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The intrinsic chirp of high-order harmonic generation is an important factor limiting the production of ultrashort
attosecond pulses. Based on numerically solving the time-dependent Schrödinger equation, the generation process of high-
order harmonic from the He atom under the action of orthogonal two-color combined pulse of fundamental frequency and
higher intensity second harmonic fields is studied. In this paper, we propose to achieve quasi-chirp-free isolated attosecond
pulses by superimposing a higher second-harmonic field on the orthogonal direction of the fundamental frequency field. It is
found that the high-energy part of its harmonic emission exhibits small chirp characteristics, which can be used to synthesize
isolated attosecond pulses. Through the analysis of the wave packets evolution and the classical motion trajectories of the
electron, it is demonstrated that the quasi-chirp-free harmonic can be attributed to the simultaneous return of electrons
ionized at different times to the parent particle. The influence of the relative phase of the two pulses on the harmonics is
further analyzed, and it is observed that this phenomenon is sensitive to the relative phase, but it can still generate isolated
attosecond pulses within a certain phase.

Keywords: high-order harmonic, orthogonal two-color fields, relative phase, quasi-chirp-free isolated attosec-
ond pulses

PACS: 33.20.Xx, 42.65.Ky DOI: 10.1088/1674-1056/acc80a

1. Introduction
High-order harmonic generation (HHG) can be observed

when ultrashort intense laser pulses interact with atoms,
molecules, and solids.[1–16] The central wavelength of HHG
can reach extreme ultraviolet and even x-ray band, it can
be used to study ultrafast molecular, plasma, and material
dynamics,[17,18] characterize nanoscale heat flow,[19] track the
dynamics of specific elements in magnetic materials,[20] and
nanometer resolution coherent diffraction imaging,[21] etc.
Due to the large bandwidth of its emission spectrum, HHG
has become one of the main means to obtain attosecond
pulses,[22–24] and it has a wide range of applications for ultra-
fast holography and tracking ultrafast dynamics of an electron
in atoms.[24,25]

HHG is highly nonlinear, and the process of the HHG can
be well explained by a semi-classical three-step model.[26,27]

Under the action of a strong laser pulse, the potential barrier is
strongly distorted, and the bound electron has a certain proba-
bility to tunnel out from the potential barrier and become ion-
ized; then the ionized electron is accelerated in the laser field

to gain energy; and finally some electrons have the opportunity
to move again to the nuclear region and recollide with their
parent ion, and then emit high-energy photons. Due to the
electron can ionize at different times, the recolliding time of
the ionized electron under the action of driving light is differ-
ent. Therefore, the harmonic light emission carries an inherent
chirp.[25,28]

The generation of isolated attosecond pulses that reach
the Fourier transform limit is restricted by the presence of
harmonic chirps. At present, the maximum harmonic energy
that can be obtained in the laboratory has reached 1.6 keV,[29]

while the shortest isolated attosecond pulses that can be char-
acterized is 43 attoseconds,[30] which is much larger than the
Fourier-transform-limited pulses width corresponding to this
energy width spectrum. In order to obtain the shorter iso-
lated attosecond pulses, the chirp of the harmonic needs to
be compensated. Usually, the harmonic chirp compensation
scheme is implemented after the harmonic generation. Ex-
perimentally, compensating the positive chirp of harmonic is
achieved mainly by using two techniques, the chirp multi-
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layer x-ray mirror[31] and the negative group delay dispersion
(GDD),[32] the harmonic pulses are compressed by using the
dispersive material elements of the metal thin film[33] or gas
medium.[34,35] The first technique uses a chirped multilayer
mirror which has a small reflection bandwidth and is difficult
to fabricate; the second technique depends on the dispersive
properties of the transmission material, the suitable spectral
region for chirp compensation is limited, and it is difficult for
GDD to realize negative chirp compensation in XUV region.

From the above discussion, it can be seen that the com-
pensation after harmonic generation requires a deep under-
standing of the space–time characteristics of harmonic to
achieve better compensation, so there are certain limitations.
If the electric field that generates harmonics is regulated so
that the harmonics have no chirp or very small chirp, then
an isolated attosecond pulse with a shorter duration can be
obtained without further compensation. Zou et al. used the
combined pulse of linear chirped fundamental frequency and
its sub-harmonic laser pulses to drive an atom and saw that
the inherent chirp of harmonic emission was significantly re-
duced, and the time synchronization of the harmonic emis-
sion of different photon energies was realized.[36] Kohler et al.
proposed for arbitrarily engineering the high-order harmonic
generation phase achieved by adding the first 8 Fourier com-
ponents to a sinusoidal field, and employ x-rays to ionize the
electron with non-zero velocity and combine it with femtosec-
ond pulse shaping to control the spectral phase of the harmonic
spectrum, the bandwidth-limited emission of 8 attoseconds is
shown from Li2+ gas.[37] People have theoretically studied the
HHG of the inhomogeneous field[38] and terahertz field,[39–42]

it is also found that the reduction of the harmonic chirp by
using the spatially inhomogeneous electric field and the tera-
hertz field added with infrared laser can produce the supercon-
tinuum harmonics spectrum with lower chirp and wider band-
width, and isolated attosecond pulses can be synthesized using
these supercontinuum harmonics. These schemes require the
use of high-intensity and ultra-short THZ or the preparation
of a spatially inhomogeneous field, which poses certain chal-
lenges to experiments.

In recent years, people have made a lot of achievements
by using orthogonal polarization two-color fields. Not only a
great improvement in harmonic efficiency was observed,[43]

but also a strong attosecond pulse train was generated.[44]

However, these works do not study the effect on harmonic
chirp. A weak second-harmonic laser field is added to the
driving laser field, Zheng et al. found that the chirp was com-
pensated in the 10th harmonic range, and the pulse width of
the reconstructed attosecond pulse train can be close to the
Fourier-transform-limited pulse.[45] However, this scheme has
not been effectively applied to the generation of chirp-free iso-
lated attosecond pulses. The limitation of the application of

this scheme can be partly attributed to the lack of in-depth un-
derstanding of the physical mechanism of reducing harmonic
chirp and the lack of targeted light field regulation. How to
conveniently obtain broadband high-order harmonic radiation
with a small chirp or even chirp-free is still the goal pursued
by people.

To solve this problem, we have conducted in-depth re-
search and found that quasi-chirp-free isolated attosecond
pulses cannot be observed by using orthogonal weak sec-
ond harmonics in our simulation parameters. It is also found
that under the orthogonal action of higher intensity second-
harmonic and fundamental frequency fields, the quasi-chirp-
free attosecond pulse can be generated. More importantly, in
this paper we give the mechanism of reducing harmonic chirp
by combining the motion of electron wave packet with the
time–frequency behavior of harmonic emission, which lays a
theoretical foundation for the experimental generation of iso-
lated attosecond pulses without chirp, and can be targeted to
design experiments. In the second part of the paper, we in-
troduce the theoretical method used to simulate the harmonic
emission, the third part gives our theoretical simulation results
and related discussions and analysis, and the last part is a sum-
mary of our research work. Unless otherwise specified, the
physical quantities throughout the text are in atomic units.

2. Theoretical model and method
Under the dipole approximation and the length gauge, the

behavior of the He atom driven by an orthogonal two-color
field satisfies the following time-dependent Schrödinger equa-
tion (TDSE):

i
∂

∂ t
ψ(𝑟, t) =

[
−1

2
∇

2 +V (𝑟)+𝐸(t) ·𝑟
]

ψ(𝑟, t). (1)

The soft-core Coulomb potential can be expressed as

V (x,y) =− Q√
x2 + y2 +A

, (2)

where A = 0.6 is the parameter of the softcore Coulomb po-
tential and Q= 1.5 is the effective nuclear charge number. The
electric field vector of the orthogonal two-color linearly polar-
ized pulse is 𝐸(t) = Ex(t)êx +Ey(t)êy, Ex(t) and Ey(t) are the
x and y components of the orthogonal two-color linearly po-
larized pulses electric field vector, and the specific form is as
follows:

Ex(t) = E1 f (t)cos(ωt +ϕ), Ey(t) = E2 f (t)cos(2ωt), (3)

where f (t) is a Gaussian envelope with a full width at half
maximum (FWHM) of 7 cycles, E1 and E2 are the peak am-
plitudes of fundamental frequency and double frequency laser
pulses, respectively. ω is the angular frequency of the driv-
ing laser pulse. ϕ represents the relative phase between two
directional laser fields.
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The spatial wave function ψ (𝑟, t) at any instant can be
obtained by solving Eq. (1) using the split operator method.
By using the obtained wave function, the time-dependent
dipole accelerations matrix elements in the x and y directions
can be calculated

ax(t) =
d2

dt2 〈ψ(x,y, t) |x|ψ(x,y, t)〉

=
〈
ψ(x,y, t)

∣∣−∂V (x,y)
∂x

−Ex(t)
∣∣ψ(x,y, t)

〉
,

ay(t) =
d2

dt2 〈ψ(x,y, t) |y|ψ(x,y, t)〉

=
〈
ψ(x,y, t)

∣∣−∂V (x,y)
∂y

−Ey(t)
∣∣ψ(x,y, t)

〉
. (4)

The time–frequency Fourier transform is performed on the
above formula to obtain the corresponding high-order har-
monic spectrum

Pax(ω) =

∣∣∣∣ 1
ω2(tn− t0)

∫ tn

t0
ax(t)e−iωt dt

∣∣∣∣2,
Pay(ω) =

∣∣∣∣ 1
ω2(tn− t0)

∫ tn

t0
ay(t)e−iωt dt

∣∣∣∣2. (5)

Attosecond pulses can be obtained by superimposing harmon-
ics within a certain order range, and the distribution in the time
domain is

I(t) =

∣∣∣∣∣∑q
aq e iqωt

∣∣∣∣∣
2

, (6)

where q is the order of harmonics, aq =
∫

a(t)e−iqωt dt. By us-
ing wavelet transform, the physical mechanism of high-order
harmonic emission can be analyzed from time–domain and
frequency–domain information. The specific formula is

Aω(t0,ω) =
∫ tf

ti
a(t)wt0,ω(t)dt, (7)

|A(t0,ω0)|2 represents the change information of HHG in-
tensity with time and frequency, wt0,ω(t) =

√
ωW [ω(t− t0)]

is the kernel of the wavelet transform, W (x) is the Morlet
wavelet[46–48]

W (x) =
1√
τ

e ix e−x2/2τ2
. (8)

To understand the process of HHG, we also simulate the
motion of ionized electrons driven by intense laser pulses by
solving the classical Newtonian equation of motion

ẍ =−∂V (x,y)
∂x

−Ex(t),

ÿ =−∂V (x,y)
∂y

−Ey(t). (9)

3. Results and analysis
The wavelength of the fundamental frequency laser is

800 nm, and the frequency of the orthogonal laser pulses is
double the fundamental frequency, the peak amplitude of the
laser intensities for the fundamental frequency E1 and the dou-
ble frequency E2 are both 0.11 (corresponding to the inten-
sity of I = 3.95× 1014 W/cm2), the change of the laser field
strength vector with time is shown in the inset of Fig. 1, and the
relative phase between the fundamental frequency field and the
second one is 0.375 π . In the figure, the blue line represents its
projection on Ex and Ey planes, the black line indicates that Ex

changes with time and the green line indicates that Ey changes
with time. The high-order harmonic emission spectrum of the
He atom produced by this combined laser pulse is shown in
Fig. 1. The black solid line is the high-order harmonic emis-
sion spectrum of the x-direction component; the red dashed
line is the high-order harmonic emission spectrum of the y-
direction component. It can be found from the figure that the
harmonic intensity in the y direction is significantly lower than
that in the x direction, so our subsequent discussion will focus
on the harmonic emission of the x-direction component. Obvi-
ously, unlike the harmonic emission in the low energy region,
the harmonic spectrum near the cut-off region in the x direc-
tion is smoother.

lo
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ty
] 

(a
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. 
u
n
it

s)

Fig. 1. Harmonic emission spectra of the He atom in an orthogonal two-
color linearly polarized field. The black solid line represents the harmonic
polarized in the x direction, and the red dashed line is the harmonic polarized
in the y direction. The inset shows the form of the electric field.

In Fig. 2 we show that the intensity of the light pulses is
changed with time by the superposition of the 65-order–80-
order harmonic spectrums in the cut-off region. It can be seen
from the Fig. 2(a) that although the driving laser pulse has
multiple periods, a strong isolated pulse can still be observed
under the condition of this orthogonal two-color field. The
FWHM of this pulse is 251 attoseconds, as presented by the
black line in the inset of Fig. 2(a). Although there are several
pulse transmissions, the intensity of other small pulses is less
than half of the intensity of the largest sub-pulse. The inter-
action between the pulse and the system can still exhibit the
characteristics of isolated attosecond interactions. As shown
by the red line in the inset of Fig. 2(a), we also calculated
the Fourier transform limited duration, which is 155 attosec-
onds. Because the intensity of the selected high-energy har-
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monic is weaker than that of the low-energy harmonic, the
synthesized isolated attosecond is wider than the attosecond
of the Fourier transform limit. As a comparison, we also cal-
culated the change of the pulse intensity with time, which was
synthesized by the same order harmonic spectrum under the
action of the monochromatic fundamental frequency linearly
polarized pulse, as shown in Fig. 2(b), which is an attosecond
pulse train. The FWHM of the pulse with the largest inten-
sity in the attosecond pulse train is 322 attoseconds, as shown

in the inset of Fig. 2(b). It can be seen that, compared with
the linearly polarized driving laser with the same pulse width,
adding a frequency-doubling field in the orthogonal direction
can not only effectively suppress the intensity of other sub-
pulses to generate isolated attosecond pulses, but also greatly
reduce the pulse width of this attosecond pulse. In order to un-
derstand the characteristics of light pulse generation, we carry
out wavelet transform on the dipole moments of the system to
study the spatiotemporal behavior of its harmonics.
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Fig. 2. Attosecond pulse diagram: (a) pulses synthesized from 65th to 80th harmonics under the orthogonal two-color linearly polarized field, (b) pulses
synthesized from 65th to 80th harmonics under the monochromatic linearly polarized field.
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Fig. 3. Time–frequency analysis diagram. (a) The time–frequency analysis diagram of the x direction when the relative phase of the orthogonal
two-color linearly polarized field is 0.375 π; (b) The time–frequency analysis diagram of the x direction when the phase of the monochromatic
linearly polarized field is 0.375 π . (c) The second derivative diagram of harmonic phase in orthogonal two-color linearly polarized field and
monochromatic linearly polarized fields.

Figure 3(a) shows the time–frequency analysis of the
orthogonal two-color linearly polarized field with a relative
phase of 0.375 π . We also calculated the time–frequency be-
havior of the harmonics under the action of a monochromatic
fundamental frequency linearly polarized pulse, as exhibited
in Fig. 3(b). It can be seen from the figure that the maxi-

mum energy of the time-dependent harmonic emission by the
monochromatic linearly polarized field enhances with the in-
crease of the instantaneous intensity of the driving laser pulse.
At the beginning of the pulse, only the long and short tra-
jectories of a single back-nucleation can be observed. With
the increase of the time, the contribution of multiple back-
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nucleation can be observed in the time–frequency emission
spectrum, which makes its harmonic emission behavior more
complex. However, in the vicinity of the harmonic cut-off po-
sition, it can be observed that the harmonic emission of dif-
ferent half cycles is always contributed by long and short tra-
jectories. In contrast, the harmonic generated by the atom un-
der the action of the orthogonal two-color linearly polarized
laser pulse show significantly different behavior. For the plat-
form region, its time–frequency behavior becomes more com-
plex and there are many interference patterns. For the vicinity
of the maximum energy, the time-spatial emission behavior is
quite different from the linear polarization, and two clear tra-
jectories can no longer be seen, it presents clear characteristics
of concentrated harmonic emission, that is, the time of har-
monic emission within a certain range is more concentrated, as
shown by the time–frequency analysis diagram included in the
block in Fig. 3(a). In order to clearly show the harmonic chirp,
we calculate the second derivative of the harmonic phase as
a function of frequency, as shown in Fig. 3(c). The second
derivative of the harmonic phase represents the chirp of the
HHG. The smaller the second derivative, the smaller the har-
monic chirp.[49] Compared with the monochromatic linearly
polarized field (black line), the second derivative of the har-
monic phase in the orthogonal two-color fields (red line) is
smaller, and it tends to be closer to 0 for the 65-order–80-order
harmonics. Therefore, the harmonic chirp of the orthogonal
two-color fields is smaller than that of the monochromatic lin-
early polarized field. We present the second derivative of the
harmonic phase with the largest chirp of 65-order–67-order
harmonics in the orthogonal two-color fields, as shown in the

inset of Fig. 3(c). As can be seen from the figure, a larger chirp
appears near the 66th order. From the time–frequency analy-
sis diagram of harmonic emission (Fig. 3(a)), we can see that
the harmonic near the 66th order has a low frequency and is
located at the intersection of short and long trajectories, and
the harmonic emission trajectories of adjacent half periods on
both sides also have a small contribution.

In order to understand the time–frequency behavior of
this harmonic emission, we further investigate the spatiotem-
poral evolution of the electronic wave packets, as shown in
Fig. 4. In addition to the wave packets evolution, in order to
track the motion behavior of ionized electrons more clearly,
the spatial distribution of the electron probability flow veloc-
ity is further given as 𝑗 = − i

2 [ψ
∗ p̂ψ−ψ p̂ψ∗], represented

by the arrow in the figure. The length of the arrow indicates
the magnitude of the flow rate, and the direction indicates the
direction of the movement of the ionized electron. By using
classical calculations, we can find a trajectory that produces
high-energy harmonics at time 10.58 optical cycles, as shown
by the black line in the figure. To explain the motion behavior
of the wave packets more clearly, preventing the ionized wave
packets at the front and back moments from affecting the mo-
tion of the ionized wave packets by the time of 8.28 optical
cycles, that is, only the bound state of the wave packets with
8.28 optical cycles is taken, and the ground state is removed
when the wave packets evolve to 8.30 optical cycles, and then
continues to evolve. The selected time is 8.28–10.60 optical
cycles, with an interval of 0.22 optical cycles, and the corre-
sponding time is marked in the figure.
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Fig. 4. The wave-packet evolution of the atom in the period of 8.28-optical cycles ionization to 10.58-optical cycles nucleation under the orthogonal
two-color linearly polarized fields.
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It can be observed from the figure that under the driv-
ing of the orthogonal two-color fields, the ionized electron
wave packets at this time gradually leave the nuclear region
and slowly disperse with time. At the time of the 8.28 optical
period, the electron is just beginning to ionize, the direction of
the movement of the flow rate is to the upper left and the arrow
points outward, indicating that the electrons move away from
the nuclear region and move toward the upper left, and the final
wave packets return to the nuclear region at the time of 10.60
optical cycles. The motion process of the wave packets under
the action of the driving laser pulse is very complex. To facili-
tate the understanding of the “ionization–motion–recollision”
processes of electrons, in Fig. 4, we gave a classic electron mo-
tion trajectory returning to the nuclear region corresponding to
the above moment. The white circle denotes the position of the
ionization electron on the classical trajectory corresponding to
the moment. By comparison, it is found that the classical tra-
jectory of the electron is consistent with the behavior of wave-
packet motion in this period.
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Fig. 5. The classical trajectories of the atom returning to the nucleus at
the same time with an optical period of 10.58 in an orthogonal two-color
linearly polarized field. The red ball represents the nucleus, and the colors
represent the optical cycles.

Using this scheme, we also found that there is another
ionization trajectory that can also return to the parent particle
to emit harmonics at a time of 10.58 optical cycles, and its ion-
ization initial time is 9.80 optical cycles. Figure 5 shows the
position of their classical trajectories as a function of time.
The red ball in the middle of the figure represents the nu-
cleus, and the color of the line represents the corresponding
time. From the figure, one can notice that a classical trajectory
starts from ionization at 8.28 optical cycles and returns to the
nucleus at 10.58 optical cycles, corresponding to the ioniza-
tion of the red part and the return to the nucleus of the blue
part. Another classical trajectory is ionization starting from
9.80 optical cycles, 10.58 optical cycles back to the nucleus,
corresponding to the turquoise part to the final blue part back
to the nucleus. We found that they all return to the nucleus at
the same time 10.58 optical cycles. In order to observe this
interference process more clearly, we analyzed the behavior
of harmonic time–frequency that the dipole moments ionized

at different times, as shown in Fig 6. Figure 6(a) presents the
time–frequency behavior of the harmonic emission for 10.00–
10.80 optical cycles, figure 6(b) displays the time–frequency
behavior of the harmonic generated by the wave packets pre-
pared at the time of 8.28 optical cycles, figure 6(c) shows the
time–frequency analysis of the harmonic emission generated
by the wave packets prepared at the time of 9.80 optical cy-
cles. The luminescence moment of the electron ionized from
the time 8.28 optical cycles is in the 10.40–10.70 optical cy-
cles, and the time when the electron ionized from the time 9.80
optical cycles returns to the parent ion to emit high-frequency
light is also in this range. Therefore, based on the above anal-
ysis, it can be seen that the origin of the quasi-chirp-free emis-
sion trajectory is that the two ionized electron wave packets at
different times collide with the nucleus at the same time, that
is, the interference of the two emission trajectories is gener-
ated.
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Fig. 6. Time–frequency analysis diagram. (a) Time–frequency analysis of
the harmonics from 10.00–10.80 optical cycles. (b) Time–frequency anal-
ysis of the harmonics generated by wave packets prepared in 8.28 optical
cycles. (c) Time–frequency analysis of the harmonics from wave packets
prepared in 9.80 optical cycles.

It can be seen from the above analysis that chirped-free
attosecond pulses can be generated when the electrons ionized
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at different time scales return to the parent ion at the same
time. Since this generation process is closely related to the be-
havior of electrons driven by the optical field, especially the
phase difference between the two driving lasers will play an
important role. Next, we focus on analyzing the influence of
the relative phase of the two-color linearly polarized fields on
the harmonics.
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Fig. 7. (a) The change of the attosecond pulse intensity with the relative
phase and time. (b) The change of the attosecond pulse intensity with the
second laser and time. (c) Attosecond pulse diagrams when E2 = 0.106
(black solid line) and E2 = 0.12 (red solid line).

The relative phase is changed from 0 to 0.5 π . We select
the same harmonic energy range, and calculate the variation
of the synthesized optical pulse intensity with the phase differ-
ence and time, as shown in Fig. 7(a). It can be seen from the
diagram, when the phase difference is 0 π , there are pulses are
generated in multiple optical cycles. With the increase of the
phase, the intensity of the optical pulse gradually decreases.
When the phase is 0.35 π–0.38 π , it can be observed that an
isolated pulse with a significantly smaller pulse width than the
other phases. After further increasing the pulse width, it can
be observed that a series of pulses are generated, and the pulse

width of the optical pulse becomes larger. It is also observed
that when the phase difference is 0.4 π , a pulse with a small
pulse width is generated near the time of 11.5 optical cycles,
but the intensity of other pulses at this time is large, so it is
difficult to observe the generation of isolated ultrashort pulses.
This result is consistent with the results of the time–frequency
analysis. Different trajectories work under different relative
phases, and this method can be used to control the emission
trajectory. In addition, we also study the influence of the in-
tensity of the second laser on the attosecond pulse intensity,
as shown in Fig. 7(b). By changing the peak amplitude of the
double frequency lasers, we find that the number of attosecond
pulse neutron pulses can be modulated. For example, when E2

is 0.106 (black solid line in Fig. 7(c)), the attosecond pulse
near t = 10.58 o.c. is significantly stronger than other sub-
pulses, which can be approximately considered as an isolated
single attosecond pulse. In the case of E2 = 0.12 (red solid
line in Fig. 7(c)), there are three attosecond pulses with simi-
lar intensity at t = 10.09 o.c., 10.55 o.c., and 11.07 o.c., and
the intensity contrast between sub-pulses of attosecond pulse
is also modulated by the double frequency lasers.

4. Conclusions

In conclusion, the harmonic emission of atoms irradiated
by the orthogonal two-color linearly polarized pulse is theo-
retically studied in this paper. It is found that the high-order
harmonic near its cut-off energy exhibits small chirp character-
istics at a specific phase. By analyzing the wave packet evolu-
tion of ionization at different times, electron probability flow,
and the classical trajectory of an ionized electron, it is demon-
strated that the source of this phenomenon is that the ionized
electron wave packets recollide with the nucleus at the same
time, the isolated attosecond pulses are synthesized by small
chirped harmonic emission in a certain energy range, which
lays a theoretical foundation for the generation of shorter at-
tosecond pulses.
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