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This work studies the stability and hidden dynamics of the nonlinear hydro-turbine governing system with an output
limiting link, and propose a new six-dimensional system, which exhibits some hidden attractors. The parameter switching
algorithm is used to numerically study the dynamic behaviors of the system. Moreover, it is investigated that for some
parameters the system with a stable equilibrium point can generate strange hidden attractors. A self-excited attractor
with the change of its parameters is also recognized. In addition, numerical simulations are carried out to analyze the
dynamic behaviors of the proposed system by using the Lyapunov exponent spectra, Lyapunov dimensions, bifurcation
diagrams, phase space orbits, and basins of attraction. Consequently, the findings in this work show that the basins of
hidden attractors are tiny for which the standard computational procedure for localization is unavailable. These simulation
results are conducive to better understanding of hidden chaotic attractors in higher-dimensional dynamical systems, and
are also of great significance in revealing chaotic oscillations such as uncontrolled speed adjustment in the operation of
hydropower station due to small changes of initial values.

Keywords: nonlinear hydro-turbine governing systems, hidden attractors, basin of attraction, Lyapunov expo-
nent spectrum
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1. Introduction
The theoretical and experimental research activities on

the hydro-turbine governing system (HTGS) have attracted
wider attention from relevant communities since the chaos
phenomenon for the HTGS was revealed.[1] As the core part of
hydropower stations, the HTGS is a hydrodynamic, mechani-
cal dynamic, and electrical dynamic system,[2,3] and its oper-
ation condition has a great influence on the stable operation of
the power system.[4,5] Since China’s hydropower companies
developed their business toward the high-capacity and high-
head direction, many problems such as unstable vibrations
including self-excited oscillations caused by water, machin-
ery, electrical, and other factors have frequently occurred.[6]

In fact, the flexible operation of hydropower station (e.g.,
start-stop operations) as well as the adaptation to sharp load
changes could lead these stations to act proactively for modu-
lating the peak-frequency[7] in order to ensure safe and stable
operation.[8] Moreover, there exists a complex nonlinear rela-
tionship among different components of the hydropower sta-
tion, resulting in chaos. The classical Shilnikov’s theorem[9]

deems that the chaotic system has at least one unstable equi-
librium point. However, in recent years, many researchers
have found a class of system that has only a stable equilibrium
point, no equilibrium points, or an infinite number of equilib-
rium points where chaotic oscillations are still present,[10–13]

for there exist hidden attractors in these systems.[14] The ex-
istence of hidden attractors increased the uncertainty of the
system, so the system could suddenly switch to unexpected at-
tractors under slight perturbations and such a transition could
lead to disastrous consequences.[15,16]

An attractor is hidden if its basin of attractions does
not intersect with a neighborhood of all equilibrium points
(stationary points), otherwise, it is called a self-excited
attractor.[17] In recent years, hidden attractors in continuous
systems have been extensively studied. The chaotic system
can exhibit three different families of hidden attractors: (i) the
chaotic system with only one stable equilibrium point, (ii) the
chaotic system without equilibrium point, and (iii) the chaotic
system with infinite multiple equilibrium points.[18] A hidden
attractor chaotic system with a stable equilibrium point was
found by using a computer search algorithm in Ref. [19]. Fur-
thermore, the dynamic characteristics of the hidden-attractor
chaotic systems were analyzed through Lyapunov exponent
spectra, bifurcation diagrams, and attraction domains. A four-
dimensional simplified Lorenz system with no equilibrium
point was proposed in Ref. [20] which is capable of generat-
ing coexisting symmetric hidden attractors. Hidden attractors
were found in a class of system with infinite multiple equi-
librium points[21] where the sudden large vibration behaviors
have also been analyzed and controlled. A high-dimensional
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system with hidden attractors was first studied in Ref. [22]
and the dynamic behaviors of fractional-order hyperchaotic
systems were then analyzed. Since hidden attractors cannot
be found by the general numerical analysis method, the re-
search and visualization of hidden attractors in the phase space
may become challenging tasks.[23,24] Moreover, it increases
the complexity and unpredictability of the dynamic behaviors
of chaotic systems to some extent. Therefore, this study has an
important theoretical research value for practical engineering
applications.

The research on finding hidden attractors in nonlinear dy-
namical systems has attracted much attention due to its prac-
tical and theoretical importance. Some new examples of hid-
den attractors and numerical procedures for finding them as
well as methods of controlling multi-stable systems were re-
viewed in Ref. [25]. In addition to the above, the conjecture
was that for a globally bounded autonomous system repre-
sented by ordinary differential equations with a unique equi-
librium point, which is asymptotically stable, the subcritical
Hopf bifurcation led to the birth of a hidden attractor.[17] In
general, chaotic systems with multiple coexisting hidden at-
tractors have been widely used in many fields ranging from the
climate and ecosystems to financial markets and engineering
applications. Here, the main purpose is to devise an approach
for investigating hidden attractors in hydropower systems. The
findings would allow one to study the mechanisms of hidden
dynamics and the evolutions of their basins of attraction in
high-dimensional hydropower systems.

Motivated by the above discussion, three main innova-
tions are presented in this work to make the proposed approach
more fascinating than previous researches. First, a saturated
nonlinear turbine governing system model with a unique equi-
librium point is proposed. Second, the concept of hidden at-
tractors is introduced into the HTGS for the first time. The
characteristics of equilibrium and basic dynamical properties
of the system are then analyzed and the corresponding dy-
namic analyses are carried out. Third, a new method of draw-
ing the basins of attraction, which is based on the Lyapunov
exponent spectrum, is provided to analyze the hidden attrac-
tor. And the difference between this method and the traditional
time-domain waveform observation method is analyzed.

The rest of this paper is organized as follows. First, the
nonlinear model of the HTGS is developed in Section 2 and the
dynamic properties of the system are then presented in Sec-
tion 3. The existence and influence of hidden attractors are
analyzed in Section 4, and the chaotic regions that are slightly
different under the two methods of drawing the graph of the
attraction domain are discussed in Section 5. Finally, in Sec-
tion 6 are drawn some conclusions from the present findings
in this work.

2. Nonlinear model of HTGS
The new mathematical model is developed based on the

IEEE nonlinear turbine model which contains the pipe system,

generator system, hydraulic servo system, output limiter, and
governor system.[26] The detailed models for all these compo-
nents within an HTGS are discussed in the following.

2.1. Pressure water diversion pipe model

The unsteady flow in the pressure penstock can be de-
scribed through the following partial differential equations:

∂H
∂x

+
1

gA
∂Q
∂ t

+
f Q2

2gDLA2 = 0, (1)

∂Q
∂x

+
gA
v2

∂H
∂ t

= 0, (2)

where x is the penstock length [in unit m]; v is pressure wave
velocity [in unit m/s]; t is the period [in unit s]; f is the head
loss coefficient in the penstock [pu]; g is the acceleration of
gravity (g = 9.8 m2/s); [H], Q, DL, and A are the parame-
ters of the penstock, which represent the pressure head (in unit
m), flow rate (in unit m3/s), diameter (in unit m), and cross-
sectional area (in unit m2), respectively.

Owing to the penstock being much longer than the tail
conduit, it can be assumed to be an ideal model by neglecting
the hydraulic friction loss of the tail conduit which is insignif-
icant to the experimental results. The upstream inlet section
and downstream exit section are represented by A and B, re-
spectively. Using Eqs. (1) and (2) for section A and section B,
the following equation is obtained:[27][

HA(s)
QA(s)

]
=

[
ch(rx) −Zcsh(rx)
− sh(rx)

Zc
ch(rx)

][
HB(s)
QB(s)

]
. (3)

Considering that the upstream pipline is connected with the
reservoir, it can be assumed that the water level is constant in
the transition process and HB(s) = 0. The function in Eq. (3)
can be simplified into

HA(s)
QA(s)

=−Zc
sh(rx)
ch(rx)

=−Zcth(rx). (4)

For clarity and simplicity, all head losses can be put aside. The
flow equations can be written as

r =
1
v

s, (5)

Zc = 2hw. (6)

where hw = vQ0/2gAH0 is the water pipe characteristic co-
efficient. Substituting Eqs. (5) and (6) into Eq. (4), transfer
function Gh(s) can be obtained and given below:

Gh(s) =
HA(s)
QA(s)

=−2hwth(0.5Trs), (7)

where Tr = 2x/v is the phase length. Through the Taylor ex-
pansion, equation (7) can be rewritten as

Gh(s) =−2hw

n
∑

i=0

(0.5Trs)2i+1

(2i+1)!

n
∑

i=0

(0.5Trs)2i

(2i)!

, (8)
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where the value of index i is important to accurately describe
the model of the water hammer in different conditions. The
researchers studied the above transfer function, which can ap-
propriately simulate the elastic water hammer model for i≥ 1.
For i = 1, the transfer function in Eq. (8) can be written as[28]

Gh(s) =−2hw

1
48 T 3

r s3 + 1
2 Trs

1
8 T 3

r s2 +1
. (9)

Using the transfer function in Eq. (9), differential equation of
the pressure water diversion pipe model can be obtained as
follows:

q+
24
T 2

r
q̇ =− 3

Trhw
ḧ− 24

hw
h. (10)

For convenience, the form of the state-space equations for
Eq. (10) can be rewritten as[29]

ẋ1 = 24h/
(
hwT 3

r
)
,

ẋ2 = x1−24x3/T 2
r ,

ẋ3 = x2 +3h/(hwTr) ,

(11)

where h = 1− (x3/y)2− f x2
3 with f being the head loss.

2.2. Generator model

It is well known that the generator plays an important role
in the power system. Here, the first-order mathematical model
is discussed as follows:

dx/dt = (mt−mg0)/(Ta+Tb), (12)

where Ta, Tb, mg0, and mt are the inertia time constant of the
hydro generator, load rotational part of inertia time constant,
active moment of the turbine, and disturbing moment of the
turbine, respectively. Obviously, it is known that

P = mt, (13)

where P is the mechanical power of the turbine. Moreover,
from Fig. 1, one can write it as[26]

P = Ath(q−qnl)−Dy∆ω, (14)

where At, D, ∆ω , and qnl are the scaling factor, velocity devi-
ation damping coefficient, relative deviation value of the unit
speed, and relative value of the no-load flow, respectively.

P

P PS S

⇁

↩

⇁

q

↩ ⇁



h1
y ht

D P

S

f

Gh↼s↽
Pm

At

qnl↩

Dω

Fig. 1. Hydraulic-machinery dynamic model of HTGS.

2.3. Dynamic model of hydraulic servo system

The dynamic characteristics of the hydraulic servo model
can be represented as

Td
dy
dt

+ y− y0 = u, (15)

where Td, u, and y0 are the reaction time constant of the ser-
vomotor, regulator output,, and initial guide vane opening, re-
spectively.

2.4. Output limiter model

The diagram for the mathematical model of the output
limiter model is shown in Fig. 2(a). In this work, the hyper-
bolic sine function is substituted for the output limiter model
for avoiding the computational complexities. The hyperbolic
tangent function is described in Fig. 2(b), where z is assumed
to be the input function, and u the output function. Hence, the
complete equations can be obtained as follows:

z = kpu̇i + kiui− kdx′,
u̇i = r− x,
u = a tanh(z/b),

(16)

where kp, ki, and kd represent the proportional, integral, and
differential adjustment coefficient, respectively, and r is the
input signal.

u

um

z0

↩z

↩zm

z

o o

u

z

a

b

↩a

↩b

(a) (b)

Fig. 2. Diagram of output saturation link. (a) Output limiting link. (b)
Hyperbolic tangent function.

From Eq. (1) to Eq. (16), the overall model of the HTGS
can be written as

ẋ1 = 24h/
(
hwT 3

r
)
,

ẋ2 = x1−24x3/T 2
r ,

ẋ3 = x2 +3h/(hwTr) ,

ẋ =
[

At

(
x3

y

)2

(x3−qnl)−Dyx−mg0
]
/Ta,

u̇ = r− x,

ẏ = {a tanh({kp(r− x)+ kiu− kdẋ}/b)− (y− y0)}
1
Ty

.

(17)

This model is used to analyze the dynamic properties of
the system as shown in the following section.
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3. Dynamic properties of system
3.1. Double-parameter symmetric chaos invariance

By observing the effects of parameters on the dynamic
behaviors of the system, it can be found that the relation exist-
ing in the sixth subequation of Eq. (17) can be rewritten as

a tanh({kp(r− x)+ kiu− kdẋ}/b)

= −a tanh({kp(r− x)+ kiu− kdẋ}/−b), (18)

under the parameter transformation (a,b) → (−a,−b). If
other parameters are fixed, the differential equation (17) rep-
resenting the dynamics remains unchanged, thus, the resulting
chaos is invariant. Here, a and b are the symmetric double
parameters.

This parameter transformation describes that, under the
condition of other parameters unchanged and initial condi-
tions, two groups of parameters a and b generate identical
chaotic attractors after taking the opposite number at the same
time, thus, exerting no effect on the dynamic behaviors of the
hydro-turbine regulating system.

3.2. Characteristic analysis of equilibrium point

If the right-hand side of Eq. (17) is set to 0, the equilib-
rium equation of the system can be obtained as follows:

y2− x2
3− f x2

3y2 = 0,
x1T 2

r = 24x3,

x2 = 0,
Atx3

3−Atqnlx2
3 = Dry3 +mg0y2,

y = a · tanh(kiu/b)+ y0.

(19)

Other parameters of the system are set to f = 0.06,
Tr = 2.178, At = 1.3638, qnl = 0.1607, D = 0.5, r = 0.05325,
mg0 = 0.96, ki = 0.8, a = 0.02, and b = 0.02. By solving
Eq. (19), it can be obtained that the system only has an equi-
librium point S (4.664, 0, 0.9219, 0.05325, −0.0209, 0.9463).
By linearizing the equation system at this equilibrium point,
the characteristic equation of the Jacobian matrix in Eq. (17)
can be written as

L(λ ) = λ
6 + p5λ

5 + p4λ
4 + p3λ

3

+ p2λ
2 + p1λ + p0 = 0. (20)

According to the Routh–Hurwitz criterion, if the root of the
characteristic equation (20) has a negative real part, then the
equilibrium point S of system equation (17) is asymptotically
stable.

3.3. Dissipation of system

Conservative systems have no attractors because the
phase volume never changes. While in a dissipative system,
all system trajectories will eventually be confined to a zero-
volume set in which the progressive movement is fixed to an

attractor.[28] A strange attractor P is said to exist in a dissipa-
tive system when the set P has a non-integer dimension. The
sum of the Lyapunov exponents is usually negative for a dis-
sipative system (as considered in Ref. [30]). Considering the
system equation (17), one can obtain

divV =
∂ ẋ1

∂x1
+

∂ ẋ2

∂x2
+

∂ ẋ3

∂x3
+

∂ ẋ
∂x

+
∂ u̇
∂u

+
∂ ẏ
∂y

−6× (x3/y2 + f x3)/hwTr−Dy/Ta−1/Ty

= −1/y2 [4.3x3 +0.06x3y2 +0.09y3 +5y2] . (21)

The dissipative properties of the system are not un-
changed but change with state variables. The relative values
of the flow and guide blade opening meet x3 > 0, y > 0 for
which divV < 0. Therefore, it can be concluded that the chaos
produced by the system is indeed a dissipative chaos. All sys-
tem trajectories will eventually be fixed to a single attractor,
which further shows the existence of system attractors.

4. Numerical calculations and simulations
This section aims to provide the relevant calculations and

simulation results as discussed in the following subsections.

4.1. Dynamic behavior analysis of the system

In this subsection, the bifurcation diagram is used to an-
alyze the dynamics of the system, where governor parameter
kp is used as the bifurcation parameter. The Lyapunov expo-
nent spectra, Lyapunov dimensions, phase trajectory, and time
waveforms are used to analyze the dynamic behaviors of the
system.

The variations of the stability and dynamics of the system
with different values of governor parameter kp are simulated.
The remaining parameters are selected as follows: hw = 0.64,
Ta = 5.4, kd = 1.1, and y0 = 0.96. Initial values are considered
as (4.728, 0, 0, 0.9345, 0, 0, 0.96) and the simulation time is
400 s.

The value of bifurcation parameter kp increases from 5
to 15 to explore the dynamical behaviors of the system. The
bifurcation diagram is plotted in Fig. 3(a) according to the
fourth-order Runge–Kutta method.[31] By utilizing the Wolf
algorithm,[32] the Lyapunov exponent spectrum is depicted in
Fig. 3(b) which is generally consistent with the bifurcation di-
agram. When kp is between 11 and 12, the Lyapunov expo-
nent spectrum does not correspond to the bifurcation diagram,
which means that it may be caused by the complex dynamic
behaviors, so it is necessary to carry out a further research.

Figure 3(a) shows the bifurcation diagrams of the relative
speed varying with parameter. As demonstrated in Fig. 3(a),
the system with 5.3 < kp < 7.35 is in the stable period-1 os-
cillation. When kp is 7.35, the stable period-1 orbit becomes
unstable, resulting in the stable period-2 oscillation. With the
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increase of parameter kp, the stable period-2 oscillation be-
comes unstable, and when kp is 8.87, the stable period-4 oscil-
lation takes place. When the value of kp reaches 9.11, the sta-
ble period-4 oscillation changes to the chaotic oscillation. As
can be seen, the chaotic oscillation is caused by the cascading
of the period-doubling bifurcation. It is also observed that the
two periodic windows appear with the increase of parameter
kp. When kp is 10.61, the chaotic oscillation disappears, with
the period-1 oscillation emerging. At the same time, a small
jump occurs, which can also be found from Fig. 3(a). If it is
seen in the other way round, one can clearly find that a Hopf
bifurcation appears with the decrease of kp. When kp is equal
to 12.23, the stable period-1 orbit becomes unstable via the
stable period-2 oscillation and a new orbit appears.

In addition, when kp = 10, it can be found from Fig. 3(b)
that LE1 = 0.0340, LE2 =−0.00679, LE3 =−0.0838, LE4 =

−0.826, LE5 =−1.825, and LE6 =−6.156, where LE1, LE2,
LE3, LE4, LE5, and LE6 are six Lyapunov exponents of the
system.

To gain a better insight into the chaotic feature of the sys-
tem, we introduce Lyapunov dimension, a characteristic quan-
tity which characterize the dynamic characteristics of the sys-
tem and is defined as[33]

DL = k+

k
∑

i=1
LEi

| LEk+1 |
, (22)

where LEi is the Lyapunov exponent of the system, and k sat-

isfies
k
∑

i=1
LEi ≥ 0 and

k+1
∑

i=1
LEi < 0. Then, the Lyapunov dimen-

sion of the system in Eq. (17) can be calculated as follows:

DL = k+

k
∑

i=1
LEk

|LEk+1|
= 2+

LE1 +LE2

|LE3|

= 2+
0.034−0.0068

0.0838
= 2.32. (23)

According to the above calculation, it can be seen that
there is only one Lyapunov exponent LE1 greater than 0, the
sum of Lyapunov exponents is less than 0, the Lyapunov di-
mension of the system is greater than 2 and it is a fraction,
which indicate that the system is in a chaotic state.[34]

To demonstrate this phenomenon more clearly, some typ-
ical phase portraits in the x–x2–u plane are illustrated in Fig. 4.

By varying parameter kp and selecting initial conditions
x1(0) and y(0) in the range of (−5, 5), one can obtain the
basins of attraction of the system as shown in Fig. 5.

With the change of parameter kp, the topological struc-
ture of the motion trajectory of the system undergoes different
changes. The multi-stable characteristics of the system depen-
dent parameter kp are shown in Fig. 5. Regions with differ-
ent colors represent the initial conditions for those systems to
achieve different dynamic behaviors, i.e., the domains of at-
traction corresponding to different attractors are divided into
five colors, and the relationship between the dynamic behav-
iors of the corresponding system is shown in Table 1. The
change of the red or orange region represents the change of
the attraction domain of chaotic attractors under different kp

parameters. Besides, some regions are indistinguishable ow-
ing to the coexistence of many different trajectories. From
these sub-graphs, one can see that Figs. 5(a) and 5(c) show
a narrow strip while figure 5(b) shows a riddled basin. Also,
all dynamic modes (equilibrium point, limit cycle, and chaotic
attractor) coexist under different initial conditions.
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Table 1. System dynamic behaviors corresponding to different colors of the attracting basin.

Colors Red or orange Yellow Cyan Blue Green
Dynamic

chaotic periodic 1
periodic 2 or unbounded

stable
Behaviors periodic 4 behavior

The size of the attraction domain of the chaotic attrac-
tor also varies with parameter kp. The red areas represent the
initial conditions for those systems to reach a chaotic state.
These red regions are embedded in many blue regions, which
means that the trajectories initialized from these regions has
experienced a long transient chaotic process. This kind of phe-
nomenon is not uncommon.

4.2. Presence of hidden attractor and its influence on dy-
namical system

The parameter switching (PS) algorithm[35–37] is a pos-
sible way to determine the location of hidden attractors.
When other parameters are kept unchanged and the param-
eter kp is set to 5.3, the corresponding roots of the charac-
teristic equation can be obtained to be λ1 = −4.76, λ2 =

−1.8325+1.8641i, λ3 =−1.8325−1.8641i, λ4 =−0.1776,
λ5 =−0.0051+0.7563i, and λ6 =−0.0051−0.7563i.

The HTGS has only one equilibrium point at S, i.e.
(4.664, 0, 0.9219, 0.05325, −0.0209, 0.9463). The eigenval-
ues of the governing system by varying the parameter kp and
keeping other parameters fixed are shown in Fig. 6 from which
it can be seen that the negative real parts of all eigenvalues of
the system are approximately 5 < kp < 5.3. According to Sub-
section 3.2, the root of the characteristic equation of the Jacobi

matrix has a negative real part, which indicates the equilibrium
point S of the system is asymptotically stable. Thus, according
to the concept of hidden attractor,[38–40] it is possible to have
hidden chaotic attractors in the HTGS.
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Since the hidden chaos is defined by the domain of attrac-
tion, the properties of this hidden chaos set can be studied by
using the graph with kp = 5.3 and different initial conditions as
shown in Fig. 7. From Fig. 7, the relation can be seen between
the dynamical behaviors of the corresponding system whose
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attraction domains are divided into five colors as shown in Ta-
ble 1. The red areas represent the initial conditions for those
systems to reach a chaotic state. The number of dots in the
transient chaos depends on the length of the simulation time.
The longer the simulation time, the more dots in the transient
chaos appear in the chaos basin. If the time is long enough,
however, all the chaotic basins of attraction will disappear.

Remark Through a large number of simulations, it is
found that all chaotic attractors in the system are transient.
Therefore, all chaotic attractors are hidden and transient. Even
if the system has the hidden transient chaos, it still operates
chaotically for quite a long time. Therefore, once chaos ap-
pears, it will be very harmful to HTGS. The longer the chaos
exists, the worse the stability of the system is and there will be
more difficulties in controlling the system.[41]

Figure 7(a) describes the domain of attraction when the
initial conditions x1(0) and y(0) vary within (−10, 10), the
red star “*” in Fig. 7(a) represents the equilibrium point S, and
the attraction domain of the chaotic attractor does not intersect

with the neighborhood of the equilibrium point, indicating that
there is a hidden attractor in the system. Similarly, the attrac-
tion domain is obtained under the initial value planes x1(0)–
u(0), x2(0)–u(0), and x2(0)–x(0) as shown in Figs. 7(b)–7(d),
respectively. Thus, the motion trajectory depends on the ini-
tial conditions of the system. By comparing Fig. 7(a) with
Fig. 7(b), the domains of attraction of hidden chaotic attrac-
tors and those of hidden periodic attractors change from the
riddled domain with approximately vertical shape to the frac-
tal domain with the sloping shape. A comparison among
Figs. 7(b)–7(d) shows that the domains of attraction of hid-
den chaotic attractors and those of hidden periodic attractors
change from slope shape to horizontal ’M’ shape and then
change into horizontal line shape. From the sub-graphs of
four different initial value planes in Fig. 7, it can be seen that
there is no intersection between the set of initial conditions of
hidden chaos and the equilibrium point. When the parameter
kp = 5.3, different dynamic behaviors such as chaos, periodic
limit cycle, and quasi-periodic limit cycle appear owing to

8

4

0

0

-4

-8

-8 -4 4 8

u
↼
↽

x2↼↽

(c) 8

4

0

0

-4

-8

-8 -4 4 8

x
↼
↽

x2↼↽

(d)

8

4

0

0

-4

-8

-8 -4 4 8

u
↼
↽

x1↼↽

(b)
8

4

0

0

-4

-8

-8 -4 4 8

y
↼
↽

x1↼↽

(a)

Fig. 7. Local basins of attraction with different initial values when kp = 5.3: (a) initial conditions x1(0) and y(0) in the range of (−10, 10), x2(0) = 10−6,
x3(0) = 0.9345, x(0) = 0.05325, u(0) = 10−6, and y(0); (b) initial conditions x1(0) and y(0) in the range of (−10, 10), x2(0) = 10−6, x3(0) = 0.9345,
x(0) = 0.05325, u(0) = 10−6, and y(0); (c) initial conditions x2(0) and u(0) in the range of (−10, 10), x1(0) = 4.728, x3(0) = 0.9345, x(0) = 0.05325,
and y(0) = 0.96; (d) initial conditions x2(0) and x(0) in the range of (−10, 10), x1(0) = 4.728, x3(0) = 0.9345, u(0) = 10−6, and y(0) = 0.96.

. . . . .

x

↩.

↩.

↩.

↩.

↩.

↩.



.

.

.

.

x
2

↩.  . .
x2

.

.

.

.

.

.

.

x
3

6
4

2
0
-2
-4 0.052

0.054
0.056

x

↼c↽

x2

u

(a) (b)

Fig. 8. Chaotic attractor phase diagrams in x–x2 (a), x2–x3 (b), and x–x2–u planes (c).

090503-7



Chin. Phys. B 32, 090503 (2023)

different initial conditions in the system’s operational trajec-
tory. Moreover, it can be seen from these figures that both
hidden periodic attractor and chaotic attractor have smaller at-
tractive domains while both have banded structures and are in-
terweaved with each other. This means that any slight change
in the initial value can lead to a state transition behavior. In
addition, the points under the initial condition of (4, 0, 0.9345,
0.05325,−4.8, 0.96) selected from Fig. 7(b) constitute chaotic
attractor phase diagrams as shown in Fig. 8.

5. Discussion
The results of the above-mentioned basins of attraction

between the local stability of equilibrium and the complex
dynamic behaviors of the system are subtle. A time-domain
waveform observation method[42] is adopted for attraction do-
mains as mentioned above. Here, parameters are set to kp = 7
and kp = 5.3 while all other parameters remain unchanged.

Three initial conditions are selected as (u(0) and y(0) in the
range of (−5, 5), x1(0)= 4.728, x2(0)= 10−6, x3(0)= 0.9345,
and x(0) = 0.05325), (x2(0) and u(0) in the range of (−6, 6),
x1(0) = 4.728, x3(0) = 0.9345, x(0) = 0.05325, y(0) = 0.96),
and (x1(0) and u(0) in the range of (−10, 10), x2(0) = 10−6,
x3(0) = 0.9345, x(0) = 0.05325, u(0) = 10−6).

According to the Lyapunov exponent spectrum, the cor-
responding relationship of dynamical motions as shown in Ta-
ble 2 can be applied to numerical simulations to get another
attraction domain as shown in Figs. 9(b), 9(d), and 9(f). Then,
one can keep the same conditions and choose another method
called the time-domain waveform observation method, so as to
be able to obtain the attraction domain as shown in Figs. 9(a),
9(c), and 9(e). Herein, the orange color represents the system
state of chaos. In Fig. 9(b), the hybrid orange and blue area is
obtained, and this figure only identifies many periodic motions
and a few points of chaotic areas.

Table 2. Lyapunov exponent spectrum corresponding to system dynamic behaviors.

Lyapunov exponents (+, 0, −, −, −, −) (+, −, −, −, −, −) (0, −, −, −, −, −) (−, −, −, −, −, −)

Dynamic behaviors chaotic behavior slow divergence limit cycle Stable
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Fig. 9. Basins of attraction obtained by ((a), (c), and (e)) time-domain waveform observation method, and ((b), (d), and (f)) Lyapunov exponent
spectrum method, with different values of kp and initial conditions: (a) kp = 7 and initial conditions u(0) and y(0) in the range of (−5, 5),
x1(0) = 4.728, x2(0) = 10−6, x3(0) = 0.9345, and x(0) = 0.05325; (b) kp = 7 and initial conditions u(0) and y(0) in the range of (−5, 5),
x1(0) = 4.728, x2(0) = 10−6, x3(0) = 0.9345, and x(0) = 0.05325; (c) kp = 5.3 and initial conditions x2(0) and u(0) in the range of (−6, 6),
x1(0) = 4.728, x3(0) = 0.9345, x(0) = 0.05325, and y(0) = 0.96; (d) kp = 5.3 and initial conditions x2(0) and u(0) in the range of (−6, 6),
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x2(0) = 10−6, x3(0) = 0.9345, x(0) = 0.05325, and u(0) = 10−6; (f) kp = 5.3 and initial conditions x1(0) and u(0) in the range of (−10, 10),
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By comparing the two methods, some conclusions are ob-
tained. First, owing to the inherent precision of numerical sim-
ulation in computing, both methods yield results with some de-
gree of error. However, finer mesh divisions will often produce
more accurate results. Second, strictly speaking, although the

Lyapunov exponent spectrum method is widely used to de-
termine chaotic motion, sometimes the calculation errors are
still existent, such as the sign reversal which is produced by
the Perron effect. Because the Lyapunov exponent spectrum
method can only be calculated in a finite time, further re-
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search is needed to verify its accuracy. However, the time-
domain waveform observation method can reflect the conver-
gence characteristics of the system state variables, as well as
dynamics information such as stability and oscillation ampli-
tude more intuitively.

6. Conclusions
The mathematical model of the saturated nonlinear tur-

bine governing system is developed in this work. The equilib-
rium point of the system is calculated and the stability of the
equilibrium point is judged by analyzing the roots of the char-
acteristic equation of the Jacobian matrix at the equilibrium
point. The bifurcation diagram, Lyapunov exponent spectrum
diagram, Lyapunov dimension, time-domain diagram, phase
trajectory diagram, and attractor domain method are used to
analyze the dynamic behavior of the system with the change
of parameters and initial values and the existence and stability
of hidden attractors. The chaos generated by the system with
a unique stable equilibrium point is found to be hidden chaos
which is verified via phase-portraits and basins of attraction.
These results provide a theoretical reference for the dynamic
optimization of hydraulic power generation systems. To fur-
ther explore the stability and oscillation of hydropower station,
the future work will focus on the hidden dynamics character-
istics of HTGS under complex operating condition. Further-
more, in order to simulate a more realistic state, the hydraulic,
mechanical, electrical, and other interference factors should be
considered completely.
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