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This paper presents a theoretical investigation of the presence of acceleration islands in the phase space of double-
kicked rotor (DKR) systems, which can lead to superdiffusive behavior. We establish the conditions for the existence of
period-1 acceleration centers and subsequently calculate the stability conditions for both period-1 and period-2 accelerate
mode islands. A detailed analysis of local and global diffusion in the vicinity of the islands and the stickiness regions is
provided. It is demonstrated that the mean stickiness time decays exponentially when the phase point is located in the
interior of the island. Moreover, the phase point undergoes a power-law decay with a power equal to approximately 5
when entering the sticky region. These findings offer a foundation for future exploration of quantum dynamics in the DKR
system.
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1. Introduction
Diffusion behaviors in Hamiltonian systems have

emerged as a central topic in the study of chaotic
dynamics.[1–10] It has been shown that diffusion behaviors are
rooted in the structural properties in phase space. Specif-
ically, localization corresponds to the Kolmogorov–Arnold–
Moser (KAM) invariant tori and islands in phase space, while
normal diffusion is related to the chaotic sea. A paradig-
matic example is the kicked rotor model, also known as stan-
dard map or Chirikov map, which has rich diffusion dynam-
ics depending on a nonintegrability parameter k.[11,12] For the
small values of k, the motion in angular momentum direc-
tion is bounded by KAM-invariant tori, leading to localiza-
tion: t→ ∞,

〈
∆p2

t
〉
→ tµ ,µ = 0. When k is sufficiently large,

the motion resembles a Brownian random walk, in which the
chaotic region occupies the entire phase plane, resulting in
normal diffusion in angular momentum space:

〈
∆p2

t
〉
= k2/2t.

However there are some intervals of k at k ≥ 2π , in
which the diffusion is not normal but superdiffusion instead
(µ > 1). This behavior is caused by the presence of acceler-
ator modes:[13] there exist stable islands in phase space sur-
rounding periodic orbits of period-1, and these orbits corre-
spond to jumps in p equal to 2π or integer multiples of 2π .
Orbits trapped inside these accelerator modes exhibit ballistic
diffusion with µ = 2. Moreover, orbits that are close to these
islands and become temporarily trapped due to the stickiness
of the surrounding neighborhood (containing cantori) also ex-
hibit superdiffusion (µ > 1). In addition to accelerator modes

with a period of 1, higher period modes also exist, despite their
influence decreases rapidly with increasing k.[11]

It has been observed that islands with accelerator modes
can exhibit a self-similar structure.[14] These structures,
formed by satellite elliptic orbits ordered in a chain around
a periodic orbit, can be explained through renormalization
and the Poincaré–Birkhoff theorem.[15–17] The presence of ac-
celerator mode (AM) islands, even if they are a small frac-
tion of the total phase space, can significantly affect global
diffusion, leading to a global value of the diffusion expo-
nent close to 2 and to the formation of alpha-stable Levy
distributions.[11,12] Previous research has also studied the three
characteristic times of the standard map: the Lyapunov char-
acteristic time,[18] the mean Poincaré recurrence time,[19] and
the stickiness time.[20–22] In addition, rotating accelerator-
mode islands,[23] a new type of accelerator mode island at
small k, has also been observed.

An important variant of the kicked rotor model, the
double-kicked rotor (DKR) system,[24] has been the subject
of much attention due to its interesting quantum dynamics and
topological properties.[25–27] It has been found to exhibit su-
perballistic and exponential diffusion in the pseudo-classical
limit system.[28–30] However, the superdiffusion observed in
these studies does not originate from accelerator islands, leav-
ing it an open question whether AM islands and superballistic
diffusion exist in the DKR system. We also provide a detailed
simulation of the diffusion behavior in the stickiness region.
Consider the correspondence between quantum and classical
Hamiltonian systems,[28,31,32] our results may inspire further
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study of quantum dynamics in the DKR system.
The structure of the article is as follows: in Section 2 we

briefly describe the DKR model and the relevant diffusion rate
measurements. In Section 3 we use both theoretical and nu-
merical methods to derive the location of AM islands and the
conditions for the stable period-1 and period-2 AM islands.
In Section 4 we present our main results of stickiness times.
Finally, in Section 5 we summarize and conclude the main
findings of this work.

2. Model
The kicked rotor is one of the most studied models of the

chaos theory of Hamiltonian systems, which describes a parti-
cle rotating on a ring subjected to an instantaneous excitation
by a periodic external field.[15] The Hamiltonian of this system
is

H =
p2

2
+ k cos(θ) ∑

n∈N
δ (t−nτ), (1)

where θ and p are the angle and the angular momentum of the
particle, the kick turned on instantaneously at multiples of τ

with kicking strength k, which characterizes the nonintegrabil-
ity of the system. Many properties of this mapping are univer-
sal for Hamiltonian systems, so Chirikov called it the standard
map. The global superdiffusion in this model is caused by the
stable accelerator mode islands (period-1) for some intervals
of k:[2]

(2πa)6 k 6
√
(2πa)2 +16, (2)

where a is a positive integer. The width of each interval
reads[2]

∆k ≈ 8/k. (3)

The double-kicked rotor system is an important variant of
the kicked rotor, i.e., the rotor is subjected to another instanta-
neous kick in time τ . The time interval between the two kicks
is η . This model was first proposed by Wei Li et al.,[24] for
exploring the chaos control problem of classical Hamiltonian
systems. The Hamiltonian and mapping of the system are as
follows:

H =
p2

2
+ k cos(θ) ∑

n∈N
δ (t−nτ)

+k cos(θ) ∑
n∈N

δ [t− (nτ +η)]. (4)

Here we assume the two kicking strengths are the same. This
map is still a conservative system. Here we consider the
pseudo-classical limit DKR, whose quantum dynamics corre-
sponds to a virtual classical dynamics under the quantum reso-
nance condition (h̄τ = 4π , where h̄ is the Planck constant) and
pseudo-classical limit (h̄ = 2π + ˜̄h, ˜̄h→ 0, which ˜̄h acting as
a virtual Planck constant).[28] The quantum evolution can be
expressed as a stroboscopic dynamics such that the wavefunc-
tion at time t = nτ , |ψ(t)〉, is given by |ψ(t)〉= Ût |ψ(0)〉, with
the floquet operator

U = exp
(

i
p2

2h̄

)
exp
(
−i

k
h̄

cos(θ)
)

exp
(
−i

p2

2h̄

)
exp
(
−i

k
h̄

cos(θ)
)
, (5)

without loss of generality, we take η = 1. With the following rescaling:

P = p ˜̄h/h̄, K = k ˜̄h/h̄, (6)

and applying h̄ = 2π + ˜̄h, the floquet operator U can be deformed as

U = exp
[

i
˜̄h

(
P2

2
+πP

)]
exp
[
−i

K
˜̄h

cos(θ)
]

exp
[
− i

˜̄h

(
P2

2
+πP

)]
exp
[
−i

K
˜̄h

cos(θ)
]
. (7)

It describes a rotor by the conjugate pair (θ ,P). And implies
that in the pseudo-classical limit of ˜̄h→ 0, this rotor under-
goes a free rotation with the angular velocity dθ/dt = P+π

or −(P + π) alternatively between two consequential kicks,
and the corresponding classical motion within a single step is
given by the map

P′n−Pn = K sinθn,

θ
′
n−θn = P′n +π,

Pn+1−P′n = K sinθ
′
n,

θn+1−θ
′
n =−Pn+1 +π, (8)

where P′n and θ ′n are two intermediate variables. The amount
of change in momentum P after time t = nτ is

∆P(t/τ) = Pt/τ −P0 =
t/τ−1

∑
n=0

(K sinθn +K sinθ
′
n). (9)

As chaotic dynamics emerges for K� 1, the position variables
θn and θ ′n can be assumed to be ergodic on the interval 0≤ θn,
θ ′n ≤ 2π , and satisfy

〈sinθn〉= 0, 〈sinθn sinθn′〉=
1
2

δnn′ ,〈
sinθ

′
n
〉
= 0,

〈
sinθ

′
n sinθ

′
n′
〉
=

1
2

δnn′ ,
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sinθn sinθ

′
n′
〉
= 0. (10)

Therefore, for the number n = t/τ � 1, the diffusion in angu-
lar momentum space can be calculated as

〈
∆P2(n)

〉
≡ 2Deff n = K2n, (11)

where 〈 · 〉 denotes the phase space average. Thus the diffusion
coefficient Deff =

1
2 K2.

The simulated relation between Deff and K is plotted in
Figs. 1(a) and 1(b) for large n. The data points of Deff(K) that
diverge from the normal diffusion (Eq. (11)), i.e. peaks, signify
superdiffusion, which occurs on K near the integer multiple of
π . We have also confirmed that superdiffusion (1 < µ < 2)
indeed appears at several K in Fig. 1(c). When normal dif-
fusion occurs, the diffusion rate of DKR is greater than that
of KR. The reason for this contrary result compared to other
studies,[33] η/τ =(2π + ˜̄h)/4π is very close to 1/2, rather than
η/τ � 1.
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Fig. 1. (a) The simulated Deff as a function of K (k), the initial conditions
in the three diagrams above are taken uniformly over the entire phase space,
with iteration steps n= 24. (b) The same result for Deff in [0,280], compared
with theoretical results for KR (k2/4) and DKR (K2/2). (c) The diffusion of
angular momentum for several K corresponding to the peaks of Deff in (a).
The number of initial conditions is 4×104.

3. Accelerator-mode islands
The superdiffusion originates from the existence of stable

accelerator modes island (AM island).[12,34–36] The AMs are
generalized periodic orbits of maps having translational sym-
metry in phase space. The cylindrical phase space of DKR
allows one to define consistently periodic orbits in a general-
ized version[23]

Pn+x = Pn +πω; θn+x = θn, (12)

where ω is an integer, called “jumping index”.[23] For ω = 0,
this represents the closed periodic orbits, while for ω 6= 0, the
periodic orbits with x period (Eq. (12)) is an AM with acceler-
ation πω . If the accelerator mode is stable, the corresponding
n acceleration points are surrounded by islands. The phase
point that satisfies the acceleration condition and corresponds
to the island of stable acceleration is called the acceleration
center. Although some islands occupy only a small fraction of
the phase space, these accelerated periodic orbits dominate the
diffusion of the entire phase space, such that, when there are
accelerator islands in the phase space the global value of the
diffusion exponent µ for the whole phase space must always
converge to the value of

〈
p2

t
〉

∝ tµ , 1 < µ < 2.
High-period AM islands occupy a much smaller area of

phase space than period-1 and period-2 AM islands, which
have less impact on global diffusion, thus only period-1 and
period-2 AM islands are investigated in this paper.

First, we analytically calculate the period-1 accelerator
orbits, i.e., the centers of period-1 accelerator islands. Invok-
ing map Eq. (8) we can derive

∆Pn ≡ Pn+1−Pn = K sin(θn)−K sin(θn +Pn +K sinθn) ,

∆θn ≡ θn+1−θn = K sin(θn +Pn +K sinθn) . (13)

Imposing the condition of acceleration, i.e., Eqs. (12) and (13),
leads to

∆P = 2K · cos
2θn +Pn +K sinθn

2
· sin

Pn +K sinθn

2
= πω,

∆θ = K sin(θn +Pn +K sinθn) = 0 (mod 2π). (14)

Additionally, as per Eq. (12), Pn and θn must be a rational mul-
tiple of π . Furthermore, when K is an integer multiple of π ,
the term

cos
2θn +Pn +K sinθn

2
· sin

Pn +K sinθn

2
must also be a rational number. Thus

2θn +Pn +K sinθn

2
=

π

6
,

5π

6
,

π

2
(modπ),

Pn +K sinθn

2
=

π

6
,

5π

6
,

π

2
(modπ), (15a)

2θn +Pn +K sinθn

2
=

π

4
,

3π

4
(modπ),

Pn +K sinθn

2
=

π

4
,

3π

4
(modπ). (15b)
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The results of the accelerator center (θ ,P) for periodic-1 are
as follows: For the case of K being taken an even multiple of
π , we have

θ =
iπ
2
, i = 0,1,2,3,

P =
π

2
,

3π

2
, (16a)

θ =
π

2
,

3π

2
,

P = π. (16b)

And for the case of K being taken an odd multiple of π , we
have

θ = π/2,3π/2; P = π/2,3π/2. (17)

We perform numerical simulations of accelerator cen-
ters for period-1 and period-2 when the parameter K is an
even multiple of π (Fig. 2(a)) and an odd multiple of π

(Fig. 2(b)). We find that period-1 accelerator orbits are in
agreement with previous analytical calculations. For the case
of an odd multiple of π , in addition to period-1 orbits as pre-
dicted by Eqs. (16a) and (16b), we also observed the emer-
gence of period-2 orbits. Figure 2(a) reveals that the period-1
AM islands in DKR are not situated on the θ axis, unlike those
in KR which all belong to group-II islands[23] and are located
on the θ axis. The phase diagram shows that when K = 2π ,
DKR has 10 pairs of period-1 AM islands, which correspond
to only two pairs in KR with similar parameters. The total area
of the AM islands in DKR is considerably greater than that in
the KR. As a result, the global diffusion coefficients Deff of
the DKR are between four and seven times that of KR for the
same kicked intensity, particularly when K is approximately
between 6.3 and 6.33.[11]

In comparison with the KR, as shown in Fig. 2(a), we can
see that none of the period-1 AM islands in DKR are on the x
axis (the period-1 AM islands in KR are all on the x axis and
belong to group-II islands[23]). When K = 2π , The phase dia-
gram contains 10 pairs of period-1 AM islands, corresponding
to only two 2 in the KR with the same parameters, and it is
clear from the phase diagram that the total area of the AM is-
land of DKR is much larger than that of KR. This explains why
the global diffusion coefficients Deff of the DKR correspond to
those between four and seven times of KR for the same kicked
intensity when K is approximately between 6.3 and 6.33.[11]

When K is an integer multiple of π and these periodic or-
bits are stable, accelerator islands centered at them will form
in phase space. When K is slightly larger than an integer mul-
tiple of π , these AM islands will bifurcate. In the following,
we will discuss the period-1 and period-2 accelerator mode
islands.

0.4 0.6 0.8 1.00 0.2
θ ⁄ 2π

0.4 0.6 0.8 1.00 0.2
θ ⁄ 2π

0

0.2

0.4

0.6

0.8

1.0

P
 ⁄ 

2
π

0

0.2

0.4

0.6

0.8

1.0

P
 ⁄ 

2
π

(a)

(b)

Fig. 2. (a) The position of the center of acceleration in phase space when
K is taken as an even multiple of π (2π , 4π , 6π), and (b) the position of the
center of acceleration in phase space when K is taken as an odd multiple of
π (π , 3π , 5π). The red dots correspond to the acceleration centers of the
period-1 AM islands, the blue dots correspond to the acceleration centers
of the period-2 AM islands, and the blue arrows represent the direction of
motion of the phase points on the period-2 islands.

3.1. Period-1 AM islands

The existence of a stable period-1 AM island is dependent
on the satisfaction of the accelerator condition, as specified by
Eq. (12) with x = 1, and the stable conditions

| tr Jx|< 2, Jx =
x

∏
n=1

Jn, (18)

where Jn denotes the n-th iterated Jacobian matrix. From these
conditions, it can be deduced that the initial conditions and the
parameter K must satisfy

K sin(θ0 +P0) = 2πN, K sinθ0 = 2πM, ω is even,

K sin(θ0 +P0) = 2πN, K sinθ0 = πM, ω is odd, (19)

−4 < K2 cos(θ0 +P0 +K sinθ0)cosθ0 < 0, ω is even,

0 < K2 cos(θ0 +P0 +K sinθ0)cosθ0 < 1, ω is odd, (20)

where M is a non-zero integer and N is any integer. The value
K satisfying both Eqs. (19) and (20) can be calculated

0 <

[(
K
2π

)2

−M2

][(
K
2π

)2

−N2

]
<

4
π2 ,

ω is even, (21)

0 <

[(
K
2π

)2

− M
4

2
][(

K
2π

)2

−N2

]
<

1
π2 ,

ω is odd. (22)
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It is easy to calculate the result of the gap period of K for the
emergence of the period-1 AMs when M = N (for ω is even)
and M = 2N (for ω is odd)

∆K =
[
(2πM)2 +4

]1/2−2πM ≈
∣∣∣ 2
K

∣∣∣, (23)

for M 6= N (for ω is even) and M 6= 2N (for ω is odd), we can
obtain

∆
K
2π

=



∣∣∣∣M2−N2

2

∣∣∣∣
√1+

(
4

(M2−N2) ·π

)2

−1

 ,

ω is even,

∣∣∣∣M2−N2

2

∣∣∣∣

√√√√√√√1+

 1(
M2

4
−N2

)
·π


2

−1

 ,

ω is odd.
(24)

One may approximate Eq. (24) by expansion to get

∆K ≈


8

|M2−N2| ·π
, ω is even,

2
|M2−N2| ·π

, ω is odd.
(25)

The theoretical results (Eq. (23)) indicate that as K grad-
ually increases, the width of the interval ∆K decreases corre-
spondingly. This is in agreement with the numerical results
depicted in Fig. 1(b). We can see that the period-1 AM is-
lands appears near the point where K is an integer multiple of
π (Eq. (21)), when K is slightly larger than an integral multiple
of π in the fetching interval, sinθ0 will smaller than 1, stable
AM islands doubly appear due to bifurcation, and the two is-
lands are close to the accelerator center when K is the multiple
of π .

Figures 3 and 4 present numerical results of the period-
1 AM islands in the phase space for K = 2π + 0.1 and K =

π +0.02, respectively. Figures 3(a) and 4(b) depict the bifur-
cation of period-1 AM from the accelerator centers located at
(0.5π,π) and (1.5π,1.5π), respectively. The system’s sym-
metry results in 4 pairs of period-1 AM islands in the phase
space, bifurcating from the 4 accelerator centers (Fig. 2(b)).
Similarly, there is another pair of period-1 AM islands sym-
metrical to Fig. 3(a) near (1.5π,0.5π). The boundaries of
the period-1 AM islands exhibit complex, self-similar struc-
tures, as shown in Figs. 3(b) and 3(c), which can be ex-
plained by the Poincaré–Birkhoff theorem and reformation
group theory.[15,37] These self-similar structures are character-
ized by nested layers of smaller islands forming chains, as ex-
emplified in Fig. 3(b). In the range described by Eq. (21), the
topology of the islands is highly influenced by variations in K.

0.21 0.24 0.27 0.30
θ ⁄ 2π

0.24 0.26 0.28 0.30
θ ⁄ 2π

0.268 0.272 0.276 0.280
θ ⁄ 2π

0.46

0.48

0.50

0.52

0.54

P
⁄ 
2

π

0.46

0.48

0.50

0.52

0.54

P
⁄ 
2
π

0.476

0.480

0.484
P

⁄ 
2
π

(c)

(b)

(a)

CW-laserMagnetron sputtering

ZnO ZnO ZnO

Ag50 nm

(a)

Fig. 3. At K = 2π + 0.1, (a) a pair of period-1 AM islands generated by
bifurcation at K = 2π; (b)–(c) one of the AM islands in (a), the three gen-
erations of self-similar structure around the island contains a group of small
islands of period-6.
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Fig. 4. At K = π + 0.02, (a) 4 pairs of period-1 AM islands generated by
bifurcation at K = π and (b) a pair of islands diverges at (1.5π , 1.5π).
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3.2. Period-2 AM islands

The condition of accelerator for the case of period x = 2

is given below:{
Pn+2−Pn = Lconst = πA,
θn+2−θn = L′const = 2πB.

(26)

By inserting Eq. (26) into map Eq. (8), we obtain the following
expression:

K sinθn +K sinθn+1 = L+L′. (27)

Here, we only discuss the case of L+L′= 0, then equation (27)

gives either

θn+1 = πM+θn, (28)

or

θn+1 =−θn. (29)

For the case θn+1 =−θn, by substituting Eq. (29) into the

map, one can obtain the relation Pn+2 ≡ Pn, i.e., A = 0, which

are closed periodic orbits. For the case

θn+1 = πM+θn,

by bringing Eq. (27) into the map, the acceleration condition

can then be obtained as follows:

K sin(θ0 +P0 +K sinθ0) = πN,

K sinθ0 = πM. (30)

The stability condition (e.g. Eq. (18)) for the period-2

orbits can be rewritten as

|1−T1−T2 +T2C1−T1C2 +T1T2C1C2|< 2, (31)

where {
Ci = K cosθi,

Ti = K cos(θi +Pi +K sinθi) .
(32)

The value K satisfying both Eqs. (30) and (31) demands∣∣1−2T3 +2T3T4−T 2
3 T 2

4
∣∣< 2, (33)

in which {
T3 =

√
K2− (πM)2

√
K2− (πN)2,

T4 =
√

K2− (πN)2.
(34)

It is followed from Eq. (33) that the period-2 AM islands
appear near the point where K is an integer multiple of π . As
shown in Fig. 5, similar to Fig. 4, the period-2 AM island also
surrounded by the self-similar structure, the chain structure

consists of six small islands.
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(c)

Fig. 5. A pair of period-2 AM island in phase space at K ≈ 3.16. (a) The
distribution of this trajectory in phase space. (b)–(c) One of the AM islands
in panel (a), three generations of the self-similar structure around the island
contains a group of small islands of period-6.

4. Dynamics in the stickiness region and sticki-
ness time
The “stickiness time”, also referred to as the “escape

time”, is a measure of the amount of time required for an orbit
to move away from its initial conditions into the larger chaotic
region. When the initial conditions of an orbit are outside and
close to the outermost KAM curve of a stable island, the orbit
can become trapped around the island for a prolonged period
of time due to the presence of cantori, or cantori sets of points
surrounding the islands of stability. Chaotic orbits are forced
to move close to and along the unstable manifolds of the unsta-
ble periodic orbits in this region. Given that these manifolds
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undergo multiple foldings before exiting the holes in the can-
tori, chaotic orbits spend a significant amount of time around
these islands before finally escaping into the larger chaotic re-
gion, far from the islands of stability.[7,8]

Figure 6 illustrates how the average energy of the phase
points in the stickiness region varies with the number of iter-
ations n. The phase point energy undergoes a transition from:
superdiffusion, to localization and finally to normal diffusion
(provided that no other island effects are received). This means
that the phase point escapes the stagnant region and enters the
sea of chaos.

4 6 8
n （103 )

0 2
0

0.2

0.4

0.6

0.8

1.0

<∆
P

2
(n

)>
 

⁓ t2 
⁓ t 

T
s
 

(1
0

7
)

Fig. 6. The evolution of
〈
∆P2(n)

〉
as a function of the number of iterations

n, in a double logarithmic scale. The slope of this curve corresponds to the
diffusion exponent µ . The initial condition is to uniformly select 104 points
in a square located in the stickiness region.

An orbit located outside the outermost KAM curve of a
stable island may experience a prolonged stay in the vicinity of
the island due to the presence of cantori. This behavior, char-
acterized by the time it takes for the orbit to escape, known as
the stickiness time, which is indicated by the arrow in Fig. 6,
can be used to quantify the ballistic diffusion and provide in-
sight into the system’s complexity. Stickiness time has been
related to measures such as the fractal dimension and diffu-
sion exponent in previous studies.[18] In this work, we explore
the stickiness time in the context of the double-kicked rotor.

We classify phase points in the phase space of the double-
kicked rotor into three categories: those in the chaotic sea,
with short stickiness times (Ts), those on the KAM islands,
with infinite stickiness times, and those in the stickiness re-
gion, with intermediate Ts. As an example, We find that
the scaling law of Ts(R) changes as R varies. As shown in
Fig. 7(a), red regions and white regions represent Ts of in-
finity and Ts smaller than 20, respectively. The comparison
between Fig. 7(a) and Fig. 3 reveals that the red regions corre-
spond to the KAM islands and the white regions correspond to
the chaotic sea, while the remaining regions correspond to the
stickiness region. Thus, we categorize the initial conditions
according to the magnitude of Ts, which serves as an effective
descriptor of the dynamics of phase points.

We calculated the radius R of the phase points corre-
sponding to the different average stickiness times, where the
radius R defined as the distance from the acceleration center
(π−arcsin2π/6.3832,π) to the phase point. A curve between

the average stickiness time and the corresponding radius can
be obtained as in Fig 7(b). Clearly, we can see, as R increases,
same as the regular islands,[38] T̄s will first undergo an expo-
nentialy decay in the red regions (Fig. 7), but after that it will
undergo a power-law decay in the stickiness regions.
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Fig. 7. At K = 6.3832, (a) the phase diagram is divided into different re-
gions according to the stickiness time, where the red region corresponds to
the initial conditions for the region of infinite stickiness time, and the blue,
green, and yellow regions correspond to the initial conditions for stickiness
times between [800–1000], [300–800], and [100–300], respectively. The
pink region with a very distinct boundary corresponds to an initial condi-
tion with a stickiness time between [20–100]. (b) The stickiness time Ts
for each initial condition in the pink region corresponds to the average of
distance from the acceleration center R for different initial conditions at the
same stickiness time in double logarithmic coordinates. The range for se-
lecting the initial conditions lies in the pink area, i.e., 104 initial conditions
with stickiness times between 20 and 100 are selected uniformly, plotted in
the logarithmic coordinate system. The phase points in the upper right-hand
vignette correspond to those located in the red area, in semi-logarithmic co-
ordinates.

That the stickiness time decreases significantly as R in-
creases. We obtain the fitting relationship

Ts ∼ R−5. (35)

The R range of 0.046π to 0.052π approximately corresponds
to the pink area, with numerical results presented in Fig. 7(b).

5. Discussion and summary
This paper investigates the mechanism underlying su-

perdiffusive behavior in DKR systems, which is the presence
of AM islands in the phase space. We first established the
conditions for the existence of period-1 acceleration centers
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through theoretical calculations. These acceleration centers
occur near integer multiples of the system parameter K = π ,
and have different distributions corresponding to odd or even
multiples of K equal to π . Both distributions alternate with a
period of ∆K = 2π . The locations of these acceleration cen-
ters generate islands of stability in the vicinity, and the phase
points inside the islands as well as the stickiness regions in
the vicinity of the islands affect the global diffusion across
the phase space. Comparing the DKR system to the KR sys-
tem reveals that the DKR system has five times more period-
1 AM islands when the same system parameters are present
and superdiffusion occurs. This is due to the fact that the
global diffusion coefficient is proportional to the area of the
AM islands.[11]

In addition, we calculated the conditions for the stable ex-
istence of the two types of AM islands in the phase space that
have the greatest influence on diffusion: the period-1 AM is-
lands and the period-2 AM islands. We offer a thorough analy-
sis of local diffusion within the islands and at their boundaries,
as well as the global diffusion influenced by their presence. In
this case, the period-1 AM island will be in the vicinity of an
integer multiple of K equal to π , while the period-2 AM island
exists only in the vicinity of an odd multiple of K equal to
π . Structures with self-similar island chains exist in the vicin-
ity of the islands, and the number of islands in the chain is
strongly influenced by changes in the value of K.[37]

We also noted that an orbit with initial conditions outside
and close to the last KAM curve of an island of stability can be
trapped for a long time around this island due to the appear-
ance of cantori. The stickiness region near the island is the
second most influential region for global diffusion, apart from
the phase point inside the island. Therefore, we further de-
velop the discussion of the dynamics of the stickiness region
in a DKR system and the stickiness time in the last section.
Phase points located in the stickiness regions undergo a transi-
tion from superdiffusion to localization and finally to normal
diffusion (provided that no other island effects are received).
This implies that the phase point escapes the stagnant region
and enters the sea of chaos. Taking K = 6.3832 as an example,
we calculated the radius R of the phase points corresponding
to different average stickiness times. The mean stickiness time
decays exponentially when the phase point is located within
the island, and once the phase point enters the stickiness re-
gion, it undergoes a power-law decay with a power of approx-
imately 5.

In summary, global superdiffusion occurs in the pseudo-
classical double rotor system near rational values of K equal
to π , which is attributed to the presence of stable AM islands
in phase space. We also demonstrated the structural character-
istics of these acceleration islands and the dynamic properties
of the sticky regions surrounding them.

Further investigation is needed to determine if the AM is-
lands exist in DKR for all values of η/τ . For instance, when
η/τ � 1, chaotic waves can emerge in phase space, and a
region where the KAM tori are reconstructed can be found ir-
respective of the strength’s magnitude. The influence of KAM
tori on superdiffusion should be elucidated in the following
research.
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