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In quantum open systems, non-Markovianity is an important phenomenon that allows a backflow of information
from the environment to the system. In this work, we investigate the non-Markovianity problems in two different types of
channels, where the system–environment interactions are treated with and without the rotating-wave approximation (RWA).
We employ the quantum interferometric power (QIP) to quantify the non-Markovian dynamics, which is the minimal
quantum Fisher information obtained by the local unitary evolution in a bipartite system. By the hierarchy equation method,
we calculate the dynamical evolution of the QIP in the non-RWA case. The results show that the dynamical behavior under
the non-RWA is significantly different from that under the RWA in both weak and strong coupling. Moreover, in the
non-RWA case, we also find the nonmonotonic behavior of the non-Markovianity measure with the variation of coupling
strength, which is caused by the competition between the rotating-wave terms and the counterrotating-wave terms. As a
result, we highlight the importance of the counterrotating-wave terms for the influence of non-Markovianity.
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1. Introduction

In realistic quantum processes, a quantum system is gen-
erally considered as an open quantum system since it unavoid-
ably interacts with its environment. The decoherence caused
by system-environment interactions is one of the huge chal-
lenges in the implementation of quantum information pro-
cessing. For weak system–environment coupling and short
environment correlation time, the dynamics of an open sys-
tem can be studied by the Markovian approximation, which
neglects the memory effects of the environment. However,
the Markovian approximation can not optimally describe most
open quantum systems in the strong coupling regime, which
are non-Markovian.[1–3] Moreover, non-Markovian dynamics
allows a backflow of information from the environment to the
system, which leads to a recovery of quantum features, such
as the phenomenon of entanglement from disappearance to
recovery.[4,5] Non-Markovianity is a useful complement to the
basic theory of quantum mechanics and has many applications
in dealing with the complex dynamics of open systems,[6]

such as chaotic systems,[7] optomechanical systems,[8] and
waveguide quantum electrodynamics systems.[9] To quantify
non-Markovianity, many measures and witnesses have been
proposed based on the trace distance of quantum states,[10]

quantum entanglement,[11,12] quantum fidelity,[13] quantum
coherence,[14] quantum Fisher information flow,[15] quantum
mutual information flow,[16] and relative entropy.[17] Impor-

tantly, non-Markovian dynamics has been successfully ob-
served in many experiments.[18–21]

In Ref. [22], the authors first proposed the concept of
quantum interferometric power (QIP), which is defined by the
minimal quantum Fisher information obtained by the local
unitary evolution in a bipartite system. The QIP is a useful the-
oretical tool that can be applied to quantify discord-like quan-
tum correlations. Then, the QIP was employed to characterize
the non-Markovianity of the open system in a local decoher-
ence channel,[23] where the Hamiltonian can be modeled by
the interaction between a qubit system and a thermal reser-
voir under the rotating-wave approximation (RWA), i.e, the
so-called Jaynes–Cummings (JC)-type interaction. However,
the RWA description for an open quantum system is only ac-
ceptable under the weak-coupling condition. With the increase
of coupling, the counterrotating terms in the non-RWA may
lead to conclusions quite different from the RWA cases.[24]

For example, the effect of counterrotating terms has been
found to play a significant role in characterizing the two-stage
Landau–Zener transition,[25] the quantum Zeno phenomenon
for a hydrogen in free space,[26] the temporal quantum steer-
ing behavior[27] and the absence of vacuum-induced Berry
phases.[28]

In this work, we study the influence of the non-RWA
decoherence channel on the dynamical evolution of QIP. To
calculate the dynamics under the non-RWA channel, we use
the hierarchy equation method introduced in Refs. [29,30].

†Corresponding author. E-mail: sunzhe@hznu.edu.cn
‡Corresponding author. E-mail: xgwang@zstu.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

080302-1

https://doi.org/10.1088/1674-1056/accb4e
mailto:sunzhe@hznu.edu.cn
mailto:xgwang@zstu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 080302 (2023)

In this method, all orders of system–environment interactions
are included and the limitations caused by the Born, Markov,
and rotating-wave approximation are avoided. This method
has been successfully employed to exactly describe the open-
system dynamics in many physical systems, chemical systems
and quantum devices.[31,32] Our results demonstrate the dif-
ferent dynamics of QIP under the non-RWA channel and the
RWA channel. In addition, we also calculate the quantification
of non-Markovianity in terms of QIP under the two decoher-
ence channels and show how the counterrotating terms impact
the non-Markovian effect of the system.

2. Theoretical method
2.1. The non-Markovianity measure based on QIP

Let us introduce the black box parameter estimation task
(see the scheme in Fig. 1). A bipartite ρab is shared by Al-
ice and Bob. On Bob’s side, there is an unknown parame-
ter θ introduced by a black box device. The operation in the
black box is a local unitary evolution U = exp(−iθ Ia ⊗Hb),
where Ia is the identity operator acting on a, and Hb is the lo-
cal Hamiltonian acting on b. After the transformation, Alice
and Bob perform the optimal joint measurement on the final
state ρθ

ab to estimate θ . According to the quantum Cramér–
Rao inequality,[33,34] the lower-bound of variance of the unbi-
ased estimator θest is bounded by quantum Fisher information
(QFI), which is defined as[35,36]

ℱ(ρθ
ab,Hb) = 4 ∑

m,n

(λm −λn)
2

λm +λn
|⟨χm|Ia ⊗Hb|χn⟩|2, (1)

where ρθ
ab = ∑n λn|χn⟩⟨χn| is the spectral decomposition, and

λn +λm > 0. The minimum QFI over all Hb with nondegener-
ate is defined as the QIP (𝒬), which is[22]

𝒬(ρθ
ab) =

1
4

inf
Hb

ℱ(ρθ
ab,Hb), (2)

where 1/4 is a convenient normalization. Consider that the
subsystem b is a qubit system and the local Hamiltonian can
be written as Hb = 𝑟 ·𝜎, with 𝑟 = (r1,r2,r3) being the Bloch
vector and 𝜎 = (σx,σy,σz) the vector of Pauli matrices. Un-
der the special conditions, the QIP in Eq. (2) is given by the
analytic expression[22]

𝒬(ρθ
ab) = 1−Gmax

k , (3)

where Gmax
k is the maximum eigenvalue of the matrix K with

elements

Ki j = ∑
m,n

2λnλm

λn +λm
⟨χm|Ia ⊗σ

i
b|χn⟩⟨χn|Ia ⊗σ

j
b |χm⟩. (4)

For a general quantum state ρab, the QIP is a computable
measure of discord-type quantum correlations.[22] More im-
portantly, the value of QIP is monotonically decreasing un-
der arbitrary local completely positive and trace preserving

(CPTP) maps [denoted by Ma(t)] acting on the system a. The
composite dynamics of the bipartite system under the local
map Ma(t) can be written as

ρab(t) = (Ma(t)⊗ Ib)ρab(0), (5)

where Ib is the identity operator acting on b. For all dy-
namical semigroups and all time-dependent Markovian pro-
cesses, Ma(t) is a divisible CPTP map and QIP satisfies
d𝒬(ρθ

ab(t))/dt ≤ 0 for t ≥ 0 and any initial states.[23] There-
fore, if there exist an initial state and a certain time interval
such that d𝒬(ρθ

ab(t))/dt > 0, non-Markovianity will appear.
The quantification of non-Markovianity based on the QIP is
defined as[23]

𝒩𝒬(Ma) = max
ρab(0)

∫
D(t)>0

D(t)dt, (6)

where D(t) = d𝒬(ρθ
ab(t))/dt, and the maximum is taken over

all sets of possible initial system ρab(0). However, the max-
imization in the measure of Eq. (6) is hardly achievable by
finding the optimal state. Instead, we choose the maximum en-
tangled state as the initial state, i.e., ρab(0) = |Ψ⟩⟨Ψ |, |Ψ⟩ =
1/
√

2(|00⟩+ |11⟩). At least in this special initial state, the par-
tial non-Markovianity of the system dynamics can be reflected.
In addition, to emphasize the impact of the counterrotating-
wave terms, it is better to consider the same initial states and
to analyze the different non-Markovian dynamics between the
RWA and non-RWA cases.

rab

a

b

Bob

Alice
Environment

U=exp(-iqIa⊗Hb)

Ma(t)⊗Ib

qest

Fig. 1. The diagram shows the black box quantum estimation task. The
system a couples with a local environment, and a local unitary evolution
U acts on the system b.

2.2. RWA channel and non-RWA channel

The composite dynamical map is ρab(t) = (Ma(t) ⊗
Ib)|Ψ⟩⟨Ψ |. We first consider that Ma(t) is the single-qubit
non-RWA channel, which can be modeled by a qubit system
interacting with a bosonic bath. The Hamiltonian can be de-
scribed as

H =
ω0

2
σz +∑

k
ωka†a+∑

k
(σ++σ−)(gkak +g*ka†

k), (7)

where σz is the Pauli-Z operator, ω0 is the transition frequency
of the qubit system, a† (a) is the the bosonic creation (annihi-
lation) operator of the k-th mode of the frequency ωk, σ+ (σ−)

is the raising (lowering) Pauli operator, gk is the coupling
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strength between the qubit and the k-th mode of the environ-
ment. When the RWA is applicable, the Hamiltonian becomes

HRWA =
ω0

2
σz +∑

k
ωka†a+∑

k
(gkakσ++g*ka†

kσ−), (8)

where the counterrotating terms gkakσ− and g*ka†
kσ+ are omit-

ted when ω0+ωk ≫ |gk|. The counterrotating terms can cause
double excitation of the system and environment, i.e., it can
drive the system to jump from the low energy state to the high
energy state and emit a photon. To understand the physical na-
ture of double excitation process, it is generally accepted that
the absorption and emission of photons are virtual processes
(very short-lived photons).

Consider that the system a and the environment are ini-
tially in ρa(0)⊗ |vac⟩⟨vac|, where the environment is in the
vacuum state |vac⟩ ≡ ⊗k|0⟩k. The system-environment cou-
pling spectrum is assumed to be a Lorentzian broadening with

J(ω) =
1

2π

γλ 2

(ω −ω0)2 +λ 2 , (9)

where λ is the spectral width of the coupling, γ is the system-
environment coupling constant. The effective coupling can be
obtained as g2

eff =
1
2 λγ by integrating J(ω) over the entire re-

gion of ω .
Under the Hamiltonian HRWA, the dynamical map of sys-

tem a can be described as

Ma(t)ρa(0)=
[

ρa00(0)+ρa11(0)(1−P2) ρa01(0)P
ρa10(0)P* ρa11(0)P2

]
, (10)

where ρai, j(0) is the matrix element of the initial state, P is
the function of evolution time t and coupling strength gk. For
convenience, we call the decoherence process in Eq. (10) as
the RWA channel. For the Lorentzian spectral distribution in
Eq. (9), the analytical result of parameter P reads[37]

P = e
−λ t

2

[
cosh

(dt
2

)
+

λ

d
sinh

(dt
2

)]
, (11)

where d =
√

λ 2 −2γλ . Under the Hamiltonian H in Eq. (7),
the analytical result of the system dynamical map is difficult to
obtain. To solve this problem, we employ the hierarchy equa-
tion method to calculate the dynamical map of the non-RWA
channel, which is shown in Appendix A.

3. Results and discussion
Figure 2(a) shows 𝒬(ρθ

ab(t)) versus scaled time ω0t in
the RWA and non-RWA channels. The parameters of the cou-
pling spectrum are chosen as γ = 0.06ω0 and λ = 0.2ω0, i.e.,
γ/λ = 3/10, which is a weak-coupling case. The monotonic
decreasing behavior of 𝒬(ρθ

ab(t)) appears in the RWA and
non-RWA channels. Although in the weak coupling region,
the dynamic behavior of 𝒬(ρθ

ab(t)) under the two channels is

different, where 𝒬(ρθ
ab(t)) in the non-RWA channel present

more frequent oscillations compared with the situations in the
RWA channel. To demonstrate the differences between the two
channels more clearly, we plot D(t) versus scaled time ω0t in
Fig. 2(b), where the oscillating behavior in the non-RWA chan-
nel can be obviously found. However, D(t) is always less than
zero in the two channels.
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Fig. 2. The 𝒬(ρθ
ab(t)) (a) and D(t) (b) versus scaled time ω0t in the two

types of channels for γ = 0.06ω0 and λ = 0.2ω0.
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Fig. 3. The 𝒬(ρθ
ab(t)) (a) and D(t) (b) versus scaled time ω0t in the two

types of channels for γ = 2ω0 and λ = 0.2ω0.

The strong-coupling case γ/λ > 0.5 is shown for γ = 2ω0

and λ = 0.2ω0 in Fig. 3(a). In the considered region of the
coupling parameters, the dynamic evolution of 𝒬(ρθ

ab(t)) in
the two channels is nonmonotonic, which indicates the exis-
tence of non-Markovianity. The difference is that the values of
𝒬(ρθ

ab(t)) decay to zero more quickly in the non-RWA chan-
nel than that in the RWA channel. The increase of amplitude
of 𝒬(ρθ

ab(t)) in the RWA channel is obviously greater than that
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in the non-RWA channel, which causes the sum of the regions
of D(t)> 0 to be also larger in Fig. 3(b).

To investigate the differences of non-Markovianity be-
tween the two channels, we calculate the non-Markovianity
measure 𝒩𝒬, integrating over all increasing regions of
𝒬(ρθ

ab(t)), versus different coupling parameters γ in Fig. 4(a).
For the RWA channel, λ and γ are connected to the environ-
ment correlation time τB and the relaxation time τS respec-
tively, i.e., τB ∼ λ−1 and τS ∼ γ−1. This implies that the
non-Markovian effect will become increasingly strong with
the increase of γ/λ . Undoubtedly, we can find that 𝒩𝒬 in
the RWA channel rises continuously with the increase of cou-
pling strength γ . However, different from the continuous rise
of 𝒩𝒬 in the RWA channel, an obviously nonmonotonic be-
havior of 𝒩𝒬 on γ is presented in the non-RWA case. With the
increase of γ , 𝒩𝒬 in the non-RWA channel rises at first and
then reaches a maximum value, and finally decays gradually.

1.2

0.8

0.4

0

1.2

0.8

0.4

0
0 4 8 12

(a)

(b)

RWA channel

Non-RWA channel

RWA channel

Non-RWA channel

N
Q

N
C

g/w0

Fig. 4. Non-Markovianity measure 𝒩𝒬 (a) and 𝒩𝒞 (b) versus the cou-
pling parameter γ . The spectral width is λ = 0.2ω0. The integration
time is long enough until D(t) converges to 0.

To compare other non-Markovian measures, we show the
measure of non-Markovianity based on quantum entanglement
(denoted by 𝒩𝒞)[12] in Fig. 4(b), where the quantum concur-
rence is chosen as the measure of entanglement.[38] We can
observe that the behavior of 𝒩𝒞 in the RWA channel is similar
to that of 𝒩𝒬. However, in the non-RWA channel, the zero
value of 𝒩𝒞 appears in the region of γ/ω0 > 6.3, whereas 𝒩𝒬

does not decay to zero in the same region. This is because
the QIP is a measure of quantum discord, which is a bipartite
quantum correlation beyond entanglement.[39] In addition, the
values of 𝒩𝒬 and 𝒩𝒞 in the RWA channel are always greater
than the situation in the non-RWA channel with the same cou-
pling parameters, which implies that considering the effect
of the counterrotating-wave terms in the presence of rotating-
wave terms can reduce the non-Markovianity. This is because
the conservation of the excitation number between the system

and the environment is broken when the counterrotating-wave
terms are considered. The multiple excitation mechanism can
inhibit the flow of information from the environment to the
system.

There are two mechanisms influencing the open sys-
tem under the non-RWA channel, which are the conserva-
tion of the total system-environment excitation number caused
by the rotating-wave terms in the interaction Hamiltonian
and the double excitations of the system-environment space
and multimode excitations of the environment caused by the
counterrotating-wave terms. The non-Markovian behavior of
the system evolution relies on the two mechanisms. When the
coupling constant γ is changed as a single variable, the com-
petition between the two mechanisms can cause the nonmono-
tonic behavior of the non-Markovianity.

4. Conclusion
Using the hierarchy equation method, we have investi-

gated the problem of non-Markovianity in the non-RWA quan-
tum channel. The numerical results show quite different be-
haviors of the QIP and the non-Markovianity measure in the
RWA and non-RWA cases. Particularly, the dynamic behavior
of QIP in the non-RWA case exhibits more frequent oscilla-
tions than that in the RWA case. Furthermore, in the non-RWA
case, the non-Markovian measure has a significant nonmono-
tonic dependence on the coupling parameter, which cannot be
found in the RWA case. We propose that this nonmonotonic-
ity is caused by the competition between the mechanisms of
the conservation excitation (induced by rotating-wave terms)
and the double excitation (induced by counterrotating-wave
terms). Compared with the non-Markovian measure based on
the quantum concurrence, the non-Markovian measure based
on the QIP has obvious advantages in the non-RWA chan-
nel. Our results reveal the importance of counterrotating-wave
terms in research of non-Markovianity.

Appendix A: Hierarchy equation method
For the system-environment Hamiltonian in Eq. (7), the

dynamics of the system in the interaction picture can be writ-
ten as

ρab(t) =𝒯 exp
(
−
∫ t

0
dt2
∫ t2

0
dt1V×(t2)[CR(t2 − t1)V×(t1)

+ iCI(t2 − t1)V ∘(t1)]
)

ρab(0), (A1)

where A×B ≡ [A,B] = AB−BA and A∘B ≡ {A,B}= AB+BA,
V is the operator of the qubit in the interaction Hamilto-
nian, 𝒯 is the chronological time ordering operator. The ini-
tial state of qubit and environment is ρ(0) = ρab(0)⊗ ρE,
where ρE is the initial state of the environment. CR(t2 − t1)
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and CI(t2 − t1) are the real and imaginary parts of the envi-
ronment time-correlation function C(t2 − t1)≡ ⟨B(t2)B(t1)⟩=
Tr[B(t2)B(t1)ρE ], respectively, with B(t) = ∑k(gkak e−iωkt +

g*ka†
k e iωkt).
It is difficult to solve Eq. (A1) analytically because of

the time-ordered integral. We employ the hierarchy equation
method to deal with this problem, which requires solving a set
of hierarchy equations.[29,30]

To derive the hierarchy equation, the correlation function
C(t2−t1) must be decomposed into a sum of exponential func-
tions of time as C(t2 − t1) = ∑k fk exp(−γk), where fk and γk

depend on the system-environment coupling spectrum and the
temperature. Then, the hierarchy equations are obtained by re-
peatedly taking the derivative of the right-hand side. For the
zero temperature case, i.e., ρE = ⊗k|0⟩k, the coupling spec-
trum can be considered as a Lorentzian type

J(ω) =
1

2π

γλ 2

(ω −ω0)+λ 2 . (A2)

Thus, the time-correlation function is

C(t2 − t1) =
1
2

γλ exp
[
− (λ + iω0|t2 − t1|)

]
. (A3)

This exponential form is necessary for the hierarchy equations.
Then, the real and imaginary parts of the time-correlation
function C(t2 − t1) can be written as

CR(t) =
2

∑
k=1

γλ

4
e−νkt , CI(t) =

2

∑
k=1

(−1)k γλ

4i
e−νkt , (A4)

where νk = λ +(−1)k iω0. According to the procedure shown
in Refs. [29,30], the hierarchy equations are obtained as fol-
lows:

∂

∂ t
ρ𝑛(t) = − (iH×

s +𝑛 ·𝜈)ρ𝑛(t)− i
2

∑
k=1

V×
ρ𝑛+𝑒k(t)

− i
γλ

4

2

∑
k=1

nk

[
V×+(−1)kV ∘

]
ρ𝑛−𝑒k(t), (A5)

where the subscript 𝑛 = (n1,n2) is a two-dimensional index
with integer numbers n1(2) ≥ 0, and ρab(t) ≡ ρ0,0(t). The
vectors 𝑒1 and 𝑒2 are 𝑒1 = (1,0) and 𝑒2 = (0,1), and 𝜈 =

(ν1,ν2) = (λ − iω0,λ + iω0). Note that ρ𝑛(t) with 𝑛 ̸= (0,0)
are auxiliary operators introduced only for the sake of comput-
ing, they are not density matrices and are all set to be zero at
t = 0. The hierarchy equations are a set of linear differential
equations and can be solved using the Runge–Kutta method.
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