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Coupled phase oscillators usually achieve synchronization as the coupling strength among oscillators is increased
beyond a critical value. The stability of synchronous state remains an open issue. In this paper, we study the stability of the
synchronous state in coupled phase oscillators. It is found that numerical integration of differential equations of coupled
phase oscillators with a finite time step may induce desynchronization at strong couplings. The mechanism behind this
instability is that numerical accumulated errors in simulations may trigger the loss of stability of the synchronous state.
Desynchronization critical couplings are found to increase and diverge as a power law with decreasing the integral time
step. Theoretical analysis supports the local stability of the synchronized state. Globally the emergence of synchronous state
depends on the initial conditions. Other metastable ordered states such as twisted states can coexist with the synchronous
mode. These twisted states keep locally stable on a sparse network but lose their stability when the network becomes dense.
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1. Introduction
Self organization and collective behaviors can be ex-

tensively observed in complex systems composed of large
numbers of interacting units.[1] Synchronization is a col-
lective emergent behavior ubiquitously observed in many
systems,[2,3] such as cardiac pacemaker cells,[4] fireflies,[5]

biochemical systems,[6] and neuronal networks.[7] Further-
more, synchronization also has practical significance in as-
pects of modern life, such as the functioning of power grids
which is based on the synchronization of power generators.[8]

Starting from Winfree[9] and Kuramoto,[10] coupled
phase oscillators such as the Kuramoto model[11,12] have been
adopted as prototype models in exploring synchronization be-
haviors ubiquitously existing in various backgrounds. Recent
developments in network sciences[13,14] emphasize the funda-
mental significance of synchronization dynamics in complex
systems.[15–18]

It is usually approved that stronger coupling makes a
higher degree of synchrony among oscillators. Nevertheless,
the stability of synchronous states is a subtle issue that needs
careful inspection. Recently Zhang et al. studied the synchro-
nization of Kuramoto oscillators on small-world networks[19]

and found that oscillators may synchronize to each other when
the coupling strength exceeds a critical value, and a striking
loss of synchrony may happen when the coupling is strong
enough. A manifestation of this decoherence is the decrease
of the order parameter with increasing the coupling strength.

In this paper, we point out that the desynchronization
transition of coupled phase oscillators on networks at strong
couplings is not true. We perform numerical simulation for
different integral time steps on different networks. It is found
that for a given time step, both synchronization and desynchro-
nization occur at K≥Kc and K≥Kd�Kc, respectively, which
are manifested by both frequency locking/unlocking and phase
coherence/decoherence. The desynchronization threshold sig-
nificantly increases and diverges with decreasing the integral
step. This indicates that the synchronous state can keep sta-
ble for strong couplings. Our theoretical discussion on the
synchronous state verifies its stability. Meanwhile, theoretical
analysis also indicates the possibility of the existence of other
metastable ordered state. We find the coexistence of a typical
twisted-phase state with the in-phase coherent state. Though
twisted states are also ordered states, their order parameters
decrease to zero with increasing the coupling. This tendency
resembles the incoherent state. Our results also imply that the
order parameter is not always a reliable quantity in evaluating
the orderness of synchrony in coupled phase oscillators.

This paper is arranged as follows. In Section 2, we in-
troduce the Kuramoto model on general networks and some
necessary quantities in describing the collective dynamics of
coupled oscillators. Then in Section 3, we perform numerical
studies of Kuramoto oscillators on different network topolo-
gies for different integral time steps. We discuss the impact
of the integral step on desynchronization of networks of cou-
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pled phase oscillators. In Section 4, we discuss the stability
of the synchronous state in coupled phase oscillators in terms
of linear stability analysis and potential function analysis. We
then study the possibility of multistability at the onset of syn-
chronization in Section 5. Particularly, we find that the twisted
state is a typical metastable ordered state that can coexist with
synchrony. A concluding remark is given in Section 5.

2. Modeling networks of coupled phase oscilla-
tors
By considering a general topology of mutual interactions

among oscillators, one supposes a system of N oscillators with
phases and nature frequencies {θi(t),ωi}, i = 1,2, . . . ,N. The
Kuramoto-type model describes coupled phase dynamics and
can be written as

θ̇i = ωi +
K

ki +1

N

∑
j=1

Ai j sin(θ j−θi) , (1)

where i= 1,2, . . . ,N, and K is the coupling strength among the
oscillators. The coupling network topology is described by
the symmetric adjacency matrix 𝐴 = (Ai j), i, j = 1,2, . . . ,N,
where Ai j = A ji = 1 if oscillators i and j are coupled to each
other, and Ai j = A ji = 0 otherwise. The degree of the i-th node
can be computed from the adjacency matrix as ki = ∑

N
j=1 Ai j.

The collective behavior of coupled oscillators on differ-
ent networks is conveniently characterized by the following
complex order parameter:

z(t) = R(t)eiψ(t) ≡ 1
N

N

∑
j=1

eiθ j(t), (2)

where i is the imaginary unit, R(t) and ψ(t) describe the co-
herence factor and collective phase, respectively. In the limit
N→∞, R= 0 represents an incoherent state with phases of os-
cillators homogeneously distributed in [0,2π). R > 0 implies
some degree of synchrony among oscillators, and R= 1 means
a fully in-phase synchronous state.

One may also introduce the following function to measure
the degree of frequency locking:

∆Ω =
1
N

N

∑
j=1

∣∣Ω j−ω0
∣∣, (3)

where Ω j is the time-averaged frequency of the j-th oscillator
defined as

Ω j =
〈
θ̇ j
〉
≡ lim

T→∞

1
T

∫ t0+T

t0
θ̇ j(t)dt, (4)

and ω0 is the mean natural frequency of the system

ω0 =
1
N

N

∑
j=1

ω j. (5)

All oscillators are frequency locked when ∆Ω = 0. If
one wishes to know the detailed information of the syn-
chronization dynamics, the synchronization bifurcation tree
{Ωi(K), i = 1,2, . . . ,N} can be introduced[20–22] to study the
detailed information of locking processes among oscillators
by increasing the coupling strength K.

There have been extensive theoretical studies on the syn-
chronization behaviors of the model (1).[11] For the fully con-
nected network case, i.e., ki = N − 1, Eq. (1) describes the
dynamics of the traditional mean-field Kuramoto model. In
the thermodynamics limit N → ∞, statistical description can
be introduced to study the collective behavior of Eq. (1).

Kuramoto[23] proposed the self-consistency approach to
analytically predict the transition from incoherence to syn-
chronization. It was found that synchrony among oscillators
emerges when the coupling strength exceeds the critical value
Kc = 2/πg(ω0), i.e., R = 0 for K < Kc, and R > 0 as K > Kc.
Here g(ω) is the distribution of the intrinsic frequency.

The synchronization transition has been extensively in-
vestigated, and the mechanism of the emergence of synchrony
was revealed in terms of microscopic synchronization bifur-
cation tree,[20–22] statistical self-consistency approach,[11,23]

dynamical Watanabe–Strogatz transformation[24–26] and the
macroscopic Ott–Antonsen ansatz.[27,28]

In the following discussion, we will perform numerical
simulations of system (1) for different network topologies
to check the influence of network topology synchronization.
Here we mainly focus on nearest-neighbor regular (NNR)
networks, Erdos–Renyi (ER) random networks, small-world
(SW) networks, and scale-free (SF) networks.[14] For an NNR
network, the adjacency matrix satisfies Ai,i± j = 1 for j ≤ L
and Ai,i± j = 0 for j > L, where L is the neighbor distance.
The degree ki = 2L for an NNR network. An ER network can
be constructed by setting a linking probability p for a pair of
nodes. The SW network can be generated using the Watts–
Strogatz rewiring algorithm,[29] by randomly removing some
regular edges from an NNR network and randomly adding the
same number of long-distance edges. The scale-free network
can be generated by using the Barabasi–Albert preferential
growth algorithm,[30] i.e., starting from the initial m0 nodes
and adding a node with m new edges at each step following
the preferential probability pi = ki/(∑i ki).

Throughout the numerical simulations, natural frequen-
cies {ωi} of oscillators are randomly chosen from the uniform
distribution

g(ω) =
1
2γ

for ω ∈ [−γ,γ]. (6)

In our simulations, the parameter γ = 1/2.
The equations of motion are numerically integrated in

terms of the fourth-order Runge–Kutta algorithm. In order
to examine the accuracy and error accumulations brought by
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the discreteness of numerical iterations, one chooses different
time steps ∆t ranging from relatively large to very small ones.
The initial states of oscillators {θi(0)} are randomly chosen
from the interval [0,2π).

3. Synchronization–desynchronization transi-
tions: integral step matters

We first study the synchronization dynamics of Kuramoto
oscillators on the ER network with the connection probability
p = 0.5, the SW network with the average degree 〈k〉 = 10,
and the SF network with 〈k〉 = 9.2, respectively. The number
of nodes of all these networks is set to be N = 300. We com-
pute the frequency difference ∆Ω defined by Eq. (3) and the
order parameter R defined by Eq. (2) to investigate the syn-
chronization dynamics of coupled phase oscillators described
by Eq. (1) for the ER, SW, and SF network topologies, respec-
tively.

In Fig. 1, synchronization properties of Kuramoto oscil-
lators on three types of networks are presented, where the
frequency difference ∆ and the order parameter 〈R〉 versus
the coupling strength K are plotted. The integral time step
∆t = 0.1. In Fig. 1(a), for the case of the SW network, the
∆Ω ∼ K curve shows that there exists a critical KSW

c ≈ 0.9,
when K < KSW

c , ∆Ω 6= 0. While as K > KSW
c , ∆Ω = 0

keeps with increasing the coupling strength. The critical cou-
pling KSW

c corresponds to a transition from the asynchronous
state to the global locking state. A good coincidence between
global phase locking and the phase coherence can be found
in Fig. 1(b), where the order parameter R increases sharply
from a small value R ∼ 1/N at K = KSW

c , implying that the
oscillators are phase coherent when K > KSW

c . With further
increasing the coupling strength, it can be found that R in-
creases to nearly full synchrony R= 1, and the frequency lock-
ing ∆Ω = 0 is always kept. This means that the in-phase syn-
chronous state is maintained in a very large coupling regime.
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Fig. 1. Synchronization dynamics of coupled phase oscillators with different network topologies for the integral time step ∆t = 0.1. (a)–(c) The
frequency difference ∆Ω varying with the coupling strength K for ER random network, SW network, and SF network, respectively. (d)–(f) The
order parameter R versus the coupling strength for networks corresponding to (a)–(c). The number of oscillators N = 300.

However, the synchrony tendency breaks down when the
coupling strength is increased above the second threshold
KSW

d ≈ 56.0. It can be seen from Fig. 1(a) that ∆Ω becomes
non-zero as K > KSW

d , meaning a loss of global frequency
locking. Meanwhile, R decreases with further increasing the
coupling (see Fig. 1(b)), indicating a deteriorated phase coher-
ence of oscillators at strong couplings.

The above desynchronization transition reproduced the
results proposed by Zhang et al.[19] They studied the synchro-
nization of Kuramoto oscillators on SW networks and found
that oscillators may synchronize to each other at a small cou-
pling while a striking loss of synchrony happens when the cou-

pling exceeds a very large critical strength. This asynchrony is
manifested as the decrease of order parameter R with increas-
ing the coupling.

Here we can find that similar synchronization–
desynchronization transitions can occur not only in SW net-
works, but also in ER and SF networks, as shown in Figs. 1(c),
1(d) and 1(e), 1(f), respectively. The difference between these
networks is the value of critical couplings, i.e., KER

c ≈ 0.7,
KSF

c ≈ 0.9, KER
d ≈ 56, and KSF

d ≈ 57. This indicates that
the synchronization–desynchronization transition takes place
irrelevant of network topologies. On the other hand, the transi-
tion at Kd is beyond our intuition. Is this transition true? If so,
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what is the mechanism responsible for this desynchronization
transition?

To check the above observation, in Fig. 2, we further
compute the order parameter R and the difference ∆Ω against
the coupling K by integrating Eq. (1) for a smaller time step
∆t = 10−2. It is shown that the critical coupling for the syn-
chronization transition at K ≥ Kc can still be found, and the
values of Kc are almost the same as those in Fig. 1 for a
larger time step ∆t = 10−1, where KSW

c ≈ 0.8, KER
c ≈ 0.7, and

KSF
c ≈ 0.9. This indicates that the intrinsic property of syn-

chronization transition is independent of the numerical algo-

rithm and the integral step. As a common sense, this indepen-

dence should also be valid for the desynchronization transi-

tion, i.e., the critical coupling Kd should not change drastically

by changing integration step ∆t. However, the desynchroniza-

tion transition takes place at much larger critical couplings,

as shown in Fig. 2, where KSW
d ≈ 450 (Figs. 2(a) and 2(b)),

KER
d ≈ 540 (Figs. 2(c) and 2(d)), and KSF

d ≈ 550 (Figs. 2(e)

and 2(f)), respectively.
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Fig. 2. Synchronization dynamics of N = 300 coupled phase oscillators with the same network topologies as in Fig. 1 for the integral time
step ∆t = 0.01. (a)–(c) The frequency difference ∆Ω varying with the coupling strength K. (d)–(f) The order parameter R versus the coupling
strength for networks corresponding to (a)–(c).
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Fig. 3. Synchronization dynamics of N = 300 coupled phase oscillators with the same network topologies as in Fig. 1 for the integral step
∆t = 10−3. (a)–(c) The frequency difference ∆Ω varying with the coupling strength K. (d)–(f) The order parameter R versus the coupling
strength for networks corresponding to (a)–(c).
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We further check the above phenomena by computing the
same quantities of coupled oscillators with the same param-
eters but for a smaller integral step ∆t = 10−3. As shown in
Fig. 3, the first transition thresholds Kc from incoherence to
synchronization for different networks are KSW

c ≈ 0.9, KER
c ≈

0.8, and KSF
c ≈ 1.0, i.e., Kc remains unchanged for all three

types of network topologies. On the other hand, the second
thresholds Kd of the desynchronization transition cannot be
seen in the coupling regime shown in Fig. 3. Further com-
putation for ∆t = 10−3 at larger coupling regimes gives the
thresholds KSW

d ≈ 2810, KER
d ≈ 2980, and KSF

d ≈ 2870.
The two critical couplings Kc and Kd against the time step

∆t are summarized in Fig. 4. Each transition point Kc or Kd is
determined by increasing and scanning the coupling strength
K from 0. It can be seen that the synchronization critical cou-
pling Kc remains almost unchanged by varying the integral
time step ∆t, while the desynchronization critical coupling Kd

exhibits a divergence with decreasing the time step ∆t in ap-
proximately a power law

Kd ∝ ∆t−α , (7)

where the exponent α ≈ 0.84. Moreover, the network topol-
ogy does not remarkably affect the critical coupling Kd.

10-3 10-2 10-1

100

101

102

103

K
c
↪ 
K

d

Dt

 SW Kc

 SW Kd

 ER Kc

 ER Kd

 SF Kc

 SF Kd

Kd

Kc

Fig. 4. The critical couplings Kc and Kd for different integral steps ∆t
for ER, SW, and SF networks.

We also test the effect of natural-frequency distribution
g(ω) and the number of oscillators N, our simulations indi-
cate that Kd is also irrelevant to these factors. These tokens
indicate that Kd is only related to the discretization during the
numerical integrations of Eq. (1), i.e., the second transition is
an artifact of numerical simulation.

The above results strongly support the conclusion that
the synchronous state remains stable as long as the coupling
K ≥ Kc. However, by increasing the accuracy of integral of
dynamical equations, Kd → ∞, i.e., the second transition to
desynchronization does not exist. Therefore we make a judge-
ment that the previous results of desynchronization at strong
coupling[19] are incorrect. This gives us a kind reminder that
the integration step is very important in performing numerical
algorithms to solve differential equations.

Numerical computation of the integration of variable-
continuous differential equations is essentially a discretizing
process, and this may definitely produce various errors with
change from time-continuous evolution to discrete iterations.
Both the discretization algorithm and the integration step are
important in influencing the accuracy of numerical simula-
tions. Different discretization algorithms will always intro-
duce different degrees of truncation errors, and a finite integral
step may bring out accumulated errors.

In principle, a small enough step is the best choice to sup-
press the computational error. However, practical computa-
tions require a tradeoff between computational cost and bene-
fit. Therefore the integral step is usually chosen as an appro-
priate and optimal value. For equations of coupled phase os-
cillators, e.g., the Kuramoto-like system (1), a choice of time
step ∆t = 10−2 is fine to give reliable results, and even a larger
step ∆t = 10−1 also seems to produce reasonable data. How-
ever, the values of system parameters should be carefully taken
into account. Our simulations indicate that there exists a risk
during the exploration of dynamics at strong couplings. If the
integral step is not small enough, the error brought by numer-
ical discreteness of the integral may lead to incorrect results,
and even leads to the instability.

4. Stability of the synchronous state
Let us theoretically analyze the stability of the syn-

chronous state of system (1). A typical synchronous state is
the in-phase state (IPS) defined as

θ1(t) = θ2(t) = · · ·= θN(t) = s(t). (8)

An IPS has the maximum coherence factor R = 1. However,
it should be noted that the IPS (8) is not the solution of the
system (1) with natural-frequency mismatches unless K→ ∞.
When K� Kc, all oscillators are frequency synchronized, and
ωi in Eq. (1) can be omitted, then one has

θ̇i ≈
K

ki +1

N

∑
j=1

Ai j sin(θ j−θi). (9)

The IPS is the natural solution of Eq. (9). Consider a small
deviation of the phases from the synchronous solution θi(t) =
s(t)+ δθi(t). By linearizing Eq. (9) around the synchronous
manifold s(t), one obtains the linearized equations

δ θ̇i =
K

ki +1

N

∑
j=1

Ai j(δθ j−δθi). (10)

For a regular network, ki = k, Eq. (10) can be written in the
following vector form:

δ 𝜃̇ =
K

k+1
(𝐴− k𝐼)δ𝜃 =

K
k+1

𝐿δ𝜃, (11)

where δ𝜃 = (δθ1,δθ2, . . . ,δθN)
T, 𝐴 is the adjacency matrix,

and 𝐼 is the N×N identity matrix. The second term comes
from ki = ∑

N
j=1 Ai j. Here 𝐿 is just the Laplacian matrix, where
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the largest eigenvalue λ1 ≤ 0. Therefore the IPS θi = s(t)
(i = 1,2, . . . ,N) is stable when K > Kc.

The above analysis is based on a linear stability scheme
and implies a local stability of the IPS. In fact, both Eqs. (1)
and (9) correspond to gradient systems. For example, for
Eq. (1), one may introduce the following potential function:

V ({θi}) = −
N

∑
i=1

ωiθi +
K
2

N

∑
i=1

1
ki +1

×
N

∑
j=1

Ai j [1− cos(θi−θ j)] , (12)

by which Eq. (1) can be written as

θ̇i =−
∂V (

{
θ j
}
)

∂θi
. (13)

Because

dV
dt

=
N

∑
i=1

∂V
∂θi

θ̇i =−
N

∑
i=1

(
∂V
∂θi

)2

≤ 0, (14)

system (1) will evolve towards the direction of a minimum po-
tential Vmin. When ∂V/∂θi = 0 for i = 1,2, . . . ,N, the system
is at its equilibrium state.

A natural equilibrium state is the IPS s(t), which is the
minimum Vmin = 0 satisfying the condition dV/dt = 0 and the
stable ordered state. Although the discussion above is shown
for regular networks, this conclusion should be irrelevant to
the network topology.

5. Coexisting metastable modes: twisted states
As shown in the above discussion, as long as the potential

function satisfies the gradient condition dV/dt ≤ 0, the sys-

tem will evolve to a stationary state with dV/dt = 0. In fact,
the IPS s(t) is a globally minimum-potential and the most sta-
ble stationary state. Apart from the IPS, the following phase
configuration also satisfies the requirement of dV/dt = 0:

θi(t) = ωt +
2πm

N
i+θ0, i = 1,2, . . . ,N, (15)

where m is an integer, and θ0 is a constant depending on the
initial condition. This state is called the m-twisted state (TS),
and m is the winding number.

Obviously when the winding number m is an integer mul-
tiplication of N, i.e., m = Nm0 with m0 being an integer,
θi− θ j = 2πm0(i− j), i.e., the TS goes back to the IPS. On
the other hand, when m 6= 0 and m 6= Nm0, the phases of os-
cillators distribute evenly by a constant phase shift 2πm/N. In
this case, it is easily found that the order parameter R(t) = 0,
which occurs also for an incoherent state. This is distinctly
different from the IPS that satisfies R(t) = 1.

Although the coherence factor R = 0, a twisted state is
still an ordered state. For the system (9), oscillators are iden-
tical. For this case, an arbitrarily small coupling may induce
ordered TS states. The stability of TS depends on both the
coupling distance (degree) and the winding number. This topic
has been extensively studied in recent years.[31–35] However, if
there exists heterogeneity in natural frequencies of oscillators,
it is possible that the phase oscillators may still possess the
TS when the coupling is increased beyond a critical value of
achieve global frequency locking. It is thus very interesting to
study the emergence of TS and its dependence on the coupling
in detail.
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Fig. 5. Multistable dynamics of N = 50 coupled phase oscillators with NNR topologies. Natural frequencies obey the uniform difstribution
given in Eq. (6). Random initial conditions are adopted at every given coupling strength during the simulation. From (a)–(f), the degrees of the
networks are k = 2, 6, 10,20, 30, and 40, respectively. In each sub-figure, the upper one is the order parameter R versus the coupling K, and the
lower one is the frequency difference ∆ against the coupling K.
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In Fig. 5, we study the collective dynamics of the nearest-
neighbor coupled phase oscillator systems (1) with different
degrees by scanning the variation of the averaged order pa-
rameter R defined by Eq. (2) and the frequency difference ∆Ω

defined by Eq. (3) against the coupling K. Random initial con-
ditions at each coupling strength K are adopted, i.e., θi are
randomly chosen in the interval [0,2π]. Oscillator number
are set as N = 50. The natural frequencies ωi are randomly
chosen according to the uniform distribution g(ω) given by
Eq. (6). In Fig. 5(a), R varying against the coupling strength
K is shown in the upper part, where the degree k = 2 (the ring
network). As a comparison to better understand what happens
for different couplings, the difference ∆Ω is also plotted in the
lower part of Fig. 5(a). It can be found that R varies errati-
cally against the coupling strength when K < Kc. When the
coupling K ≥ Kc, several branches of the order parameter can
be observed. The emergence of multiple branches comes from
random initial states, implying the local stability of different
collective dynamics. The most robust branch that R→ 1 for
large K is the IPS, which increases with increasing the cou-
pling strength. One interesting observation is that there ex-
ist other multiple R–K branches with each branch decreasing
with increasing the coupling strength. The tendency of these
branches is similar to the decreasing R found in Figs. 1 and
2 for K > Kd. However, these two seemingly decreasing ten-
dencies are completely different. The decreasing R curves in
Figs. 1 and 2 are due to the loss of synchrony. In the present
case, oscillators are still synchronized, which can be shown
from the lower subfigure that ∆ = 0 for K > Kc. One antici-
pates that for all these branches R→ 0 as K→ ∞.

We also compute the collective properties of coupled os-
cillators on NNR networks with larger degrees k in Figs. 5(b)–
5(f) for the degrees k = 6, 10, 20, 30, and 40, respectively. In
all the lower sub-figures, the variation of the frequency differ-
ence ∆ with the coupling gives the critical coupling for global
synchronization. One may easily find that for low degrees
such as k = 6, 10, and 20, multiple branches of the order pa-
rameter R coexist, implying the multistability of synchronous
states with different phase patterns. On the other hand, the
number of branches decreases with increasing the degree k of
nodes. When the network connection becomes dense enough,
as shown in Figs. 5(e) and 5(f), only the IPS is left, and the
decreasing R branch disappears. This means that those low-R
states become unstable in a dense network.

It is important to identify the collective topologies {θi}
of these low-R states. In these regimes, frequency synchro-
nization is still maintained, hence a phase-disordered topol-
ogy should be excluded. For ideal twisted states expressed
by Eq. (15) with m 6= 0 in coupled identical phase oscillators,
one has the order parameter R = 0. For non-identical oscilla-
tors with distributed natural frequencies, one does not expect

a strict R = 0, but those low-R states are very probably related
to ideal twisted states. To verify this conjecture, in Fig. 6, we
study the order-parameter dynamics by plotting R versus the
coupling strength K. For all curves, at each given value of the
coupling K, one starts from different initial m-twisted config-
urations

θ
(0)
i =

2πm
N

i, i = 1,2, . . . ,N.

We give the R–K curves for initial-configuration winding num-
bers m = 1, 2, 3, 4, 5, 15 and 25, respectively. The regular
network contains N = 50 oscillators with the degree k = 2. It
is clearly shown that as K < Kc, the system is in the asyn-
chronous state, and the R–K relation is independent of various
initial configurations {θ (0)

i }. On the other hand, when the cou-
pling is larger than the synchronous threshold, i.e., K > Kc,
these curves bifurcate into multiple branches. For branches
starting from initial configurations with low winding numbers
(see m = 1–10), the curves exhibit a decreasing tendency with
increasing the coupling. When m is very large, for example
m = 15 and 25, as shown in Fig. 6, the order parameter R ex-
hibits a normal increasing relation when the coupling strength
is large enough.
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Fig. 6. The order parameter R varying against the coupling for N = 50
coupled phase oscillators for NNR network with k = 2. Different col-
ored R–K curves are plotted for different initial twisted states with
m = 1, 2, 3, 4, 5, 10, 15, and 25, respectively. For initial configurations
with small winding numbers, R decreases with increasing the coupling
(see m = 1–10). As m becomes larger, R increases normally with in-
creasing the coupling (see m = 15 and 25). The R–K curve for m = 10
exhibits multiple jumps between different branches.

It is interesting to examine the long-time configuration
{θ t→∞

i } of the R–K curves presented in Fig. 6. By start-
ing from different initial slightly-perturbed TS configurations{

θ 0
i = 2πm/N

}
with winding numbers m = 1, 3, 5, 7 shown

as blue solid lines in Fig. 7, the long-time configurations {θ ∞
i }

for different degrees k = 2, 10, 20, 40 are shown as red dots,
where θi is set as 2π modulus. The number of sawteeth corre-
sponds to the winding number m. For the sparse-connection
case k = 2, as seen from column (a), all the initial twisted
configurations m = 1, 3, 5, 7 are persisted during the evolu-
tion, i.e., the long-time configurations can remain their initial
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preparations. This indicates that most of the twisted modes
are stable. When the degree becomes larger, e.g., k = 10, as
shown in column (b) of Fig. 7, only low-m mode keeps stable,
and a bit higher m modes will become unstable and replaced
by the IPS (m = 0). Similar scenarios can be observed for the
cases of k = 20 (column (c)) and k = 40 (column (d)).

The above discussion indicates that when the coupling
strength becomes large, not only the in-phase mode corre-
sponding to an increasing R(K) emerges, but also the twisted
modes with a decreasing R(K) bifurcate and coexist with the
in-phase mode. This gives an interesting behavior that is much
different from the cases given by Figs. 1–3.
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Fig. 7. The long-time configurations of N = 50 coupled oscillators for different degrees k = 2, 10, 20, 40 corresponding to columns (a), (b),
(c), (d), respectively. For each column, from up to down, the system evolves starting from the initial twisted states with m = 1, 3, 5, and 7,
respectively. The coupling strength K = 50. Initial twisted-state configurations are given by solid lines, and the long-time configurations are
plotted as dots. The 2π module is performed for the phase variables θi, and the number of segments corresponds to the winding number m.

6. Concluding remarks
In this paper, we focus on the synchronization dynamics

of coupled phase oscillators. We first focus on the stability
of synchronous state. The investigation of the influence of in-
tegral steps indicates that it is important to choose a proper
integral step in numerical simulations of time-continuous dy-
namical systems. An appropriate integration algorithm and a
suitable step can ensure the convergence and safety of numeri-
cal simulation, while a finite integral step may bring false data
and the instability of synchrony states. By extensive numerical
simulations, we point out that the desynchronization at strong
couplings is a purely artificial consequence of numerical sim-
ulation. We find that the desynchronization transition point Kd

increases with decreasing time step ∆t in a power law.
Though the synchronous state is stable at strong cou-

plings, the numerical-integral-induced instablity of syn-
chronous state we proposed in this paper reminds us the pos-
sibility of desynchronization in coupled phase maps. We

recently studied the coupled circle maps and found the
synchronization–desynchronization transitions. This is an-
other interesting topic that is discussed elsewhere.[36]

We theoretically discuss the stability of the synchronous
state and verify that the in-phase state keeps locally stable for
strong couplings. Moreover, multistability in phase space im-
plies the existence of other metastable states that may coexist
with the IPS in the synchronous regime. A typical metastable
state is the twisted state. Different from the IPS that has the
strongest phase coherence R = 1, an TS is also the frequency-
locking state, but the phases distribute with finite phase shifts
as twisted waves, resulting in R = 0. Our study indicates that
multiple TS’s can be stable and coexist with the IPS for sparse
networks. When the network becomes dense enough, the TS’s
(m 6= 0) will lose their stability, and only the IPS is left.

The coupling function is also a key ingredient in de-
termining the synchronization property of coupled oscilla-
tors. General discussions of synchronization on networks in
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terms of the master-stability function approach[37] indicate
that there are three types of synchrony routes by varying the
coupling strength depending on the coupling schemes. We be-
lieve it is possible to construct other types of coupling func-
tions rather than the simple sinusoidal function to explore
synchronization–desynchronization transitions.
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