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Nonlinear perturbation of a high-order exceptional point: Skin
discrete breathers and the hierarchical power-law scaling
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We study the nonlinear perturbation of a high-order exceptional point (EP) of the order equal to the system site
number L in a Hatano—Nelson model with unidirectional hopping and Kerr nonlinearity. Notably, we find a class of discrete
breathers that aggregate to one boundary, here named as skin discrete breathers (SDBs). The nonlinear spectrum of these
SDBs shows a hierarchical power-law scaling near the EP. Specifically, the response of nonlinear energy to the perturbation
is given by E, o< "%, where oy, = 3"~! is the power with m = 1,...,L labeling the nonlinear energy bands. This is
in sharp contrast to the L-th root of a linear perturbation in general. These SDBs decay in a double-exponential manner,
unlike the edge states or skin modes in linear systems, which decay exponentially. Furthermore, these SDBs can survive
over the full range of nonlinearity strength and are continuously connected to the self-trapped states in the limit of large
nonlinearity. They are also stable, as confirmed by a defined nonlinear fidelity of an adiabatic evolution from the stability
analysis. As nonreciprocal nonlinear models may be experimentally realized in various platforms, such as the classical
platform of optical waveguides, where Kerr nonlinearity is naturally present, and the quantum platform of optical lattices
with Bose—Einstein condensates, our analytical results may inspire further exploration of the interplay between nonlinearity
and non-Hermiticity, particularly on high-order EPs, and benchmark the relevant simulations.

Keywords: skin discrete breather, hierarchical power-law scaling, double-exponential decay, non-Hermitian

skin effect, high-order exceptional point, Kerr nonlinearity

PACS: 42.65.-k, 05.90.4+m

1. Introduction

The discrete breathers (DBs), also known as intrinsic
localized modes, which are spatially localized and time-
periodic, are a class of stable solutions to discrete non-
linear Schrodinger equations,!!! which can exist due to
the balance of discreteness and nonlinearity in underlying
systems.!? The discovery of such a solution dates back to
1969 by Ovchinnikov in one-dimensional chains of coupled
anharmonic oscillators,l3 and significant progress has been
made in theory since the 1990s.1 Experiments in various
platforms,>-81 including Josephson-junction arrays,*!% mi-

H2.13] and antiferro-

cromechanical arrays,!'!! optical systems,
magnetic solids,'* began to focus on this topic since 1998.
Non-Hermitian physics is a flourishing field">! that has
attracted increasing interest in recent years due to the numer-
ous counter-intuitive exotic phenomena without counterparts
in Hermitian systems, such as the breaking of parity-time-

162211 and the breakdown of conventional

[22-33

reversal symmetry!
bulk—boundary correspondence. I These phenomena re-
sult from the non-Hermiticity of the system’s Hamiltonian
that gives birth to complex energies and nonunitary evolu-
tions. Among them, exceptional points (EPs)**! are a kind
of spectral degeneracy along with the coalescence of corre-

5. 115,35,36

sponding eigenvector: | These unique objects in non-
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Hermitian systems can induce many exotic phenomena. Many
exotic phenomena result from EPs, such as fractional winding
numbers!?>3%! and the mode switching. 373!

However, DBs have less direct communications with
the non-Hermiticity. Some theoretical works***71 have al-
ready touched upon the crossing scenarios of nonlinearity and
non-Hermiticity. For example, an end breather oscillating at
one boundary is proposed in a non-Hermitian Su—Schrieffer—
Heeger-like lattice with saturable nonlinearity due to the in-
terplay of non-Hermitian skin effect and the topological end
state.*? In one-dimensional discrete nonlinear Schrodinger
equations with nonreciprocal hopping, fractal bands are nu-
merically figured out,!*3! and several different trapped skin
states are formed in quench dynamics. 6! Nonlinear effects on
EPs™7! or nonlinear EPs/*+*] are also discussed in different
non-Hermitian nonlinear models. In experiments, topological
insulator lasers*®*1 and the nonlinear Thouless pumping!>’!
are realized by utilizing the merits of chiral edge states of Her-
mitian topological systems and self-trapping of nonlinearity.

DBs were usually studied in Hermitian nonlinear lattices,
i.e., without on-site gain/loss or nonreciprocal hopping that are
two forms to break the Hermiticity of systems. When intro-
ducing non-Hermiticity into nonlinear lattices, one may be cu-
rious about whether DBs still exist and, if so, whether they are
dynamically stable. Further questions arise, such as in what

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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way the breakdown of bulk-boundary correspondence or non-
Hermitian skin effect!®! shows up, and whether a nonlinear
perturbation induces any exotic scaling around a high-order
EP.

In this paper, to address these problems, we introduce
an on-site Kerr nonlinearity to a disorder-free Hatano—Nelson

1,152 which is naturally equipped with an EP of a

mode
system-size order under open boundary conditions (OBCs)
when the nonreciprocal hopping becomes unidirectional. This
gives birth to a class of stable DBs, named as skin discrete
breathers (SDBs), which are located near the preferred bound-
ary. These SDBs emerge from the high-order EP and are ac-
companied by a hierarchical power-law scaling E,, o< I" %" with
m=1,...,Lin the power o, = 3"~ ! labeling the nonlinear en-
ergy bands, which reflects the energy response E to the non-
linear perturbation I". This scaling law is in sharp contrast to
the linear perturbation. Moreover, these SDBs can stably ex-
ist under OBCs through the whole nonlinearity strength and
are verified by nonlinear adiabatic evolution. However, under
periodic boundary conditions (PBCs), they disappear, show-
casing a nonlinear version of the breakdown of bulk-boundary
correspondence. Since nonlinear models with nonreciprocal
hopping can be experimentally realized in various platforms,
such as optical waveguides!>3! where Kerr nonlinearity natu-
rally exists, and optical lattices with Bose—Einstein conden-
sates (BECs)!>*! that can be described by Gross—Pitaevskii
(GP) equations, our results may stimulate more studies be-
tween the interplay of nonlinearity and non-Hermiticity, es-
pecially on high-order EPs.

2. Model

To investigate the interplay of nonlinearity and non-
Hermiticity, we construct a discrete non-Hermitian nonlinear
Schrodinger equation with both nonreciprocal hopping and
Kerr nonlinearity (7 = 1),

P)
i () = h 1 () + B () + VB O (), (1)

where ¥,(z) (n=1,...,L) is the time-dependent wave func-
tion at the n-th site of L sites, J r generally represent the
amplitudes of nonreciprocal hopping if Ji # Jr, and 7 is the
strength of Kerr nonlinearity, and here, the parameters J; g
and 7y are all real numbers. This model may be realized in
a classical platform of optical waveguides with natural Kerr
nonlinearity® or in a quantum platform with a BEC loaded
in a dissipative ultracold atomic system!?!! (see an example of
model derivation using the Lindblad master equation in Ap-
pendix A).

We are looking for DBs, i.e., temporarily periodic and
spatially localized solutions,!!?! of the form

P (t) = Ve, 2)

where the energy £ must be a real number that conserves the
total intensity

1=Y[%0F, 3)

n
and vy, is the normalized time-independent amplitude, i.e.,
Y, |w.|> = 1. If E is complex, the solution is not time-periodic,

i.e., not a DB anymore, and will amplify or decay after a long-
time evolution; otherwise, it is time-periodic and possibly sta-
ble.

Substituting the trial function (2) into Eq. (1), we have

JLWn+1+JRWn—1+YI|Wn|2VIn:EWVL- (4)

For the linear case (yI = 0), it is just the disorder-free Hatano—
Nelson model.’12] Under OBCs, it is well known that E can
be a real eigenenergy if and only if J;.Jzx > 0. Additionally, all
the bulk eigenstates assemble at only one boundary if J;, # Jg,
which is called the non-Hermitian skin effect.[?!

For the nonlinear case (Y # 0), we can prove that given a
real-valued y as well as the condition Ji Jgz > 0, the energy E
under OBCs must also be real, as opposed to the case shown

in Ref. [43]. It can be seen as follows: via the transformation
of state W, =1t"¢, witht = \/m, Eq. (4) becomes

J(¢n+l+¢n71)+7nl|¢n|2¢n :E(bm (5)

where J = \/J.Jg and %, = t*"y, and the transformed state sat-
isfies Y,,#%"|¢,|> = 1; for any set of solutions {¢,}, the co-
efficient matrix (regarding |¢,|> as system parameters) from
the left-hand side of Eq. (5) is Hermitian, and thus, E, as the
eigenvalue of this Hermitian matrix, must be real. Further-
more, because Eq. (4) is invariant to an overall phase of the
solution, we can always make y; nonnegative. Thus, all other
¥,’s must be real, which is apparent from the recurrence re-
lation (4) with the above proved reality of E. Therefore, the
solution y;, to Eq. (4) just needs to be found in the field of real
numbers.

According to the above discussion, we can just consider
the cases of 0 < Jy/Ji < 1 with J, = 1 being set as the en-
ergy unit in the following. Here, we also include the recipro-
cal case of Jy = 1 and the unidirectional case of Jy = 0. For
convenience, we define an effective nonlinear strength I" = yI
(where, in contrast, 7 is called the bare strength) of nonlin-
earity, which will be set positive afterward, and the negative
case can be directly obtained by the mapping: (I',E,y,) —
(_F’ —E, (_1)nll/n)'

For the unidirectional case of J; = 0, it is well known that
under OBCs the linear limit (i.e., I' = 0) corresponds to an
exceptional point of order L with the eigenenergy E = 0 and
the unique eigenstate (1,0,0,...)". Then, a question arises:
how does Kerr nonlinearity affect this high-order exceptional
point? In the following, we mainly pay attention to this case
and then discuss the general nonreciprocal case in the end.
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Although the previous proof of the reality of solutions is
only applicable to the Jz > 0 case, we can believe that it is still
true for Jr — 0, or at least, we can still only care about the
real solutions, i.e., {y,,E} € R. For the unidirectional case,
Eq. (4) reduces to

Vi1 + Y5 = Ey, (©6)

with the normalization condition ¥, > = 1. In Fig. 1, we
numerically plot the nonlinear energy spectrum under OBCs
with L = 4 sites, and show typical intensity profiles w2 at rel-
atively small and large nonlinearities. The numerical method
used here can be referred to in Appendix B.

(a) T (c) 1

12 (1) (2) (3)
| E=12 = N.9149 || E=11/0133
1
| 0
1 1 (4) (5) (6)
o6 ’ E=11.9143/ | E=5.8023 || E=58211
- 0
£ 1 (7) (8) 9)
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Fig. 1. (a) Nonlinear energy spectrum, E versus I, under OBCs with
L = 4 sites by the numerical method in Appendix B. The four blue
curves (m =1, 2, 3, 4 from top to bottom) emerging from the linear
EP of order 4 are just SDBs. Stable DBs are represented by blue or
black dots while the unstable ones are by gray circles, calculated us-
ing Eq. (16) with accuracy T = 10~'%. [(b), (c)] Intensity profiles of
stable DBs at relatively small and large nonlinearities, I" = 2 and 12,
respectively, indicated by the red dashed line in panel (a). The intensity
profiles colored in blue (c1, ¢8, c13, c15) correspond to the SDBs in
panel (a).

3. Hierarchical power-law scaling and self-
trapping

Near the linear high-order EP at I" = 0, it is shown that the
perturbation by Kerr nonlinearity I" < 1 lifts the exceptional
degeneracy of order L to L nonlinear energies [Fig. 1(a)], in-
dicating a hierarchy of power-law scalings when I" — 0. Cor-
respondingly, the wave functions of nonlinearly perturbed en-
ergies are just located to the preferred left boundary with tails
extending to interior sites, named as skin discrete breathers
(SDBs). The lower the energy is, the farther the tail extends
away from the boundary, as shown in Fig. 1(b).

To exactly find the power-law scaling when I" < 1, we try
to solve Eq. (6) with the assumption of ¥, # 0 and W~ =0,
inspired by the intensity profiles of wave functions at weak
nonlinearity in Fig. 1(b). Thus, Eq. (6) can be rewritten in a
form of nonlinear recurrence relations, terminated at the m-th
site, i.e.,

Vort = (E=Ty) ¥, (1<n<m),

0= (E—=Tyy) V- @

Since we care about the perturbation to the linear high-
order EP at I' = E = 0, we can reduce the relation (7) using
the perturbation condition of {I",E} < 1. The basic idea is to
retain only the terms independent of E in each recursion step
of the first line of Eq. (7), and then to solve E through the sec-
ond line. The details of derivation can refer to in Appendix C.

As the result of derivation, we get the nonlinearly per-
turbed energy E,,(I") of the SDB that spreads maximally into

site m,
En () = %, ®

and obtain the corresponding (unnormalized) wave function

ap—1

v, D)~ (-7, (n=1,...m), 9)

where @, = 3"!. A power-law scaling emerges in the depen-
dence of both the energy and the wave function on I".

From Eq. (8), it is shown that the nonlinear perturbation
indeed lifts the linear EP of order L to L nonlinear energies
E, (m=1,...,L), as expected from Fig. 1(a), which is similar
to a linear perturbation. It is well known that a linear pertur-
bation & will in general lead to a spectral shift € o< V/§, ac-
cording to the Puiseux expansion.>*! Although our nonlinear
perturbation I" also gives rise to a power-law scaling € oc I" %,
the power o, exponentially depends on m, i.e., &, = 3",
where the base 3 is inherited from the power of Kerr nonlinear-
ity, and demonstrates a hierarchical structure form = 1,... L.
This is in sharp contrast to the uniform fractional power 1/L
of the linearly perturbed energies. From the sensitivity point
of view,[!3] the energy response to the nonlinear perturbation
is more insensitive than to the linear one.

From Eq. (9), we have v, (I') /y,(I") = (—I")%, which
means that the wave function of the m-th energy decays expo-
nentially into the interior sites, but the power o, = 31 g
much distinct to the power n of a general linear end state, in-
dicating a faster decay. Note that m also labels the farthest
site the DB of energy E,,(I") occupies, representing DBs with
different distributions. From the previous discussion of sensi-
tivity, this means that the distribution of DBs can influence the
energy response to the nonlinear perturbation: the more sites
the DB occupies, the more insensitive the energy responses to
the perturbation.

These scaling laws in energies and wave functions can
be verified for L = 4, as shown in Fig. 2. It is shown that
when I — 0, the nonlinear energies numerically obtained
in Fig. 1(a) indeed have the hierarchical power-law scalings
E,(I') o< {I",I"3,T°,T"*"} from top to bottom corresponding
tom={1,2,3,4}, respectively [Fig. 2(a)], and the correspond-
ing wave functions decay in a double-exponential way from
the left boundary (site 1) to site m [Fig. 2(b)], satisfying the
analytical results from Egs. (8) and (9).
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1 2
r n

3 4

Fig. 2. (a) The nonlinear energies in the red dashed rectangle in
Fig. 1(a), replotted as vVE (s = am =1,3,9,27 for m = 1,2,3,4, re-
spectively) versus I". They are almost linear with slope one for small
I', satisfying Eq. (8). (b) The wave functions of the four energies at
I' = 0.1, indicated by the red dashed vertical line in (a), replotted as
log;[3logp (I"y?)] versus the site index n = 1,...,m, where m = 1, 2,
3, 4 correspond to the four energies in the decreasing order. The numer-
ical results labeled by markers coincide with the solid line of slope one,
satisfying Eq. (9).
When the nonlinearity is strong enough (i.e., I" — oo), the
self-trapping is expected to occur. In this limit, Eq. (6) can be

decoupled as
Ey, ~Ty, (10)

with the normalization condition Y2_, w2 = 1. From this
equation, we know that if there is an occupation at site n,
the energy satisfies E ~ I"'y?, which means that all occu-
pied sites must have the same intensity V’:%e@ ~ E/T" with
O = {n|ly, #0,1 <n < L,n € N} being the set of all occu-
pied sites. Therefore, using the normalization condition, we
have the energy

E,~T/m, 11)
and the corresponding wave function

Vo = 1/m, Wiyo =0, (12)

where m is the number of occupied sites, i.e., the self-trapping
occurs at m independent sites. From the possible arrangement
of m sites being occupied, the energy E,, has the degeneracy of
C}", and at large I there exist L separated bands, each of which
includes an SDB adiabatically evolved from the linear EP, as
shown in Fig. 1(a). This self-trapping seems similar to the
Hermitian nonlinear case, and for a large but finite strength of
nonlinearity, the perturbation of unidirectional hopping leads
the trapping tail spreading asymmetrically to the left side of
the trapped sites, not as symmetric as its Hermitian counter-
part.

4. Stable skin breathers and nonlinear adia-
baticity

As shown in Fig. 1(a) that the numbers of energies at these
two limits (i.e., I' — 0 and o) are different, there must be
emergent states at intermediate I". Among them, we only care
about the dynamically stable states.

We first analyze the linear stability of amplitude, 20->-36]
i.e., consider the perturbation u,(z) on the amplitude of the

DB solution ¥, (t) = w,e £, where (¥,,E) is the solution to
Eq. (6). The perturbed DB, say ¥, (¢) = [y, + u, (¢)]e "'£*, must
satisfy the nonlinear time-dependent Schrédinger equation

d - - - -
i (1) = Fd () + T (0P o), (13)

yielding [up to the first order of u, ()]

{a,ufﬁ (6) ~ (T2 — By (6) +u?) | (1),

il (1)~ — (302 — B (1) — ™), (1),

(14)

where subscripts (1/i) represent the real and imaginary parts of
u,(1). In matrix form, it can be written as

R

where U (1) = [uﬁ“”(t),...,uﬁ“”(t)]T and C is the corre-
sponding 2L x 2L coefficient matrix, determined by the given
solution (y,,E) to Eq. (6) for each I'. The stable states re-
quire that u,(¢) for all n must not be amplified during the
evolution, in other words, the real parts of all the eigenvalues
{4} (n=1,...,2L) of C must not be greater than 0, i.e.,

max[Re(4,)] <7 ~0, (16)

where 7 is the accuracy taken in numerical calculations.

Therefore, we can numerically distinguish the stable and
unstable solutions, labeled by dots and hollow circles, respec-
tively, in Fig. 1(a), where the SDBs near the linear high-order
EP at weak nonlinearity are all found stable, and each of them
with energy E,, can pass through the full range of I" to a
boundary-m-site-occupied self-trapped SDB at strong nonlin-
earity [Fig. 1(b)]. However, other stable DBs localized at the
interior sites emerge at finite I". For example, the DB localized
at site 2 [Fig. 1(c2)] does not emerge from the EP at I’ =0
but from a finite I" ~ 3.33 (see detailed calculation in Ap-
pendix B). This is similar to the commonly encountered bi-
furcation point in Hermitian nonlinear systems where the self-
trapping bifurcates from a continuous spectrum of extended
states. Here, it emerges from a bunch of skin modes, which
themselves can also be regarded as the boundary self-trapped
modes.

Since these SDBs are stable, we may check their adia-
baticity along with the change of bare strength of nonlinearity
¥(t) = Y% — vt in time ¢, where }p is the initial strength and v is
the change speed. As noted that the intensity 1(¢) = ¥, |, (¢)|*
of the state ¥,(z) governed by Eq. (1) generally changes in
time due to the system’s non-Hermiticity, we need to com-
pare the state with the instantaneous SDB y, [I"(¢)] for I'(¢) =
v(#)I(t). To reflect the robustness of the adiabatic process, we
define a nonlinear fidelity

10 = 75| ZHO W @) a7
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The numerical results in Fig. 3(b) show the robustness of
SDBs: the slower the ¥(¢) changes, the more similar the in-
stantaneous state is to the SDB at I'(r). Near the linear EP, the
adiabaticity tends to break down, which may result from the
divergence of the state amplitude near EP.°7] Because of the
dependence of I'(¢) on the increasing intensity /() along with
time, the nonlinear adiabatic evolution is not uniform along a
nonlinear energy curve of an SDB [Fig. 3(b)], which is differ-
ent from the linear adiabatic evolution.

(a)12 (c)

=001 12
—v=01 ]
+5;iu '
Sv=100 !
= '
:/ 6 m 6 -
——
0 0 z :
12 8 4 0 2 4 6 8 10 12
¥(t) r
(b) 1 (d)1 ) ; @)
~ E=-0 E=11.9149 || E=5618
5 r=2 r=12 r=12
= 0
= p=s301Y)|| B=3.355 () =2 (©)
o r=12 r=12 r=12
=
0 0
12 8 4 0 1 2 3 4 2 3 41 2 3 4
Y(¢) n

Fig. 3. (a) The instantaneous effective strength I"(r) = y(¢)I(t) versus
the bare strength y(z) = % — vz, indicating the nonuniform change of
I'(¢) due to the increase of intensity /(r) when the nonreciprocal hop-
ping gradually takes part in along with time . The smaller speed v leads
to larger nonuniformity of I'(z)’s change. (b) The nonlinear fidelity of
the instantaneous state to the SDB at I'(¢) along the energy curve of
m = 2 in Fig. 1(a), which shows that the nonlinear adiabaticity works
well if the change is slow enough. In (a) and (b), the initial SDB state is
selected as in Fig. 1(c8) of 2 leftmost sites being occupied (i.e., m = 2)
at['(r =0) = ¥ = 12. (c) Nonlinear energy spectrum with the same set-
tings as in Fig. 1(a) but under PBCs, where the energies can be complex
in general but only real ones are plotted, including stable (black dots)
and unstable (gray hollow circles) solutions. (d) Some typical intensity
profiles of stable solutions in panel (c), the lattice translation of each of
which is also the degenerate solution due to the translation invariance
under PBCs.

As a comparison, we also plot the nonlinear real spec-
trum as well as the typical intensity profiles under PBCs in
Figs. 3(c) and 3(d). Note that complex solutions to Eq. (6) ex-
ist under PBCs, and here only real ones are plotted for the sake
of dynamical stability. Compared with the spectrum under
OBCs in Fig. 1(a), the SDBs are missing except for the all-site-
occupied state. The breakdown of spectrum correspondence in
non-Hermitian linear systems between OBCs and PBCs also
occurs in this non-Hermitian nonlinear system. Besides the
similar self-trapped DBs at interior sites, SDBs, i.e., the DBs
aggregated to one boundary, emerge under OBCs.

5. Discussion and conclusion

Although we only demonstrate the unidirectional case of
Jr = 0, the nonreciprocal case with J /Ji. > 0 can be studied
numerically in the same way, which shows that the hierarchi-
cal scaling law disappears along with the EP [Fig. 4(a)]. Since
Kerr nonlinearity sometimes can be regarded as a mean-field

approximation of some many-body systems (see Appendix
A for an example), here we also plot the energy spectrum
[Fig. 4(b)] of a repulsive Bose—Hubbard model with only the
leftward hopping, of which the Hamiltonian reads

. L1 UL
HMB:_JLZaAi‘dH»lJ'_EZﬁi(ﬁi_l)’ (18)
i=1 i=1

where c?lm is the bosonic annihilation (creation) operator at
the i-th site, 7; = &jﬁi the corresponding particle number op-
erator, Ji the strength of the leftward hopping, and U > 0 the
two-body interaction strength. It is shown that there is no such
scaling law in the spectrum near the high-order EP. The con-
nection between this linear many-body interacting model and
the nonlinear one in the main part should be further investi-

gated.

80

12 (b)

0 4 8 12 0 4 8 12
r U

Fig. 4. (a) Nonlinear energy spectra with the same setting as in Fig. 1(a)
but with the nonreciprocal hopping Jx /Ji. = 0.5. (b) The energy spec-
trum of the many-body Hamiltonian (18) with L = 4 sites and N =4
bosons under OBCs, where the particle distribution (A;) = (W |Ai| Win)
with |y, ) being the right eigenstate of Ayg normalized to N = 4, cor-
responding to the m-th energy band from top to bottom. Here J;, = 1 is
set as the energy unit.

In summary, we have studied a nonlinear model with
nonreciprocal hopping, especially with unidirectional hopping
which corresponds to a high-order EP in the linear limit. By
analyzing the nonlinear energy spectrum, we find a class of
SDBs under OBCs, inherited from the skin modes of the lin-
ear systems. At weak nonlinearity, the linear EP gives rise to
a hierarchical power-law scaling induced by the nonlinear per-
turbation. These SDBs can continuously extend to the large in-
tensity regime, becoming boundary self-trapped states. These
SDBs are dynamically stable, and the nonlinear adiabaticity is
still valid as long as the nonlinearity strength changes slowly
enough. The SDBs and relevant phenomena in nonreciprocal
nonlinear models could be experimentally observed in many
platforms, such as optical waveguides, where Kerr nonlinear-
ity naturally exists, and optical lattices with BECs, which can
be described by GP equations.

Appendix A: A possible realization of model (1)
with ultracold atoms

Considering a BEC formed by weakly repulsive ultracold
bosons loaded in a dissipative optical lattice, under the Markov
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approximation, 8! the Lindblad master equation can be engi-
neered as follows:

dp T A A
L ——ilA.p) - S L (L1Lp+pLIL—2LpL)), (A1)
where p is the density operator, and
A N U
A=Y [—J(aja,-H +af, ) + (- 1)} (A2)

is the conventional Bose-Hubbard Hamiltonian with dlm be-
ing the bosonic annihilation (creation) operator at the i-th site,
f; = diTaA,- the corresponding particle number operator, J the
hopping strength, and U > 0 the two-body repulsively contact
interacting strength. Here, we consider a kind of non-local
single-particle loss represented by the Lindblad operators>°!

~

L = \/g(a; —idiy1),

with g being the loss rate.

(A3)

We can rewrite Eq. (Al) in terms of an effective non-
Hermitian Hamiltonian

N L1 aba
Hr=H — 5 Y LiL;, (A4)
i
yielding
b A A A s ast
L = —ifap—pBl) + L LAL,  (49)

where the last term is the recycling term!®®! that can be ig-
nored for a short-time evolution before the quantum jumps oc-
cur. Thus, the dynamics can be well described by the effective
non-Hermitian Hamiltonian H., of which the explicit form is

Aar =Y [~ U+ 3)d i = (= $)a], a
1

U
—igh; + Eﬁ,-(ﬁ,» -1)]. (A6)

In the following, we derive the discrete non-Hermitian
nonlinear Schrédinger equation (1) by calculating the dy-
namics of the single-particle reduced density matrix, A;; =

(ala;) = tr(a] a;p), under mean-field approximation.!®'! From
Eq. (AS), we have
.dA;; 8 g
i = (1= 5) = (1= 5) 4
(1 +8) Ar = (74 8) Ay —2igA;
) i+1,j + ) i,j+1 184
+U(0ijjj + AijAjj — Giiij — Aiidij), (A7)
where we have defined the covariances
Ciji = (ajajazm) — (ajaj> <a;£al>. (A8)

Under the mean-field approximation, we can remove the co-
variance terms in Eq. (A7) to make this set of equations closed:

.d
1$A,‘j = (J* g)Aifl,j - (Jf g)Ai-,j*I

(748 A= (14 8) Ao

+ U(AijAjj — A,'l'A,'j) — ZigAl'j. (A9)
This assumption is appropriate for a pure BEC.[®!]

By the identification A;; = ¥*¥; with ¥ being the BEC’s
wave function at the i-th site, Eq. (A9) can be re-expressed as

.d g g .
i W= (=3 — (14 3) U B E g,
(A10)

which is just the discrete non-Hermitian nonlinear
Schrodinger equation (1) up to an overall loss term —ig'¥.
The interacting strength U takes the role of the strength of the
Kerr nonlinearity and the loss rate g controls the nonreciprocal
hopping J.x = —(J/ £ g/2). By fine-tuning the loss rate, one

can make the hopping unidirectional, i.e., g = 2J.

Appendix B: Analytical and numerical methods
for nonlinear energy spectra

Indicated by the intensity profiles of the SDBs at weak
nonlinearity in Fig. 1(b) of the main text, one can rewrite
Eq. (7) of the main text in a recurrence form, terminated at
the m-th site, i.e.,

‘Vn-‘rlz(E_FWr%)l//n? (1§n<m)7
0=(E=T¥.) ¥, (B1)
0= Yp, (n>m).

If the DB is localized at the leftmost site, i.e., site 1, ac-
cording to the assumption that y, = 0, one can easily obtain
Y = \/ET from Eq. (B1). Further considering the normal-
ization condition 1//12 = 1, one can immediately find that the
energy £y = I and the corresponding DB solution localized
at site 1 is ¥} = (1,0,0,...)". This boundary DB is identical
to the skin mode of the linear case (i.e., I = 0) but its energy
becomes finite and proportional to I" due to Kerr nonlinearity.

Likewise, if the DB is localized at site 2, one can deter-
mine y3 =0, Yy, = \/ﬁ, and y; = m Because the
real amplitude y, < 1, the energy of the DB localized away
from the boundary will be smaller than the DB at the bound-
ary, i.e., Ey < I' = E1, which is due to the repulsion of the
peak intensity from one site to more sites to the left, lowering
the total energy. From Eq. (B1), the energy E; is determined
by

4E3 —8TE3 + (5SI* +1)E, — T2 =0. (B2)
Using the discriminant(®?]
A =18abcd — 4b3d + b*¢* — 4ac® — 27d%d?
=16(I'* —11I'* - 1) (B3)
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of a cubic equation, ax® +bx*+cx+d =0 (a # 0), the bi-
furcation point, It = 4/ (11 +5v/5)/2 ~ 3.33, is obtained by
A = 0, which separates regions of one and three real solutions
of Eq. (B2) and is also the onset of the DB localized at site 2
as shown in Fig. 1(c2) in the main text.

The DB localized at site n (n > 3) is difficult to solve an-
alytically due to the nonexistence of analytical expression of
higher-order polynomial equations in E. Thus, one may resort
to numerical methods to get the full nonlinear energy spec-
trum as well as the corresponding wave functions, and maybe
also to get the bifurcation points of various DBs localized at
interior sites. The plots in Fig. 1(a) of the main text are ob-
tained using the build-in function NSolve over the real field in
Mathematica to deal with the system of Eq. (B1). Especially
for very small I"’s, we restrict the solutions to have nonzero
amplitudes before the m-th site, i.e., Y,<,, > 0, obtaining each
curve of E,, versus I" with high numerical accuracy up to 100
significant digits set by the build-in function SetPrecision in
Mathematica.

Appendix C: Detailed derivation of the power-
law scaling of SDBs

Here, we give the detailed derivation of the scaling law
at weak Kerr nonlinearity, i.e., I' < 1, near the linear high-
order EP (I' = E = 0) in the main text. To this end, we revisit
the recurrence relation (B1) and pay attention to the solution
[E(I"),y,(I")] when I" <« 1.

Given the amplitude y;(I") at the leftmost site (i.e., site
1), the first line of Eq. (B1) can recurrently yield the ampli-
tude y,(I") for n € [2,m]. Taking E as another given pa-
rameter, Y, is also an explicit polynomial function of E, i.e.,
v, = ¥, (E,I'); the same for the amplitude of the last non-zero
amplitude y,,(E,I").

To solve E in terms of I, we numerically find in Fig. 1(a)
in the main text E — 0 when I" — 0. Thus, the second line of
Eq. (B1) can yield

0=E-Ty2(E,T)
~E—T[C(I')+D(I')E)=E[l —I'D(I')]-I'C(I")
~E-IC(T), (CH

where the first approximate equality works by expanding
W2 (E,T) in terms of E < 1 up to the first order with C(I")
and D(I") being the coefficients of expansion, and the second
by further considering the condition I" < 1. The expression
means that we just need to retain in W2 (E,I") the term C(I")
that is independent of E; in other words, it is enough to keep
only the terms independent of E while executing the recursion
of Eq. (B1), yielding

Yin :(_F)V/;z—l

(-D)(-D)yp o = (-0)' Py,
(D) (D)5 = (~0) 33y

m—

Q

Q

3m—1

~ (=P (yy)™ (C2)

where B, = Y""23" = (3! —1)/2. As a result, from the
second line of Eq. (B1) we have the energy E,,(I") of the SDB
maximally spreading to the m-th site [i.e., W, (I") # 0] as fol-
lows:

377171

En(I') =Ty ()~ [Ty (D)) (C3)

As for the wave function, because E,(I") has the same
order of I" as I'y2(I"), which possesses the order of I" not
less than I'y2(I") (n < m), we can safely discard E,,(I") in
each parenthesis of the first line of Eq. (B1). Thus, we have
the wave function corresponding to E,,(I"):

-l

(-1)*>

() = i), (n=1,...,m), (C4

which is consistent with y;(I") and y,,(I"). Then, y;(I") can
be further determined by the normalization condition

(D) )P

M=

1=Y y ()~
n=1

n=1

— D) YD

n=1

~(=I)'[(-N)yi (D)) = wi(I), (C5)

where we only keep the leading term of the summation for the
last approximate equality due to | — I'y?(I")| < 1. Thus, we
have 1//12 ~ 1, which means that the wave function still aggre-
gates, as expected, to the left boundary, like the unique eigen-
state at the linear EP.

Finally, we have the energy and the corresponding (un-
normalized) wave function at I < 1 as

{Em(F) ~I3"
n—1_1

ol (Co)
Wn(r) (_F); z o,

Q

(n=1,...m).

Here, we can see that the power-law scalings emerge from
the linear high-order EP and the wave function is double-
exponentially decayed.
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