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The kinetic theory is employed to analyze influence of agent competence and psychological factors on investment
decision-making. We assume that the wealth held by agents in the financial market is non-negative, and agents set their
own investment strategies. The herding behavior is considered when analyzing the impact of an agent’s psychological
factors on investment decision-making. A nonlinear Boltzmann model containing herding behavior, agent competence and
irrational behavior is employed to investigate investment decision-making. To characterize the agent’s irrational behavior,
we utilize a value function which includes current and ideal-investment decisions to describe the agent’s irrational behavior.
Employing the asymptotic procedure, we obtain the Fokker–Planck equation from the Boltzmann equation. Numerical re-
sults and the stationary solution of the obtained Fokker–Planck equation illustrate how herding behavior, agent competence,
psychological factors, and irrational behavior affect investment decision-making, i.e., herding behavior has both advantages
and disadvantages for investment decision-making, and the agent’s competence to invest helps the agent to increase income
and to reduce loss.

Keywords: kinetic theory, investment decisions, Fokker–Planck equation, value function
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1. Introduction
Investment decision-making is related to many factors,

such as the agent’s competence, herding behavior, and irra-
tional behavior. Among these factors, herding behavior and
irrational behavior are regarded as a manifestation of psycho-
logical factors in the investment market. Thus, these factors
relating to the agent’s behavior need to be considered in the
model describing the evolution of investment decisions. Xuan
and Dang[1] analyzed herding behavior patterns under differ-
ent stock portfolios and revealed the existence of herding be-
havior in particular industry. Zhang and Wang[2] employed
the complex network method to investigate the correlation be-
tween herding behavior and the overconfidence behavior of in-
vestors. Wu et al.[3] studied herding behavior in China’s stock
market during the COVID-19 epidemic. Because of the influ-
ence of agent’s competence on investment decision-making,
the factors affecting the agent’s competence level are dis-
cussed. Weller et al.[4] explained the differences in decision-
making competence between agents from the perspectives of
their personality and gender. Liang and Zou[5] discussed the
difference in agent’s competence level and risk prediction un-
der different educational backgrounds, and pointed out the im-
portant role that education plays in the process of competence
formation. Bryan and Paul[6] utilized the numerical simulation
method to analyze the factors affecting the committee’s collec-
tive decision-making competence. To better study the socioe-
conomic problems, a suitable value function[7,8] is employed

to describe the agent’s irrational behavior. From the rules of
immigration and emigration, Gualandi and Toscani[9] intro-
duced a suitable value function into the interaction rule to de-
pict the migration phenomenon, and analyzed the development
process of urban agglomeration. Gualandi and Toscani[10] in-
troduced a suitable value function as the main criterion for
decision-making and obtained a linear Fokker–Planck equa-
tion with log-normally distributed density. Other similar stud-
ies were given in Refs. [11–19].

For the research on decision-making, Maldarella and
Pareschi[20] considered the influence of herding behavior on
investment decisions and investigated the asymptotic behav-
ior of investment and the distribution of stock prices in finan-
cial markets. In Ref. [20], the influence of herding behavior
on investment decision-making was considered. However, the
impact of agents’ irrational behaviors on investment decision-
making is difficult to present. Pareschi et al.[21] utilized the
kinetic theory to discuss the impact of competence on collec-
tive decision-making when there is an equality bias in finan-
cial markets. In Ref. [21], the process of competence forma-
tion and some factors affecting the evolution of agent’s com-
petence were considered. Although some behaviors of agents
are difficult to describe, they all strive to improve their wealth
status, that is, to maximize their utility. Generally, agents with
higher competence can better predict market risks and poten-
tial returns and are more rational when facing the herding be-
havior. Agents with lower competence may be more affected
by the herding behavior. When the agent’s investment de-
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cision deviates from the ideal-investment decision, the agent
will gradually adjust the investment decision to achieve the
ideal-investment decision (the investment decision that maxi-
mizes the agent’s utility).

Inspired by the works in Refs. [20,21], we assume that
each agent is allowed to choose their own portfolio in the
financial market. The agent adopts specific investment de-
cisions to obtain higher returns. The choice of investment
proportion (investment decision) is affected by many factors,
such as herding behavior, agent competence, and irrational be-
havior. In the investment process, if most agents make the
same investment decisions, this behavior causes other agents
to make the same investment decisions. In other words, herd-
ing behavior affects the agent’s investment decision-making.
In addition, the agent’s competence in financial investment
makes the agent more rational when investing, which helps
the agent to reduce losses and to increase income. To charac-
terize the agent’s competence, we analyze the process of com-
petence evolution. Factors that affect the agent’s competence
in some aspects include not only heredity, living environment,
and educational background but also the agent’s subjective ini-
tiative. We utilize a value function to describe the agent’s irra-
tional behavior. A kinetic model containing herding behavior,
agent’s competence, irrational behavior is used to characterize
the evolution of investment decisions.

The current work provides a kinetic explanation for the
evolution of investment decisions. Compared to the works in
Refs. [20,21], we use the kinetic theory to analyze the influ-
ence of herding behavior, agent’s competence, and irrational
behavior on investment decision-making, and introduce the
agent’s competence and value function describing agent’s ir-
rational behavior into the binary interaction rules. The value
function includes the current investment decision and the ideal
investment decision, in which the ideal investment decision is
to maximize the agent’s utility. The deviation between the
current investment decisions and the ideal investment deci-
sion determines how agents adjust their investment decision
to maximize the utility. These works are different from those
in Ref. [20], where the investment strategy refers to the prop-
erties of the agents and does not consider the influence of
the agent’s irrational behavior on investment decision-making.
Moreover, we consider the impacts of herding behavior and
agents’ competence on investment decision-making, which is
different from those in Ref. [21], in which the herding behav-
ior and agents’ competence are not considered.

This paper is organized as follows. A kinetic model of
competence evolution is given in Section 2. The binary inter-
action rules and investment decision models containing herd-
ing behavior, agent competence, and irrational behavior are
presented in Sections 3 and 4. Section 5 uses the asymptotic
procedure method to obtain the Fokker–Planck equations cor-

responding to the Boltzmann model. Some stationary solu-
tions for the Fokker–Planck equations are given in Section 6.
The stationary behavior of investment decisions and the nu-
merical experimental results are analyzed in Section 7.

2. The basic model for competence evolution
Competence is interpreted as the comprehensive quality

of an agent to complete a goal or task. Genetic factors, the
agent’s living environment, and education affect the forma-
tion of an agent’s competence. In addition, interaction has the
effect to improve the agent’s competence. Especially, when
agents interact with agents possessing high competence, they
gain more competence.

In general, every small change in an agent’s competence
is accompanied by an increase or loss of part of the compe-
tence. We assume that y ∈ Y is the quantities of the agent’s
competence, where Y ⊂ R+. Let z ∈ R+ be the competence
that an agent obtains from the environment. Pareschi et al.[21]

constructed an interaction model to depict the changes in the
competence of two agents with competences y and y* after a
binary interaction,{

y′ = (1−λ1(y))y+λ2(y)y*+λ3(y)z+η1y,
y′* = (1−λ1(y*))y*+λ2(y*)y+λ3(y*)z+η2y*,

(1)

where y′ and y′* are the competences of two agents after a bi-
nary interaction, λ1 represents the competence that an agent
loses in the process of growth, λ2 indicates the competence
acquired by an agent in interaction with other individuals, λ3

is the agent’s competence to obtain from the environment, ran-
dom variable z follows a uniform distribution on (0,a1), where
a1 is a constant. Random variables ηi (i = 1,2) (zero-mean
and finite variance σ2) describe the unpredictable factors of
competence evolution.

System (1) describes the influence of interaction and en-
vironment on individual competence evolution, but does not
consider the impact of an agent’s subjective initiative on com-
petence evolution. Subjective initiative means that agents
actively understand the objective world, that is, individu-
als improve their competence through active participation in
learning and social practice. Based on the work reported in
Ref. [21], we consider the influence of subjective initiative on
the evolution of the agent’s competence. From Eq. (1), we
consider the following interaction model:{

y′ = (1−λ1(y))y+λ2(y)y*+λ3(y)z+λ4(y)s+η1y,
y′* = (1−λ1(y*))y*+λ2(y*)y+λ3(y*)z+λ4(y*)s+η2y*,

(2)

where λ4 denotes the amount of competence acquired by the
agent through active learning or social practice, random vari-
able s obeys uniform distribution on interval (0,b1), where b1

is the constant. In the process of studying competence evolu-
tion, we assume that λ− ≤ λ1 ≤ λ+, where λ− > 0 and λ+ < 1.

088901-2
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Similarly, we set boundaries for λ2(y), λ3(y), and λ4(y), that
is, 0≤ λ2(y)≤ λ̄ 2, 0≤ λ3(y)≤ λ̄ 3, and 0≤ λ4(y)≤ λ̄ 4, where
λ̄ 2 < 1, λ̄ 3 < 1, and λ̄ 4 < 1. The random variables ηi (i= 1,2)
are assumed to satisfy ηi ≥ −(1−λ+). Under these assump-
tions, the value of y* is non-negative.

We use A(z) to denote the probability density function of
competence achieved in each interaction from the environment
and B(s) to indicate the probability density function of compe-
tence acquired from active learning and social practice, where
A(z) and B(s) satisfy∫

R+

A(z)dz = 1,
∫
R+

zA(z)dz = m1, (3)∫
R+

B(s)ds = 1,
∫
R+

sB(s)ds = m2. (4)

Let f (y, t) be the probability density function of an agent
with competence y ∈ Y at time t > 0. For Eq. (2) and any
smooth function ϕ(y), we employ the kinetic theory to obtain
the following model that characterizes the evolution of com-
petence. Namely,

∂

∂ t

∫
Y

f (y, t)ϕ(y)dy

=
〈∫

R2
+×Y

(ϕ(y′)−ϕ(y)) f (y, t)A(z)B(s)dydzds
〉
, (5)

where y′ is the agent’s competence after interaction given by
Eq. (2), ⟨·⟩ denotes mathematical expectation, ϕ(y) is a test
function. At any time t > 0, the left side of Eq. (5) depicts the
change in the agent competence, and the interaction operator
on the right side of Eq. (5) measures this change. Selecting
ϕ(y) = y, the average competence my(t) satisfies

d
dt

my(t) =
∫

Y 2
(λ2(y)y*−λ1(y)y) f (y, t) f (y*, t)dydy*

+
∫
R+×Y

λ3(y)zA(z) f (y, t)dydz

+
∫
R+×Y

λ4(y)sB(s) f (y, t)dyds, (6)

where

my(t) =
∫

Y
y f (y, t)dy.

When λ1(y) = λ1, λ2(y) = λ2, λ3(y) = λ3 and λ4(y) = λ4 are
all constant, Eq. (6) becomes

d
dt

my(t) = (λ2 −λ1)my(t)+λ3m1 +λ4m2. (7)

Equation (7) has the solution

my(t) = my(0)e−(λ1−λ2)t +(1− e−(λ1−λ2)t)
m2λ4 +λ3m1

λ1 −λ2
, (8)

where λ1 > λ2, my(0) is the initial value.
When t tends to infinity, the average competence my(t)

converges to the limit value m2λ4+λ3m1
λ1−λ2

. From Eq. (8), we

set my(0) = 0.5, λ1 = 0.6, λ2 = 0.1, λ3 = 0.2, m1 = 0.5 and
m2 = 0.5, and the average competence evolutions with differ-
ent subjective initiatives are depicted in Fig. 1. As shown in
Fig. 1, when λ4 = 0.2, the average competence level of the
agent decreases. Noticeably, when λ4 ≥ 0.4, the agent’s com-
petence level increases with time, and finally converges to its
limit value. From Fig. 1, we know that agents with strong sub-
jective initiative have a high competence level. In other words,
the agent’s subjective initiative improves average competence
level.
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Fig. 1. The average competence with different subjective initiatives.

3. The binary interaction rules of investment
decisions-making
In the investment process, investment decision-making is

related to herding behavior, agent competence, and irrational
behavior. To set an ideal-investment decision, the agent com-
municates with other agents and predicts the potential return
of the investment. We utilize v and y to denote the invest-
ment decision and agents’ competence, respectively. Assume
that I = [−1,1] is the set of possible investment decisions for
each interaction, where ±1 are two extreme investment deci-
sions, indicating two opposite investment decisions. We use
vd ∈ [−1,1] to represent the ideal-investment decision. Mo-
tivated by the works in Refs. [20,21], the binary interaction
model of the investment decision-making is given as follows:

v′ =v−α1H(v)(v− vd)−α2v−α3P(y,y*,v,v*)(v− v*)

+α2Φ(
vd

v
)+D(y,v)η3,

v′* =v*−α1H(v*)(v*− vd)−α2v*

−α3P(y*,y,v*,v)(v*− v)+α2Φ(
vd

v
)+D(y*,v*)η4, (9)

where the evolutions of competences y and y* are given by
Eq. (2), v ∈ I and v* ∈ I represent the investment decisions
of two agents before interaction, respectively; v′ and v′* de-
note the post-interaction investment decisions of two agents.
H(·)∈ [0,1] describes the influence of herding behavior on the
agent’s investment decision-making, α1 ∈ [0,1] measures the
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importance that agents attach to the opinions of other agents,
α2 ∈ [0,1] represents the agent’s expectation of the potential
return generated by the investment, α3 ∈ [0,1] denotes the in-
teraction rate. The interaction function P(·) is related to the
competences of two agents and the investment viewpoint, η j

( j = 3,4) are random variables with zero mean and variance
σ2, D(·) is the local correlation between a given investment
decision and the diffusion of agent competence. Φ(vd/v) is
the value function that depicts the agent’s irrational behavior.

When η3,η4 = 0 and H(v) = h ≤ 1 in system (9), we ob-
tain

|v′− v′*|= |1−α1h−α2 −α3(P(y,y*,v,v*)

+P(y*,y,v*,v))||v− v*|. (10)

From Eq. (10), we can get Proposition 1.
Proposition 1 Assume 0 ≤ P(·) ≤ 1, v,v* ∈ [−1,1],

H(·) = h ≤ 1, and

|ηi| ≤C(1−α1 −α2 −α3),

where

C = min
(y,v)∈Y×I

{ 1− v
D(y,v)

,D(y,v) ̸= 0
}
,

then the binary interaction rules in Eq. (9) can ensure that the
post-interaction investment decision variables still belong to
the interval [−1,1].

Proof This proof is similar to that in Ref. [22], here we
omit this proof.

From system (9), we know that the main factors that cause
changes in investment decisions are herding behavior, agents’
competence, irrational behavior and unpredictable factors, in
which the agent’s irrational behavior are described by value
function Φ(·). Inspired by the ideas in Ref. [10], we consider
the following value function:

Φ

(vd

v

)
= u

(vd/v)δ −1
w(vd/v)δ +1

, (11)

where the constant values u (0 < u < 1), δ (0 < δ < 1) and
w (w > 1) depict the rate of change of investment decisions
around the ideal-investment decision vd. In Eq. (11), vd is the
ideal investment decision to maximize the agent’s utility. The
value functions with different δ are given in Fig. 2.

As shown in Eq. (11) and Fig. 2, when vd > v (vd/v > 1),
Φ(vd/v) is positive and concave; when vd < v (vd/v < 1),
Φ(vd/v) is negative and convex. Thus, when vd ̸= v, the value
function Φ(vd/v) describes the evolution process from invest-
ment decision to ideal-investment decision vd. In addition, the
value function satisfies the following bound:

−u < Φ

(vd

v

)
≤ u

w
. (12)

For a given value v, the value uv/w characterizes the maxi-
mal amount of investment decision change. In Eq. (9), when
v < vd, the plus sign in front of Φ(vd/v) indicates that the in-
vestment decision tends to increase, while investment decision
tends to decrease if v > vd.

d=0.2
d=0.4
d=0.6
d=0.8

0.1

0

0 1 2 3 4 5

-0.1

-0.2

-0.3

-0.4

-0.5

©
(S
)

v
d
/v

Fig. 2. The value function with different σ .

For the value function Φ(vd/v), given a certain value
0 < ι < 1, it has the following properties:

−Φ(1− ι)> Φ(1+ ι). (13)

Assume that each agent has different investment decisions in
the financial market. When most agents’ investment decisions
are consistent with the ideal-investment decision, the remain-
ing agents are willing to adjust their investment decisions to
coincide with the ideal investment decision. However, when
most agents’ investment decisions deviate from the ideal in-
vestment decision, the remaining agents are not willing to ad-
just their investment decisions to the ideal investment decision.

4. A kinetic model of Boltzmann type for com-
petence and investment decision-making
In this section, we derive the investment decisions model

that is influenced by agent competence, irrational behavior,
and herding behavior. We use g = g(y,v, t) to represent the
density function of agents with investment decision v ∈ I =
[−1,1] and competence y ∈ Y ⊂ R+ at time t > 0. Let h(y, t)
be the marginal density function of the variable y ∈Y , namely,

h(y, t) =
∫

I
g(y,v, t)dv, (14)

where h(y, t) satisfies∫
Y×R+

h(y, t)dydt = 1.

For any smooth function ψ(y,v), the density function
g(y,v, t) meets

∂

∂ t

∫
Y×I

ψ(y,v)g(y,v, t)dvdy

=
β

2

〈∫
R+

∫
Y 2×I2

(ψ(y′,v′)+ψ(y′*,v
′
*))g(y,v, t)g(y*,v*, t)

088901-4
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×A(z)B(s)dvdv*dydy*dzds
〉

− β

2

〈∫
R+

∫
Y 2×I2

(ψ(y,v)+ψ(y*,v*))g(y,v, t)g(y*,v*, t)

×A(z)B(s)dvdv*dydy*dzds
〉
, (15)

where (y′,v′) and (y′*,v
′
*) are given by (y,v) and (y*,v*) which

are defined in systems (1) and (9). It is worth noting that
when ψ(y,v) = 1 in Eq. (15), the total number of agents pre-
interaction and post-interaction satisfies the conservation law.
The average investment decision of the overall agent is defined
as

G(t) =
∫

Y×I
vg(y,v, t)dvdy, (16)

which indicates the investment decisions of the system at time
t. The evolution of investment decisions is expressed by

∂

∂ t

∫
X×I

vg(y,v, t)dvdy

=α1β

∫
Y×I

H(v)(vd − v)g(y,v, t)dvdy

+
α3β

2

∫
Y 2×I2

[P(y,y*,v,v*)−P(y*,y,v*,v)](v− v*)

×g(y,v, t)g(y*,v*, t)dvdv*dydy*

+
β

2

∫
Y 2×I2

[
2α2Φ

(vd

v

)
−α2(v+ v*)

]
×g(y,v, t)g(y*,v*, t)dvdv*dydy*. (17)

When P(·) is a symmetric function, Φ( vd
v ) = γ ∈ [−1,1] and

H(v) = h, Eq. (17) reduces to

d
dt

G(t) = α1βhvd +α2βγ − (α1h+α2)βG(t), (18)

which has the solution

G(t) = G0e−(α1h+α2)β t +
α1βhvd +α2βγ

(α1h+α2)β

(
1− e−(α1h+α2)β t)

(19)

for any t > 0, where (α1h+α2)β > 0, and G0 is the initial
value of the average investment decision. When t → ∞, the
average investment decision G(t) converges exponentially to
the limit value (hα1vd +α2γ)/α1h+α2). If we assume that
Φ( vd

v ) = γ = vd, then when t tends to infinity, G(t) converges
to vd.

We set β = 1, α1 =α2 = 0.5, vd = 0.6, γ = 0.8 in Eq. (19).
When G0 = 0.3 and G0 = 0.8, the average investment decision
of the overall agent with different h are displayed in Figs. 3(a)
and 3(b), respectively.

From Fig. 3(a), when G0 = 0.3, the average investment
decision of the overall agent increases with time, and finally
converges to its limit value. The greater the influence of herd-
ing behavior, the lower the final average investment decision
value of the overall agent. In Fig. 3(b), the average investment

decision of the overall agent tends to decrease and finally con-
verges to its limit value. From Fig. 3 we can see that when G0

takes different values, herding behavior has different effects on
G(t), that is, the dynamic evolution of the average investment
decision is different.
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Fig. 3. The average investment decision of the overall agent with dif-
ferent herding behaviors: (a) G0 = 0.3, (b) G0 = 0.8.

For Eq. (15), if we choose ψ(y,v) = v2, and the second
order moment for the investment decision is obtained

d
dt

R(t) = α
2
1 β

∫
Y×I

H2(v)(v− vd)
2g(y,v, t)dvdy

+
α2

3 β

2

∫
Y 2×I2

(P2(y,y*,v,v*)+P2(y*,y,v*,v))(v− v*)2

×g(y,v, t)g(y*,v*, t)dvdv*dydy*

−α3β

∫
Y 2×I2

(v− v*)(vP(y,y*,v,v*)− v*P(y*,y,v*,v))

×g(y,v, t)g(y*,v*, t)dvdv*dydy*

+2α1β

∫
Y×I

H(v)v(v− vd)

×g(y,v, t)dvdy+α1α3β

∫
Y 2×I2

(v− v*)

× (H(v)P(y,y*,v,v*)(v− vd)−H(v*)P(y*,y,v*v)

× (v*− vd))g(y,v, t)g(y*,v*, t)dvdv*dydy*

+σ
2
β

∫
Y×I

D2(y,v)g(y,v, t)dvdy

+2α1α2β

∫
Y×I

H(v)(v− vd)× vg(y,v, t)dvdy

+α
2
2 β

∫
Y×I

v2g(y,v, t)dvdy+2α
2
2 Φ

2
(vd

v

)
−2α2β

∫
Y×I

v2g(y,v, t)dvdy

−2α1α2β

∫
Y×I

H(v)Φ
(vd

v

)
(v− vd)g(y,v, t)dvdy

+α2α3β

∫
Y 2×I2

(vP(y,y*,v,v*)

− v*P(y*,y,v*,v))(v− v*)

×g(y,v, t)g(y*,v*, t)dvdv*dydy*

−2α2α3β

∫
Y 2×I2

Φ(
vd

v
)(P(y,y*,v,v*)

−P(y*,y,v*,v))(v− v*)g(y,v, t)g(y*,v*, t)dvdv*dydy*.
(20)

If we do not consider the diffusion term and set P(y,y*,v,v*) =
P ∈ [0,1], H(v) = h ∈ [0,1], Φ(vd/v) = vd, α1 = α2 = α3 = α ,
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then Eq. (20) becomes

d
dt

R(t) =α
2
βh2

∫
Y×I

(v− vd)
2g(y,v, t)dvdy

+2αβh(1+α)
∫

Y×I
(v2 − vvd)g(y,v, t)dvdy

+αβ (α −2)
∫

Y×I
v2g(y,v, t)dvdy+2α

2vd

+αβP(αP−1+αh+α)
∫

Y 2×I2
(v− v*)2

×g(y,v, t)g(y*,v*, t)dv*dvdy*dy. (21)

From the solution of Eq. (18), we know that when t → ∞,
G(t)→ vd. If

β =
2α

(2−α)vd
,

α ≤ min
[
1,

2(P−h+1)
(h+P+1)+P2

]
,

then ∫
Y×I

(v− vd)
2g(y,v, t)dvdy = R(t)− v2

d. (22)

We mention that under the above assumptions, when t → ∞,
R(t)→ v2

d, and the stationary solution of the interacting system
is the Dirac delta δ (v− vd) centered on the ideal-investment
decision vd ∈ [−1,1].

5. Derivation of the Fokker–Planck equations
for investment decision-making
To analyze the long-time behavior of the Boltzmann

model similarly to Refs. [23,24], we derive the Fokker–Planck
equation from the Boltzmann equation (15) using the asymp-
totic procedure method. As inspired in Ref. [21], we assume
that λi(y) = λi (i = 1,2,3,4) in system (2) and consider the
scaling

λi → ελi (i = 1,2,3,4), αi → εα j ( j = 1,2,3),

σ → σ
√

ε, ηi → ε
1/2

ηi, (23)

where αi (i = 1,2,3,4) is a positive constant and 0 < ε ≪ 1.
For value function Φ(·) which depicts irrational behavior, we
consider the following scaling

Φ

(vd

v

)
→ Φε

(vd

v

)
= u

(vd/v)εδ −1
w(vd/v)εδ +1

. (24)

When ε → 0, we get

Φε

(vd

v

)
→ u

w+1
log

vd

v
. (25)

From scaling (23), Eq. (15) becomes

∂

∂ t

∫
Y×I

ψ(y,v)g(y,v, t)dvdy

=
1
ε

〈∫
R+

∫
Y 2×I2

(ψ(y′,v′)−ψ(y,v))g(y,v, t)g(y*,v*, t)

×A(z)B(s)dydy*dvdv*dzds
〉
. (26)

Using the properties of the random variables ηi (i = 1,2,3,4),
we calculate the mathematical expectation of variables in sys-
tems (2) and (9), and obtain

⟨y′− y⟩= −λ1y+λ2y*+λ3z+λ4s =: A1(y,y*,z,s),

⟨v′− v⟩= −α1H(v)(v− vd)−α2v

−α3P(y,y*,v,v*)(v− v*)+α2Φ

(vd

v

)
= : H1(v)+P1(y,y*,v,v*)+α2Φ

(vd

v

)
,

⟨(y′− y)2⟩=A2
1(y,y*,z,s)+σ

2y2,

⟨(v′− v)2⟩=
[
H1(v)+P1(y,y*,v,v*)+α2Φ

(vd

v

)]2

+σ
2D(y,v),

⟨(y′− y)(v′− v)⟩=A1(y,y*z,s)

×
[
H1(v)+P1(y,y*v,v*)+α2Φ(

vd

v
)
]
.

(27)

From Eq. (27), we apply Taylor series expansion for the func-
tion ψ(y′,v′) concerning (y,v) and obtain

ψ(y′,v′)−ψ(y,v)

=
∂ψ

∂y
(y′− y)+

∂ψ

∂v
(v′− v)+

1
2

∂ 2ψ

∂y2 (y′− y)2

+
1
2

∂ 2ψ

∂v2 (v′− v)2 +
1
2

∂ 2ψ

∂y∂v
(y′− y)(v′− v)+R(y,y*,v,v*),

(28)
or

⟨ψ(y′,v′)−ψ(y,v)⟩

=
∂ψ

∂y
A1(y,y*,z,s)+

∂ψ

∂v

[
H1(v)+P1(y,y*,v,v*)+α2Φ

(vd

v

)]
+

1
2

∂ 2ψ

∂v2

[(
H1(v)+P1(y,y*v,v*)+α2Φ

(vd

v

))2
+σ

2D2(y,v)
]

+
1
2

∂ 2ψ

∂y∂v

[
A1(y,y*,z,s)

(
H1(v)+P1(y,y*,v,v*)+α2Φ

(vd

v

))]
+

1
2

[
∂ 2ψ

∂y2 (A2
1(y,y*,z,s)+σ

2y2
]
+R(y,y*,v,v*), (29)

where R(y,y*,v,v*) is the remainder of the Taylor series ex-
pansion. From Eq. (23), we have

A1(y,y*,z,s)→ εA1(y,y*,z,s); H1(v)→ εH1(v),

P1(y,y*,v,v*)→ εP1(y,y*,v,v*). (30)

Equation (26) becomes

∂

∂ t

∫
Y×I

ψ(y,v)g(y,v, t)dvdy

=
∫
R2
+

∫
Y 2×I2

[
A1(y,y*,z,s)

∂ψ

∂y
(y,v)+H1(v)

∂ψ

∂v
(y,v)

+P1(y,y*v,v*)
∂ψ

∂v
(y,v)+α2Φ

(vd

v

)
∂ψ

∂v
(y,v)
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+
σ2

2
y2 ∂ 2ψ

∂y2 (y,v)+
σ2

2
D2(y,v)

∂ 2ψ

∂v2 (y,v)
]

×g(y,v, t)g(y*,v*t)A(z)B(s)dvdv*dydy*dzds

+
−
R(ε)+O(ε), (31)

where

−
R(ε) =

1
2ε

∫
R2
+

∫
Y 2×I2

[
ε

2
(

A2
1(y,y*,z,s)

∂ 2ψ

∂y2 (y,v)

+
(

H1(v)+P1(y,y*,v,v*)+α2Φ

(vd

v

))2 ∂ 2ψ

∂v2 (y,v)

+A1(y,y*,z,s)
(

H1(v)+P1(y,y*,v,v*)

+α2Φ

(vd

v

))
∂ 2ψ

∂y∂v
(y,v)

)
+R(y,y*,v,v*)

]
×g(y,v, t)g(y*,v*, t)A(z)B(s)dydy*dvdv*dzds. (32)

When ε → 0,
−
R(ε) tends to zero. Consequently, Eq. (31)

becomes

∂

∂ t

∫
Y×I

ψ(y,v)g(y,v, t)dvdy

=
∫
R2
+

∫
Y 2×I2

[
A1(y,y*,z,s)

∂ψ

∂y
(y,v)+H1(v)

∂ψ

∂v
(y,v)

+P1(y,y*,v,v*)
∂ψ

∂v
(y,v)+α2Φ

(vd

v

)
∂ψ

∂v
(y,v)

]
×g(y,v, t)g(y*,v*, t)A(z)B(s)dydy*dvdv*dzds

+
σ2

2

∫
Y 2×I2

y2 ∂ 2ψ

∂y2 (y,v)g(y,v, t)dydv

+
σ2

2

∫
Y 2×I2

D2(y,v)
∂ 2ψ

∂v2 (y,v)g(y,v, t)dvdy. (33)

For Eq. (33), we obtain the Fokker–Planck equation

∂

∂ t
g(y,v, t) =

∂

∂y
ℋ[g](y, t)g(y,v, t)+

∂

∂v
𝒢[g](y, t)g(y,v, t)

+
∂

∂v
𝒦[g]g(y,v, t)+

σ2

2
∂ 2

∂y2 (y
2g(y,v, t))

+
σ2

2
∂ 2

∂v2 (D
2(y,v)g(y,v, t))

+
∂

∂v

(
α2Φ

(vd

v

))
g(y,v, t), (34)

where

𝒢[g](y,v, t) =
∫

Y×I
P1(y,y*,v,v*)g(y*,v*, t)dv*dy*, (35)

𝒦[g](vd) =
∫

Y×I
H1(v)g(y*,v*, t)dy*dv*

=−α1H(v)(v− vd)−α2v (36)

and

ℋ[g](y, t) =
∫
R2
+

∫
Y×I

A1(y,y*,z,s)g(y*,v*, t)

×A(z)B(s)dv*dy*dzds. (37)

Since

my(t) =
∫

Y×I
yg(y,v, t)dydv,

Eq. (37) reads

ℋ[g](y, t) = λ1y+λ2my(t)−λ3m1 −λ4m2. (38)

Inspired by the works in Ref. [21], the boundary condition of
the Fokker–Planck equation (34) is

𝒢[g](y, t)g(y,v, t)
∣∣∣∣1
−1

= 0. (39)

6. The stationary distribution of investment
decision-making
To get the stationary solution of the Fokker–Planck equa-

tion (34), we integrate the Fokker–Planck equation (34) for
variable v to obtain

∂

∂ t

∫
I
g(y,v, t)dv

=
∂

∂y

∫
I
ℋ[g]g(y, t)g(y,v, t)dv+𝒢[g]g(y,v, t)

∣∣∣∣1
−1

+
∂

∂v

∫
I
𝒦[g]g(y,v, t)dv+

σ2

2
∂ 2

∂y2 (y
2
∫

I
g(y,v, t)dv)

+
σ2

2
∂ 2

∂v2

∫
I
D2(y,v)g(y,v, t)dv

+
∂

∂v

∫
I
α2Φε(

vd

v
)g(y,v, t)dv. (40)

From the boundary condition (39), Eq. (40) is simplified to

∂

∂ t
h(y, t) =

∂

∂y
(λ1y−λ2my −λ3m1 −λ4m2)h(y, t)

+
∂

∂v
H1(v)h(y, t)+

σ2

2
∂ 2

∂y2 (y
2h(y, t))

+
σ2

2
∂ 2

∂v2 D2(y,v)h(y, t)

+α2
∂

∂v

(
Φε

(vd

v

)
h(y, t)

)
. (41)

When the diffusion term, herding behavior and the agent’s ir-
rational behavior are not considered, Eq. (41) becomes

∂

∂ t
h(y, t) =

∂

∂y
(λ1y−λ2my −λ3m1 −λ4m2)h(y, t)

+
σ2

2
∂ 2

∂y2 (y
2h(y, t)). (42)

Stationary solution of Eq. (42) is obtained by solving the fol-
lowing differential equation

σ2

2
d
dy

(y2h(y, t))+(λ1y−λ2my −λ3m1 −λ4m2)h(y, t) = 0.

(43)

The solution to Eq. (43) is

h∞(y) =
Cλ1,λ2,λ3,λ4,σ2

y2(σ2+λ1)/σ2 exp
{
− 2

σ2y
· λ1(λ3m1 +λ4m2)

λ1 −λ2

}
,

(44)
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where Cλ1,λ2,λ3,λ4,σ2 is a constant and it satisfies∫
R+ h∞(y)dy = 1.

Considering the influence of agents’ irrational behaviors
on investment decision-making, we directly integrate Eq. (34)
for variable y utilizing boundary condition (39), and obtain

∂

∂ t

∫
I
g(y,v, t)dy

=
∂

∂y

∫
I
ℋ[g]g(y, t)g(y,v, t)dy+𝒢[g]g(y,v, t)

∣∣∣∣1
−1

+
∂

∂v

∫
I
𝒦[g]g(y,v, t)dy+

σ2

2
∂ 2

∂y2

(
y2
∫

I
g(y,v, t)dy

)
+

σ2

2
∂ 2

∂v2

∫
I
D2(y,v)g(y,v, t)dy

+
∂

∂v

∫
I
α2Φε

(vd

v

)
g(y,v, t)dy. (45)

We set h1(v, t) to denote the marginal density function of in-
vestment decision variable v, that is,

h1(v, t) =
∫

I
g(y,v, t)dy, (46)

where h1(v, t) meets∫
I×R+

h1(v, t)dvdt = 1.

From Eqs. (39) and (46), Eq. (45) becomes

∂

∂ t
h1(v, t) =

∂

∂y
(λ1y−λ2my −λ3m1 −λ4m2)h1(v, t)

+
∂

∂v
H1(v)h1(v, t)+

σ2

2
∂ 2

∂y2 (y
2h1(v, t))

+
σ2

2
∂ 2

∂v2 D2(y,v)h1(v, t)

+α2
∂

∂v

(
Φε

(vd

v

)
h1(v, t)

)
. (47)

Considering only agent irrational behavior and the influence of
the diffusion term on the investment decisions, Eq. (47) reads

∂

∂ t
h1(v, t) =

σ2

2
∂ 2

∂v2 D2(y,v)h1(v, t)

+α2
∂

∂v

(
Φε

(vd

v

)
h1(v, t)

)
, (48)

where

Φε

(vd

v

)
=

u
w+1

log
vd

v
.

When D(y,v) = v, the stationary solution to Eq. (48) is

h1,∞(v) =
C1

v2

(
vd

v

) 2α2u
(1+w)σ2v

exp
{
− 2uα2

(1+w)σ2v

}
, (49)

where C1 is a constant and meets
∫

I h1,∞(v)dv = 1.
If we consider the impact of herding behavior, irra-

tional behavior, and diffusion terms on investment decisions,
Eq. (47) turns into

∂

∂ t
h1(v, t) =

σ2

2
∂ 2

∂v2 D2(y,v)h1(v, t)

+α2
∂

∂v

(
Φε

(vd

v

)
h1(v, t)

)
+

∂

∂v
H1(v)h1(v, t),

(50)

where

H1(v) =−α1H(v)(v− vd)−α2v.

When D(y,v) = H(v) = v, the stationary of Eq. (50) is
obtained as follows:

h1,∞(v) =C2v
2uα2

(1+w)σ2v
d v

−
(

2(vdα1+σ2−α2)
σ2 +

2uα2
σ2v(w+1)

)
× exp

{
− 2(−v2wα1 − v2α1 +uα2)

σ2v(w+1)

}
, (51)

where constant C2 satisfies
∫

I h1,∞(v)dv = 1.
From Eq. (44), we set λ1 = 0.6, λ2 = 0.1, λ3 = 0.2,

λ4 = 0.2, σ = 0.2, m1 = 0.5, and m2 = 0.5, the competence
evolution of agents with different λ4 is presented in Fig. 4.
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Fig. 4. Competence evolution of agents with different subjective initiatives.

As shown in Fig. 4, the competence level of the agent
is closely related to the subjective initiative. Agents who ac-
tively learn or actively participate in social practice acquire
more competence. For a given value of subjective initiative,
the density of agents with competence y gradually increases
first and then decreases. From Fig. 4, we know that the com-
petence level of agents with the same subjective initiative fluc-
tuates around a certain value. For example, when λ4 = 0.8,
the marginal density function under the steady state is similar
to the density function of the normal distribution with a mean
value of 1. In other words, when λ4 = 0.8, the competence
level of most agents fluctuates around y = 1.

We set α2 = 0.5, σ = 0.5, u = 0.2 and w = 2 in Eq. (49),
the evolution of investment decisions with different vd is dis-
played in Fig. 5. From Fig. 5, no matter what the agent’s
initial investment decision is, the final investment decision
will achieve the ideal-investment decision. Some agents do
not have strong investment intentions at the initial moment,
but when most agents invest, their investment intentions will
change. In the process of making investment decisions, agents
are easily affected by herding behavior. Driven by herding
behavior, agents constantly adjust their investment decisions
until the investment decisions reach an ideal state.
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Fig. 5. Evolution of investment decisions with different ideal-
investment decisions.

We choose α2 = 0.5, σ = 0.5, u = 0.2, w = 2 and vd =

0.05 in Eq. (51), the influence of herding behavior on invest-
ment decisions with different α1 is displayed in Fig. 6. Fig-
ure 6 shows that the higher the weightage given by agents to
the opinions of others, the greater their susceptibility to herd-
ing behavior. When agents are influenced by herding behav-
ior, it is easy to blindly follow others’ investment strategies,
resulting in shorter investment decision-making time. From
Fig. 6, when α1 = 0.8, meaning that agents are highly suscep-
tible to herding behavior, most agents make investment deci-
sions quickly. When α1 = 0.2, indicating that agents are less
influenced by herding behavior, they need more time to think,
so making investment decisions is slower.
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Fig. 6. Influence of herding behavior on investment decisions with dif-
ferent α1.

Figure 7 shows the evolution of investment decisions with
different w when α1 = 0.4 and other values are the same as
those set in Fig. 6. As shown in Fig. 7, when w takes differ-
ent values, that is, when the frequency of adjusting investment
decisions by agents is different, the speed at which investment
decisions converge to ideal investment decisions is also dif-
ferent. Agents exhibit a stronger investment inclination when
they frequently adjust their investment decisions. During this
process, irrational behaviors may occur to affect the evolution
of investment decisions. For instance, when w = 5, agents fre-
quently adjust their investment decisions, making investment
decisions quickly reach an ideal state.
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Fig. 7. Evolution of investment decisions with different w.

7. Numerical simulations
In this section, we apply the Monte Carlo method[25–28]

to simulate the Boltzmann equation (26) and the equilibrium
distribution (41). We set D(y,v) = 0, w = 3, u = 0.4, λ1 = 0.6,
σ = 0.2, λ2 = 0.1, λ3 = 0.4, λ4 = 0.6, m1 = 0.5 and m2 =

0.5, the marginal densities of competence in the Boltzmann
model (26) and the Fokker–Planck equation (41) with differ-
ent values of ε and α2 are displayed in Fig. 8.

Figure 8 shows that the relationship between the sta-
tionary solution of the Fokker–Planck equation (41) and the
Boltzmann model (26) when ε and α2 take different values.
As shown in Fig. 8, the simulation results of the Boltzmann
model (26) gradually approach the stationary solution of the
Fokker–Planck equation (41). From Fig. 8(a), when v = 0.8
and ε → 1, the density of agents with competence y agrees
well with the stationary solution of the Fokker–Planck equa-
tion (41). Figure 8(b) shows that when v = 0.8 and α2 → 1,
the competence level of most agents fluctuates around y = 1.
In other words, if the agent has a strong investment intention
and high expectation for potential return on a project, it shows
that the agent has a lot of information about the project and has
a strong competence in financial investment. From Fig. 8, we
know that the competence level of agents is not only related to
the agent’s subjective initiative but also related to the invest-
ment intention and the expectation of potential return. Agents
with strong competence in financial investment can accurately
predict market risks and potential returns and are more likely
to make an ideal investment decision.

We set σ = 0.2, v = 0.8 and keep other parameter val-
ues as the same as those in Fig. 8, the equilibrium distribu-
tions (41) with different values v and σ are displayed in Fig. 9.
From Fig. 9(a), when v is large, the density of agents with
competence y is low, which indicates that some agents have
low competence in financial investment, whereas their willing-
ness to invest will increase due to the herding behavior. The
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Fig. 8. The marginal densities of competence in the Boltzmann
model (26) with the Fokker–Planck equation (41).
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Fig. 9. The stationary behavior of the Fokker–Planck equation (41) with
different values v and σ .

density function image of agents with the same investment in-
tention and competence y is similar to the normal distribution
image. In other words, there is little difference in the com-
petence level of agents with the same investment intention in
financial investment, that is, only a few agents have very high
or low competence. Figure 9(b) illustrates the evolution of the
density of agents with competence y when σ takes different
values. When v= 0.8 and σ = 0.8, the density of agents whose
competence level fluctuates around y = 0.3 is the largest. Con-
trarily, when σ → 0, the density of agents whose competence
level fluctuates around y = 1 gradually decreases. As shown in
Fig. 9(b), when σ → 0, the average competence of the agent
gradually increases. Namely, when the agent actively learns or
actively participates in social practice and is less interfered by
unpredictable factors, the competence level of the agent will
increase.

8. Conclusions

This paper uses the kinetic theory to analyze the evolution
of investment decisions in the financial markets. The main fea-
ture of our model is to analyze the influence of herding behav-
ior, agent competence, and irrational behavior on investment
decision-making. We apply a value function which includes
current and ideal-investment decisions to describe the agent’s
irrational behavior. The binary interaction rules and a Boltz-
mann model are given to describe the evolutions of invest-
ment decisions. Employing the asymptotic procedure, we ob-
tain the Fokker–Planck equation from the Boltzmann model.
The numerical simulation results and the stationary solution
of the Fokker–Planck equation demonstrate that agents’ living
environment, education level, and subjective initiative affect
agents’ competence in financial investment. To some extent,
subjective initiative increases the agent’s competence level. In
addition, the competence of agents and herding behavior af-
fect investment decision-making. When the agent makes in-
vestment decisions, it will be interfered with the investment
decisions made by other agents. An agent with strong compe-
tence in financial investment will be more rational in invest-
ing and more accurate in risk prediction, so the investment
decision-making is closer to the ideal-investment decision. In
short, herding behavior has both advantages and disadvantages
for investment decision-making, and the agent’s competence
to invest helps the agent to increase income and reduce losses.
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