, the y axis, and the z axis, respectively. The strengths of the Zeeman field are shown in the figures and
the other parameters are set as 7 = 0.17., L=0.1&, Ag = 103y, & = 0.5, a, =0, ar = /4.

0.10 , : : : 0.20 ' ' ' ' 0.04 '
—o=0 — o=0 —a=0
—a=05 0.15 — a=05 0.03 —a=05
0.05 0.10 0.02
- _ 005 0.01 ﬁ“n
3 3 A N v g
v
= 0 =, 0 v/ X 0 V
= = \/ =
—0.05 —0.01
—0.05 —0.10 —0.02
—0.15 —0.03
@a, =0,a,=0 (b)a, =n/4, a, =n/4 (©)a, =0,a,=m/4
—0.10 . . . . —0.20 . . . . —0.04 . . . .
0 01 02 03 04 05 0 01 02 03 04 05 0 01 02 03 04 05
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Fig. 4. The anomalous Josephson current , at zero phase bias as a function of the Zeeman field strength A, for the Rashba SOC strength = 0 and o = 0.5.
The orientations of the a axes in two superconductor leads are set as ap, = ag = 0 in panel (a), ar, = ar = /4 in panel (b), ap = 0 and ar = 7/4 in panel (c).

The other parameters are set as T = 0.1T., L= 0.1, Ag = 103 p.

The numerical results shown above indicate that, due to
the interplay of Rashba SOC and Zeeman splitting and d-wave
pairing, anomalous Josephson current may occur at zero phase
bias in the considered structure under various different situa-
tions, and both the magnitude and the direction of the anoma-
lous Josephson current may depend sensitively not only on
the relative orientations of the Zeeman field and the spin—orbit
field in the bridge region but also on the relative orientations
of the a axes in two superconductor leads. For example, the
results shown in Fig. 1(b) and Fig. 2(b) indicate that if the a
axes in two superconductor leads are parallel to each other,
anomalous Josephson current may be induced by a Zeeman
field orientating along the y axis in the bridge region. The re-
sults show in Figs. 3(a)- 3(c) indicate that if the a axes in two
superconductor leads are misaligned, anomalous Josephson
current may be induced by a Zeeman field orientating along
an arbitrary direction in the bridge region. It also should be
noted that, since both the first harmonics and the second har-
monics may play important roles in the Josephson current in
the considered structure and their relative weights may depend
sensitively on a number of complicated factors, the anoma-

lous Josephson effect in the considered structure can not be
accounted for by simply introducing an anomalous phase shift
in the CPR.

When the relative orientations of the Zeeman field and
the spin—orbit field in the bridge region and the a axes in two
superconductor leads are fixed, both the magnitude and the di-
rection of the anomalous Josephson current may also depend
sensitively on the strengths of the Zeeman field and the spin-
orbit field in the bridge region. To illustrate this fact more
clearly, in the following discussions we take the situations
where the Zeeman field is orientated along the y axis as the
examples. In Figs. 4(a)-4(c) we show the anomalous Joseph-
son current [, at zero phase bias as a function of the strength
hy of the Zeeman field for the Rashba SOC strength ov = 0
and a = 0.5, with the orientations of the a axis in two super-
conductor leads set to be: (a) ap, =ar =0, (b) a. = ar = /4,
and (c) a, =0, ar = /4, respectively. Figures 4(a)—4(c) show
that the anomalous Josephson current is suppressed obviously
for o = 0, independent of the strength h, of the Zeeman field.
In contrast, for ¢ = 0.5, a finite anomalous Josephson cur-
rent may occur when £, # 0. As the value of A, is varied, the
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anomalous Josephson current reverses its direction of flow fre-
quently at approximately regular intervals and the magnitude
of the anomalous Josephson current changes significantly in
an oscillating manner, and the amplitude of the oscillations
decreases gradually with the increase of ,.

In Figs. 5(a)-5(c) we show the anomalous Josephson
current I, at zero phase bias as a function of the Rashba
SOC strength o for the Zeeman field strength h,/u = 0 and
hy/u = 0.25, with the orientations of the a-axis in two super-
conductor leads set along the same directions as in Figs. 4(a)-

4(c), respectively. Figures 5(a)-5(c) show that, for h,/u =0,
the anomalous Josephson current is suppressed obviously, in-
dependent of the Rashba SOC strength ¢. In contrast, for
hy/u = 0.25, a finite anomalous Josephson current may oc-
cur when « is sufficiently large. The anomalous Josephson
current also changes in an oscillating manner as the value of
a is varied, but unlike the results shown in Figs. 4(a)—4(c),
both the amplitude and the period of the oscillations increase

gradually with the increase of a.
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Fig. 5. The anomalous Josephson current I, at zero phase bias as a function of the Rashba SOC strength ¢ for the Zeeman field strength 4, /u = 0 and
hy/u = 0.25. The orientations of the a axes in two superconductor leads are set as a;, = ar = 0 in panel (a), a. = ar = /4 in panel (b), ap, =0 and ar = /4
in panel (c). The other parameters are setas T = 0.1T;, L= 0.1, Ag = 10_3[.L.

4. Conclusions

In summary, based on the Bogoliubov—de Gennes equa-
tion and the extended McMillan’s Green’s function formal-
ism, we have presented a systematic theoretical investigation
on the Josephson effect between two d-wave superconductors
bridged by a ballistic 2DEG with both Rashba SOC and Zee-
man splitting. The Josephson current and the CPR are calcu-
lated under various different situations. We show that due to
the interplay of Rashba SOC and Zeeman splitting and d-wave
pairing, the CPR in such a heterostructure may exhibit a series
of novel features and can change significantly as some relevant
parameters are tuned. In particular, anomalous Josephson cur-
rent may occur at zero phase bias under various different situ-
ations when both time reversal symmetry and inversion sym-
metry of the system are simultaneously broken, which can be
realized by tuning the relative orientations and the strengths of
the Zeeman field and the spin—orbit field in the bridge region,
the relative orientations of the a axes in two superconductor
leads, or the relative orientations between the Zeeman field in
the bridge region and the a axes in the superconductor leads.
It is also shown that both the first and the second harmonics
may play important roles in the Josephson current and their
relative weights also depend sensitively on these complicated
factors, and due to this fact, the anomalous Josephson current
in the considered structure can not be accounted for by simply
introducing an anomalous phase shift in the CPR.
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