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There are rich emergent phase behaviors in non-equilibrium active systems. Flocking and clustering are two repre-
sentative dynamic phases. The relationship between both the phases is still unclear. Herein, we numerically investigate
the evolution of flocking and clustering in a system consisting of self-propelled particles with active reorientation. We
consider the interplay between flocking and clustering phases with different initial configurations, and observe a domain
in steady state order parameter phase diagrams sensitive to the choice of initial configurations. Specifically, by tuning the
initial degree of polar ordering, either a more ordered flocking or a disordered clustering state can be observed in the steady
state. These results enlighten us to manipulate emergent behaviors and collective motions of an active system, and are
qualitatively different from the emergence of a new bi-stable regime observed in aligned active particles due to an explicit
attraction [New J. Phys. 14 073033 (2012)].
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1. Introduction
Active systems have attracted much attention from re-

searchers in interdisciplinary fields.[1–4] The emergence of
collective motion appearing in such systems inspires us to
consider the dynamics in the evolution process of active sys-
tems. However, unlike an equilibrium system determined by
the principle of minimum free energy, these systems are far
from equilibrium. So far, there is still no widely acknowl-
edged theory to describe the steady-state phase behaviors since
nonequilibrium evolution is usually dependent on system’s dy-
namic paths, which is an interesting property commonly ob-
served in many living and engineered systems.[5–9]

In the past few decades, extensive work has been per-
formed towards initial states in network, natural and so-
cial systems.[10–15] A series of intriguing behaviors emerge
along with different dynamic paths. In addition, exper-
iments usually show more complex structures or patterns
probably due to the processing routes or transition pathways
(history).[16–22] In particular, one of the main manifestation
of history dependence is initial-state dependence.[23] In re-
cent years, many studies have shown that initial velocity dis-
tributions can influence formation of coherent structures,[24]

nonequilibrium criticality of magnetic systems,[25] and align-
ment of block copolymer microdomains.[26] In the work re-
ported in Ref. [27], Großmann et al. considered a model of ac-
tive Brownian particles with velocity alignment. They found
that the system can relax into different stable states starting
from different initial conditions (passive noise, active speed
noise, and active angular fluctuations), which make us con-

sider whether this result also exists in other active models.
In this work, we focus on the impact of initial states on the

emergent behaviors in an active system of self-propelled par-
ticles based on a model we developed previously.[28] In this
model, an active reorientation rule is incorporated for parti-
cles at collisions, to mimic the collision avoidance behavior
commonly adopted in cell colonies,[29,30] animal herds,[31,32]

swarming robots,[33] and traffic flows.[34] The coupling be-
tween self-propulsion and active reorientation produces richer
dynamics compared with previous models merely involving
translation or rotation. As a result, these particles may col-
lectively aggregate to dynamic clusters or self-organize into
aligned flocking. In our current work, we study history-
dependent properties in this active system, and explore how
the initial states influence dynamic path and eventually the
steady state of the system. Specifically, with different initial
states we observe distinctive steady states as illustrated by the
phase diagram of flocking and clustering. The phase boundary
is considered to come from the competition between active
reorientation and noise. It is sensitive to initial distribution
of particle position and orientation. Interestingly, the system
could evolve into one of two nonequilibrium stable states by
manipulating initial states. All these findings offer a new way
to control collective behaviors by adjusting dynamic paths.

2. Model system and simulation method
In previous studies, many emergent behaviors can be

well characterized by imposing explicit local alignment
interactions,[35] an inelastic collision rule,[36] or a separation
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of time scales between orientation and propulsion.[37,38] How-
ever, none of these models explicitly include collision avoid-
ance in their rules of interaction, a strategy commonly adopted
by motile animals in a herd.[39,40] In this study, we consider
an active collision avoidance model developed in our previ-
ous work.[28] The model consists of self-propelled disks with
a diameter d in a plane. Here, 𝑟i and 𝑛i ≡ (cosθi,sinθi)

represent the position and self-propulsion direction of disk i
(i = 1, . . . ,N).

(a)

(b)

a a

a

a

Fig. 1. Schematic diagrams of collision avoidance by active reorientations.

The dynamics of the i-th disk is determined by the fol-
lowing equations:

∂t𝑟i =v0𝑛i

N

∏
j 6=i

[1− ε(ri j−d)]

+
N

∑
j=1, j 6=i

k(d− ri j)ε(d− ri j)
𝑟i−𝑟 j

ri j
, (1)

∂tθi =
N

∑
j=1, j 6=i

αδ (t)ε(d− ri j)
(𝑟𝑗−𝑟𝑖

ri j
×𝑛i

)
· 𝑧̂+ηi(t). (2)

The first equation describes translation of disk i. The first term
v0𝑛i represents the self-propulsion velocity along 𝑛i. The sec-
ond term represents the contribution of collision when two
disks come close to each other. Here, d is diameter of disk;
ri j = |𝑟 j−𝑟i| is the distance between the centers of disk i and
disk j; ε(x) is the Heaviside function. If ri j < d, then ε = 1,
otherwise ε = 0. Parameter k represents the ratio of strength
of two-body interaction between disks to coefficient of fric-
tion. The second equation describes rotation of disk i. When
disk i is free, it rotates due to Gaussian white noise ηi which
satisfies 〈ηi(t)〉 = 0 and 〈ηi(t)η j(t ′)〉 = σ2

2 δi jδ (t − t ′), with
αδ (t) being the angular velocity, which is generated as an re-
sult of active reorientation acting on the colliding disks. We 𝑧̂

as a normal vector of the plane pointing the reader, and choose
α > 0 in order to mitigate the collision between two disks in
collision. This idea of effective collision avoidance is shown
in Fig. 1. We numerically solve Eqs. (1) and (2) using peri-
odic boundary conditions with square box of length L. The
relevance of crowding is controlled by the packing fraction

φ =
Nπ(d/2)2

L2 . (3)

In our simulation, we use particle diameter and simulation
time step as the units for length and time, respectively, and
fix self-propulsion velocity v0 = 0.1 and coefficient k = 1.0.
We check the finite size effect by studying systems of differ-
ent sizes up to 16000 particles. Little difference is observed
for systems with 1000 or more particles. In this paper, we fix
packing fraction φ = 0.3 with particle number N = 1000 to
explore the kinetic properties of the system.

(a)

(c) (d)

(b)

Fig. 2. Representative steady states: (a) clustering (steady state
with α = 0.01, σ = 0.04); (b) flocking (steady state with α = 0.01,
σ = 0.01); (c) partly disordered phase (steady state with α = 0.02,
σ = 0.06); (d) totally disordered phase (steady state with α = 0.01,
σ = 0.10). The arrows indicate the direction of orientation [𝑛i =
(cosθi,sinθi)]. Colors (except red) represent different clusters.

With v0 fixed, the dynamics of the system is controlled by
two parameters: the noise strength σ and active reorientation
angle α . We have tested that the influence of self-propulsion
speed on our system is mainly associated with the formation of
cluster or living crystal states, such as the emergence of hex-
atic and solid order in Ref. [41], which has little effect on dy-
namics. However, a certain amount of noise is necessary so as
to induce a non-equilibrium phase separation.[42] Therefore, in
this paper, we focus on the effects of noise and active reorien-
tation on the dynamic behaviors of the system. For each given
set of σ and α , we first place particles at random locations with
random orientations, as initial states to simulate the evolution
of the system. Figures 2(a)–2(d) present some possible collec-
tive behaviors that arise from different evolutionary processes.
As orientations of particles are evolved by actively reorienting
themselves and rotational diffusion with α = 0.01, σ = 0.04,
we find the formation of clusters as shown in Fig. 2(a). Fig-
ure 2(b) shows a flocking state in which the orientations of all
particles are approximately aligned while the position distri-
bution is uniform. Figures 2(c) and 2(d) present two kinds of
disordered phases. One includes small clusters even though
the orientations of particles are isotropic. The other is totally
disordered since the orientation and position of particles are in
uniform distribution.
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Fig. 3. Temporal evolution of order parameters and configurations.
The system eventually evolves to (a) flocking state under α = 0.01,
σ = 0.02, and (b) clustering state under α = 0.01, σ = 0.04.

2.1. Order parameters

We introduce two order parameters to characterize the
steady states of the system mentioned above. Flocking ap-
pearing in our system is described by an orientational order
parameter

M =
√
〈cosθ〉2N + 〈sinθ〉2N , (4)

where the average 〈 〉N is taken over all N particles. M ≈ 1
indicates the perfect flocking phase and M ≈ 0 the disordered
phase. To quantitatively identify the phase of the system that
separates into dense clustered state and dilute gas-like state,
we measure the local area density of each particle as

al =
A
Av

. (5)

Here al is the area of each disk normalized by the area Av

of the Voronoi cell for each disk.[43,44] By numerical simula-
tion, we find that when al is larger than a certain threshold, the
disk is located in the dense cluster. In this work, we set the
threshold as 0.7. We introduce order parameter ρc to describe
clustering. ρc is the fraction of particles with al > 0.7. These
two order parameters can give a good description of the de-
gree of flocking and clustering. In Figs. 2(a)–2(d), we show
four configurations as examples: clustering without flocking
(M ≈ 0,ρc ≈ 0.92), flocking without clustering (M ≈ 1,ρc ≈
0), partly clustering partly flocking (M ≈ 0.7,ρc ≈ 0.26), dis-
ordered (M ≈ 0,ρc ≈ 0). In order to explore the dynamics
of flocking and clustering, we analyze the time series of M

and ρc. In our previous study,[28] we showed system dy-
namics for two parameter choices: α = 0.01, σ = 0.01, and
α = 0.01, σ = 0.1, where the results demonstrated that flock-
ing and MIPS are mutually exclusive. In the present study, sys-
tem dynamics at other parameter choices is presented, which
supports such a conclusion. For example, Fig. 3(a) shows
the time series under parameter α = 0.01 and σ = 0.02. We
use 100 ensembles to average to get M and ρc as functions
of time. M grows slowly first, then sharply increases and
eventually reaches flocking state with M close to 1. Thereat,
ρc grows slowly at the beginning, then it reaches a transient
plateau. Concurrent with the sharp increase of M, the tran-
sient plateau of ρc collapses. The snapshots of the configu-
rations are shown below Fig. 3(a). When the system starts
from a disordered state, small clusters appear in the system,
and phase separation is triggered. Then the condensation nu-
clei come together and aggregate into a large cluster. Also, the
non-equilibrium clustering appearing in the system was ob-
served in other active models.[45–47] Next, as particles collide
with each other, scattering with active reorientation competes
with the self-diffusion process. As a result, the cluster gradu-
ally disintegrates and disperses. The final state of the system
is highly flocking, similar to the flocking state in the Vicsek
model.[48] In contrast, as shown in Fig. 3(b), under the pa-
rameters α = 0.01 and σ = 0.04, ρc increases on a time scale
similar to that in Fig. 3(a) and finally saturates at around 0.8,
whereas M remains low throughout the simulation. The evo-
lution of configuration is relatively simple. Particles interact
with each other and gradually form stable clusters. There is no
orientational order in the steady state.

2.2. Steady state phase diagrams

The order parameters would fluctuate little for a long
enough time. In our model, the system reaches a steady state
after a few thousands of time steps. Thus, in order to charac-
terize steady states, we measure the order parameters at 10000
time steps under different sets of {α,σ}. Here we initiate
our simulations by placing particles with random locations and
random orientations.
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0.00 0.05 0.10 0.15
s

r
c
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a=0.10

M
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Fig. 4. The dependence of (a) M and (b) ρc on σ with α = 0.01, 0.04,
0.08, 0.10.

In Fig. 4, we present the dependence of M and ρc on σ

with α = 0.01, 0.04, 0.08, 0.10. As shown in Fig. 4(a), when
α is fixed, the system finally presents order or disorder state,

086401-3



Chin. Phys. B 32, 086401 (2023)

which depends on the intensity of noise. With the increasing
α , the parameter σ at critical phase transition point also in-
creases. As shown in Fig. 4(b), similar behavior also manifests
in the aggregation of clusters. In particular, the value of σ at
critical phase transition point for flocking and clustering is the
same. The overall phase behavior can be understood by con-
sidering the competition between the absorption rate of par-
ticles into clusters and escape rate of particles from clusters.
When a particle collides with a cluster, it has a probability ei-
ther entering or escaping from the cluster due to active reorien-
tation and noise. In the diagram of ρc, the regions with a high
degree of clustering correspond to the regions where global
alignment cannot be formed in the diagram of M. High global
flocking and large cluster cannot coexist with each other.

3. Effects of initial states on clustering and flock-
ing

In equilibrium systems, the phase transition is usually in-
dependent of the initial state. However, this argument may not
hold for non-equilibrium systems. Therefore, in this section,
we explore the influence of initial states, such as effects of the
distribution of particle initial orientations on temporal evolu-
tion and steady state behaviors of order parameter M and ρc.

3.1. Effects of initial states on phase diagrams

The M0 denotes the value of the orientational order pa-
rameter of the initial state. We change the initial states of
the system from the homogeneous state to the highly flocking
state. Specifically, in our previous study[28] we investigated

the steady state phase diagrams of M and ρc with M0 = 0. In
the present study, we change the initial states of the system
from the homogeneous state with M0 = 0 to other states with
M0 = 0.2, 0.6, and 1.

With new initial states, we study the corresponding steady
phase diagrams. Figures 5(a)–5(f) represent phase diagrams of
M and ρc in the steady state under the initial state from low
alignment to highly alignment condition. Comparing these
phase diagrams of M and ρc in Fig. 5, as the initial condi-
tions M0 change, we can find that the phase diagrams also
change. The phase separation line obviously shifts when α

is relatively small. The flocking domain in Fig. 5(a) is broader
than that in Fig. 5(e). For the phase diagram of ρc, on the con-
trary, the clustering domain in Fig. 5(b) becomes smaller than
the domain in Fig. 5(f). Next we quantitatively characterize
the difference between these diagrams. Figure 6(a) shows ∆M,
which is the difference between orientational order parameters
in the steady states under two different initial states (M0 = 0,1)
mentioned above. The differences are concentrated in the dark
area. Likewise, we present ∆ρc, which is the difference be-
tween ρc under the same condition in Fig. 6(b). We observe
that they are quite similar to each other, almost matching up in
the same domain. Then we define correlation Ccor as

Ccor =

∫
∆ρc∆M dαdσ√∫

(∆ρc)2 dαdσ
∫
(∆M)2 dαdσ

. (6)

By calculating the correlation between the two phase dia-
grams, we find that the correlation is about 60.43%, which
suggests that correlation among flocking (clustering) states un-
der different initial conditions is strong.

0.1

0.01

s

0.1

0.01
0.01 0.1

s

a
0.01 0.1

a
0.01 0.1

a

(a)

(d) (e) (f)

(b) (c)

M,rc
1

0

Fig. 5. Phase diagrams of steady states starting from low alignment condition (M0 ∼ 0.2), middle alignment condition (M0 ∼ 0.6),
and highly alignment condition (M0 ∼ 1.0). [(a), (c), (e)] Phase diagrams of M under the initial conditions M0 ∼ 0.2, M0 ∼ 0.6, and
M0 ∼ 1.0, respectively. [(b), (d), (f)] Phase diagrams of ρc under the initial conditions M0 ∼ 0.2, M0 ∼ 0.6, and M0 ∼ 1.0, respectively.
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Fig. 6. (a) Difference of M between the flocking diagram (M0 = 0) and
the phase diagram shown in Fig. 5(e) (M0 = 1). (b) Difference of ρc
between the clustering diagram (M0 = 0) and the phase diagram shown
in Fig. 5(f) (M0 = 1).

3.2. Influence of initial states on the evolutionary process
and steady states

In order to study how initial states affect the evolution of a
system, we choose two sets of parameters in different regions.
One set of parameters is α = 0.01 and σ = 0.01, which be-
longs to the region that the steady state is not sensitive to the
initial state. The other set is α = 0.01 and σ = 0.04, which be-
longs to the region that the steady state is sensitive to the initial
state. Figures 7(a) and 7(b) show the evolution of M with time
under different initial states. Figures 7(c) and 7(d) show the ρc

likewise. Figures 7(a) and 7(c) reveal that the growth of M is
synchronized with the growth of ρc under different M0. Mean-
while, the ability of clustering decreases with the increase of
M0. Therefrom, we understand that it is initial states that affect
the evolution of the system, reflecting on the change of cluster
formation and local alignment. In the above case, the initial
state affects the evolution of the system, but does not affect
steady states at all. Furthermore, we explore another case of
α = 0.01 and σ = 0.04, which is in the domain sensitive to
initial states. From Figs. 7(b) and 7(d), we observe that the
system finally stabilizes at different amplitudes with different
initial states when the system reaches steady states. We re-
alize that different initial states of the system lead to distinct
non-equilibrium steady states in the certain critical domain.
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Fig. 7. Time evolution of M and ρc from different initial states with
parameters α = 0.01, σ = 0.01 (left) and α = 0.01, σ = 0.04 (right).

3.3. Distribution of order parameters in the steady state

For those systems with steady state M ≈ 0.5 obtained by
averaging 100 independent runs, we investigate the distribu-
tion of M and ρc.

As for the steady states in the domain which is insensitive
to initial states, Figs. 8(a) and 8(b) reveal that the distributions
of M and ρc in the steady states is totally located at around
1 and 0, respectively. However, in the domain which is sen-
sitive to initial states, according to the distributions shown in
Figs. 8(c) and 8(d), we can see that it is possible to move from
the bistable regime into the only disordered regime or ordered
regime by decreasing or increasing M0. We would like to em-
phasize that such behaviors only appear in the specific domain
of the phase diagrams. So far, we bring out the existence of a
metastability regime which is affected by initial states. How-
ever, we still need a understanding of phase-ordering kinetics
because the absence of a well-defined notion of temperature
and free energy of these systems far from equilibrium makes
it difficult to get insights from a theoretical point of view.
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Fig. 8. Distribution of order parameters in steady states. [(a), (b)]
The distributions of M and ρc with parameters α = 0.01 and σ = 0.01.
[(c), (d)] The distributions of M and ρc with parameters α = 0.01 and
σ = 0.04.
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4. Conclusion
In summary, we have investigated the influence of ini-

tial states on the evolution process and steady state of the ac-
tive system based on a model with active reorientation. The
system displays rich phase behaviors including global flock-
ing, clustering and disordered phases. We observe an inter-
esting interplay between flocking and clustering. We notice
that the boundaries of flocking phase and clustering phase rely
on the choice of initial states. Although clustering is like a
high nucleation barrier that prevents the system from escaping
from metastable states,[49] the increasing order degree of ini-
tial states would suppress clustering during the process of self-
organization evolution. In the meantime, we find that there is
an instable region in our model, in which the system will re-
lax to different steady states due to different initial conditions.
This is consistent with the results of active Brownian particles
using the velocity-alignment theory proposed by Großmann et
al.[27] However, the difference of our model from Großmann
et al. is that our model has no effective alignment interaction
between individual particles. In addition, under the compe-
tition between external noise and active angular fluctuations,
our system can bypass some states that should be experienced
under different initial conditions, that is, the dynamic path, it
evolves into different stable states. Since dynamic path can in-
fluence evolution behaviors of a self-organizing system, active
matter or active robots may be controlled to allow the sys-
tem to grow towards an expected state from the perspective
of regulation. This finding has a wide range of applications
in improving designs of collective migration and navigation
strategies.
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Måløy K J 2013 Phys. Rev. E 88 053004
[8] Banerjee S, Patil N and Ramakrishnan S, Grover A K, Bhattacharya S,

Mishra P K, Ravikumar G, Chandrasekhar Rao T V, Sahni V C, Hig-
gins M J, Tomy C V, Balakrishnan G and Paul D M 1999 Phys. Rev. B
59 6043

[9] Zhao N N, Saavedra S and Liu Y Y 2021 Phys. Rev. E 103 052403
[10] Yu C T, Cui K P, Guo H L, Ye Y N, Li X Y, and Gong J P 2021 Macro-

molecules 54 9927
[11] Munck B D 2022 J. Interdisciplin. History 52 565
[12] Qian W, Papadopoulos L, Lu Z, Kroma-Wiley K A, Pasqualetti F and

Bassett D S 2022 Phys. Rev. E 105 024304
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[48] Vicsek T, Czirók A, Ben-Jacob E, Cohen I and Shochet O 2006 Phys.

Rev. Lett. 75
[49] Levis D, Codina J and Pagonabarraga I 2017Soft Matter 13 8113

086401-6

https://doi.org/10.1073/pnas.1812570116
https://doi.org/10.1073/pnas.1812570116
10.1103/PhysRevLett.125.168001
10.1103/PhysRevLett.125.168001
https://doi.org/10.1088/1674-1056/ab862b
https://doi.org/10.1103/PhysRevResearch.2.013250
https://doi.org/10.1103/PhysRevResearch.2.013250
https://doi.org/10.1103/PhysRevB.43.3245
https://doi.org/10.1103/PhysRevE.88.053004
https://doi.org/10.1103/PhysRevB.59.6043
https://doi.org/10.1103/PhysRevB.59.6043
https://doi.org/10.1103/PhysRevE.103.052403
https://doi.org/10.1021/acs.macromol.1c01461
https://doi.org/10.1021/acs.macromol.1c01461
https://doi.org/10.1162/jinh_a_01767
https://doi.org/10.1103/PhysRevE.105.024304
https://doi.org/10.1021/jacs.9b02004
https://doi.org/10.1016/0045-7825(90)90109-Y
https://doi.org/10.1103/PhysRevE.100.052201
https://doi.org/10.1103/PhysRevE.100.052201
https://doi.org/10.1103/PhysRevE.103.022606
https://doi.org/110.1088/1367-2630/18/3/033006
https://doi.org/10.1103/PhysRevLett.110.215701
https://doi.org/10.1103/PhysRevE.99.053003
https://doi.org/10.1103/PhysRevE.99.053003
https://doi.org/10.1155/2013/505219
https://doi.org/10.1155/2013/505219
https://doi.org/10.1103/PhysRevLett.77.2077
https://doi.org/10.1103/PhysRevLett.77.2077
https://doi.org/10.1103/PhysRevE.102.022501
https://doi.org/10.1103/PhysRevLett.89.023002
https://doi.org/10.1063/1.1352059
https://doi.org/10.1134/S1063783420050261
https://doi.org/10.1134/S1063783420050261
https://doi.org/10.1021/la051346w
https://doi.org/10.1021/la051346w
https://doi.org/10.1088/1367-2630/14/7/073033
https://doi.org/10.1088/1367-2630/14/7/073033
https://doi.org/10.48550/arXiv.2302.10525
https://doi.org/10.48550/arXiv.2302.10525
https://doi.org/10.1038/nature08891
https://doi.org/10.1038/s41586-022-04509-3
https://doi.org/10.1073/pnas.1118633109. 2011
https://doi.org/10.1007/978-3-642-14941-2_16
https://doi.org/10.1007/978-3-642-14941-2_16
https://doi.org/10.1007/978-1-0716-1983-4_14
https://doi.org/10.1007/978-1-0716-1983-4_14
https://doi.org/10.3390/su15031832
https://doi.org/10.1103/PhysRevLett.75.1226
https://doi.org/10.1103/PhysRevLett.75.1226
https://doi.org/10.1088/1367-2630/10/2/023036
https://doi.org/10.1088/1367-2630/10/2/023036
https://doi.org/10.1088/1367-2630/17/11/113056
https://doi.org/10.1088/1742-5468/2015/10/P10017
https://doi.org/10.1088/1742-5468/2015/10/P10017
https://doi.org/10.1073/pnas.1016507108
https://doi.org/10.1073/pnas.1016507108
https://doi.org/10.1242/jeb.077453
https://doi.org/10.1103/PhysRevLett.121.098003
https://doi.org/10.1103/PhysRevE.89.062301
https://doi.org/10.1063/5.0040141
https://doi.org/10.1039/c3sm52813h
https://doi.org/10.1039/c3sm52813h
https://doi.org/10.1103/PhysRevE.74.030904
https://doi.org/10.1039/C2SM06960A
https://doi.org/10.1140/epjb/e2008-00275-9
https://doi.org/10.1140/epjb/e2008-00275-9
https://doi.org/10.1103/PhysRevLett.75.1226
https://doi.org/10.1103/PhysRevLett.75.1226
https://doi.org/10.1039/C7SM01504F

	1. Introduction
	2. Model system and simulation method
	2.1. Order parameters
	2.2. Steady state phase diagrams

	3. Effects of initial states on clustering and flocking
	3.1. Effects of initial states on phase diagrams
	3.2. Influence of initial states on the evolutionary process and steady states
	3.3. Distribution of order parameters in the steady state

	4. Conclusion
	References

