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Micrometric-thin cells (MCs) with alkali vapor atoms have been valuable for research and applications of hyperfine
Zeeman splitting and atomic magnetometers under strong magnetic fields. We theoretically and experimentally study the
saturated absorption spectra using a 100-µm cesium MC, where the pump and probe beams are linearly polarized with
mutually perpendicular polarizations, and the magnetic field is along the pump beam. Because of the distinctive thin
chamber of the MC, crossover spectral lines in saturated absorption spectra are largely suppressed leading to clear splittings
of hyperfine Zeeman transitions in experiments, and the effect of spatial magnetic field gradient is expected to be reduced. A
calculation method is proposed to achieve good agreements between theoretical calculations and experimental results. This
method successfully explains the suppression of crossover lines in MCs, as well as the effects of magnetic field direction,
propagation and polarization directions of the pump/probe beam on saturated absorption spectrum. The saturated absorption
spectrum with suppressed crossover lines is used for laser frequency stabilization, which may provide the potential value
of MCs for high spatial resolution strong-field magnetometry with high sensitivity.

Keywords: micrometric-thin cells, saturated absorption spectrum, hyperfine Zeeman splitting, crossover spec-
tral lines, laser frequency stabilization
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1. Introduction
Ultra-thin alkali-vapor cells (UTCs) are specially con-

structed atomic cells in which the alkali atoms are sealed
between two glass plates with a well-polished thin cham-
ber etched on inner walls. UTCs in thickness range of
20–3000 nm are often referred to as nanometric-thin cells,
while those in range of 20–900 µm are often referred to as
micrometric-thin cells.[1] Because of their distinct structure,
UTCs can exhibit numerous novel physical properties and are
used to explore Dicke narrowing effect,[2] atom-surface van
der Waals interaction,[3] Lamb shift,[4] hyperfine Paschen-
Back regime,[5] the suppression of crossover lines in satu-
rated absorption spectrum,[6] coherent excitation of Rydberg
atoms,[7] limits of distribution of atomic velocities,[8] light-
induced atomic desorption,[9] and spectroscopy of hot alkali
dimer vapor,[10] and have remarkably high potential value
in fields like superluminal propagation,[11] compact atomic
clocks,[12] strong magnetic field sensing,[13] atomic narrow-
band filtering,[14] atomic pressure gauges,[15] micromechan-
ical resonator systems,[16] RF electric field sensing,[17] and
laser frequency stabilization.[18] Although MCs can hardly
exhibit pronounced Dicke narrowing and surface potential
effects like nanocells, MCs are easier to fabricate, require
lower heating temperature, and possess greater absorption un-
der the same experimental conditions, which omits the acqui-
sition of first and second derivative spectra commonly used

in nanocells.[19] Additionally, compared with conventional
atomic cells, MCs can suppress the crossover lines in satu-
rated absorption spectra and leave non-crossover lines clearly
revealed, which have indispensable potential in research of
atomic spectral splitting and wide-range atomic magnetome-
ters for measuring strong magnetic fields.

To obtain a clearly discrete splitting of atomic transi-
tions in strong magnetic field, sub-Doppler-width atomic spec-
tra are necessary. This is because the Doppler broadening
of alkali atoms at room temperature is typically in range
of 400–1000 MHz,[1] which exceeds the separation of adja-
cent Zeeman sub-levels under strong magnetic field near the
hundred-G scale. MCs can realize sub-Doppler-width atomic
spectra by saturated absorption spectroscopy,[20] fluorescence
spectroscopy,[21] narrow-bandwidth EIT resonance,[22] etc.
Among them, saturated absorption spectroscopy is easy to op-
erate and convenient for applications. In addition, MCs pos-
sess unique properties of suppressing crossover spectral lines
in saturated absorption spectrum, which is quite valuable for
precision spectrum, since recognizing non-crossover spectral
lines submerged between massive crossover spectral lines in
strong magnetic field could be quite challenging.[23] Mean-
time, the ultra-thin chambers of MCs are expected to lower the
influence of spatial magnetic-field gradient on spectra,[13,24]

which is valuable for high-spatial-resolution mapping of high-
gradient strong magnetic field. Currently, the split saturated
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absorption spectra in strong magnetic fields with suppressed
crossover spectral lines have been experimentally observed in
Rb and K atomic MCs,[1,13,20,25] with valuable applications of
wide-range magnetometry proposed. However, few investi-
gations have been made on comprehensive theoretical calcula-
tions explaining the mechanism of MCs suppressing crossover
spectral lines, with the strength and direction of the mag-
netic field, the propagation direction and polarization of the
pump/probe beam considered. Also, experimental verifica-
tions using Cs MCs are indispensable, which is valuable for
research of precision spectrum and magnetometry in strong
magnetic fields.

In this paper, a self-designed Cs MC with thickness of
100 µm is used, and a clear splitting of saturated absorption
spectrum of Cs D1 line with linearly polarized pump and probe
beams in a magnetic field near 600 G is obtained experimen-
tally. Thanks to the thin chamber of the MC, the crossover
saturated absorption spectral lines that may be abundant in
conventional cells are largely suppressed, and non-crossover
lines are retained to match well with the transition frequen-
cies between Zeeman sub-levels. Also, the effect of magnetic
field gradient in the direction of MC’s thickness (perpendicu-
lar to the glass plates) is expected to be reduced. A theoretical
model for saturated absorption spectrum of the MC that simul-
taneously considers the magnetic field direction, the directions
of pump/probe beam’s propagation and polarization is estab-
lished, and a fairly good agreement between calculated results
and experimental results is achieved. This model explicitly
explains the suppression of crossover lines in MCs, and is
promising to be widely used to calculate the splitting of sat-
urated absorption spectrum under diverse pump/probe beam
polarization, as well as to analyze the effect of magnetic-field
direction. In addition, with suppressed crossover lines, Zee-
man sub-levels are clearly revealed, and laser frequency sta-
bilization on transition Fg = 3, mg = 3↔ Fe = 4, me = 4 is
realized, which may pave the way for high spatial resolution
and high-sensitivity magnetometry in strong magnetic fields.

2. Experimental setup and theoretical analysis

2.1. Experimental setup

The experimental setup is shown in Fig. 1. The UTC
used in this paper is a Cs MC without buffer gas, as shown
in Fig. 1(a), where Cs atoms are contained in the chamber
marked by red dashed lines, which is about 100 µm thick,
15 mm high and 5 mm wide. The MC is placed in a sealed
furnace for heating and the furnace is placed in the center of
the permanent magnet ring (PM) which provides the required
strong magnetic field, as shown in Fig. 1(b). The magnetic
field strength at MC is measured to be about 600 G. Note
that the magnetic-field strength induced by PM is not spatially
uniform, experimental results will inevitably be affected by
magnetic field gradient. A laboratory reference frame xyz is
built in Fig. 1(c), where the magnetic field direction is taken
as the z-axis. The wavelength of emitted beam from the exter-
nal cavity diode laser (ECDL, Toptica DL-Pro) is near D1 line
of Cs atoms (about 894.6 nm). After passing through the neu-
tral density filter (NDF), half-wave plate (λ/2) and polariza-
tion beam splitter (PBS), the incident light is split into a pump
beam polarized along x-axis and a probe beam polarized along
y-axis. The pump beam propagates along the positive direc-
tion of z-axis, and probe beam propagates along the negative
z direction after being reflected by mirrors, and then being in-
cident into the photodetector (PD) after passing through the
PBS again. Adjusting the NDF and the half-wave plate, the
intensities of the pump and probe beams can be flexibly reg-
ulated. In experiments, adjusting an appropriate pump/probe
beam intensity and scanning the emission frequency of ECDL,
saturated absorption spectrum of the MC can be monitored and
measured with the PD. The PD signals can yield error signals
via the lock-in amplifiers (LIA), and then fed back to laser con-
troller via a proportional-integral-derivative (PID) to stabilize
the laser frequency.
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Fig. 1. (a) The MC used in experiments, and the red dashed square marks the thin chamber where Cs atoms are sealed. (b) The setup with the
MC placed in the heating furnace and the PM: (1) MC, (2) furnace. (c) Schematic diagram of the experimental setup. LIA: lock-in amplifier,
PID: proportional-integral-derivative module, PD: photodetector, ECDL: external cavity diode laser, NDF: neutral density filter, λ/2: half-wave
plate, PBS: polarization beam splitter, PM: permanent magnet ring.
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2.2. Theoretical analysis

To properly explain the saturated absorption spectrum of
the MC in strong magnetic fields, effects of the suppressed
crossover spectral lines need to be accounted for, as well as the
strength and direction of the magnetic field, the propagation
direction and polarization of the pump/probe beam. Hereby, a
calculation method that explains the mechanism of crossover
lines suppressed by the thin structure of MCs is introduced.
Taking the direction of magnetic field as z-axis, the linearly
polarized pump and probe beams propagate along +z and −z
directions, and are polarized along x and y directions. Their
electric fields can be expressed as

𝐸pump =
E0

2
(𝑒1 +𝑒−1)ei(kz−ωt), (1)

𝐸probe =
E1

2i
(𝑒1−𝑒−1)e−i(kz+ωt), (2)

where E0 and E1 are the amplitudes of the pump and probe
beams, 𝑒±1 = 𝑒x ± i𝑒y are the unit vectors in spherical ba-
sis, 𝑒x and 𝑒y are the unit vectors of x and y axes, k = 2π/λ

refers to the wave vector along ±z directions, and ω repre-
sents the laser angular frequency. In dipole approximation,
the ground and excited states are mutually coupled through
the dipole moment 𝐷̂. Using the Wigner–Eckart theorem,[26]

the components of dipole moment operator D̂q for Cs D1 line
can be expressed as

〈Fg,mg|D̂q|Fe,me〉= cq
Fg,mg;Fe,me

〈Jg||𝐷̂||Je〉, (3)

cq
Fg,mg;Fe,me

= (−1)2Fe+mg+Jg+I
√
(2Fe +1)(2Fg +1)(2Jg +1) (4)

×
(

Fe 1 Fg
me q −mg

){
Jg Je 1
Fe Fg I

}
,

where Fg,e, mg,e, and Jg,e are quantum numbers of the corre-
sponding transition levels, q = 0,±1 denote the three compo-
nents of the dipole moment operator in spherical basis, and
〈Jg||𝐷̂||Je〉 is the reduced matrix element of Cs D1 line. The
constants cq

Fg,mg;Fe,me
can be deduced in terms of the Wigner-

3 j and Wigner-6 j coefficients denoted by the parentheses and

curly brackets respectively, and I = 7/2 is the nuclear spin of
Cs atoms.

As the levels of Cs D1 line undergo Zeeman splitting, the
transitions of Fg = 3↔ Fe = 3,4 and Fg = 4↔ Fe = 3,4 are
illustrated in Figs. 2(a) and 2(b). From Eqs. (1) and (2), it is
noted that the pump/probe beam is decomposed into a super-
position of σ− and σ+ polarized beams, and the selection rules
are ∆m = ∓1 in dipole approximation, corresponding to the
transitions indicated by the blue and yellow arrows in Fig. 2,
respectively. Hereby, for simplicity, the labels in Fig. 2 are
employed to specifically refer to each transition between sub-
levels of Cs D1 line, i.e., transitions 1–13, 1′–13′ refer to the
transitions in Fig. 2(a), and transitions 1′′–15′′, 1∗–15∗ refer to
the transitions in Fig. 2(b). Using the Breit–Rabi formula,[27]

the splitting of the transition frequencies of Cs D1 line at dif-
ferent strengths of external magnetic field can be obtained, as
shown by Fig. 3. From Figs. 3(a) and 3(b), mutually over-
lapped splittings of the transition frequencies can be seen at
magnetic field strength of about 600 G, which is of particu-
lar interest in analyses of the following experimental results,
and transitions 7′ and 15′′ are designated as the origins of fre-
quency detuning, so as to stay in consistence with the experi-
mental results.

In this paper, the saturated absorption spectrum of MCs
is calculated based on the rate equations.[28] Since there are
excessive magnetic sublevels in Cs D1 line, it is rather in-
convenient to calculate the populations of all sub-levels of
ground and excited states. Thus, the populations of excited
states are omitted, and only the ground-state populations po-
larized by the pump beam are accounted for.[29] In this case,
atoms pumped by the pump beam will not remain in excited
states, but immediately fall back to ground states with certain
branching ratios through spontaneous decay, etc. Therefore,
this method is more applicable for weak pump beams.

To illustrate the suppressed crossover spectral lines in
MCs, an additional factor needs to be included in theoreti-
cal analysis. In MCs, owing to the thin-cell structure, atoms
pumped to excited states by the pump beam with faster z-
direction velocities are more susceptible to collisions with
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magnetic field assigned as the origins of frequency detuning (shown by
the black dots).

the inner walls of MCs and fall back to ground states, resulting
in loss of pumping efficiency. Taking this mechanism into ac-
count in saturated absorption spectral lines, since generating
non-crossover lines requires pumping of zero-velocity atoms
by the pump beam while crossover lines need pumped atoms
with certain velocities along z-direction, clearly, the pumped
atoms for crossover lines are more inclined to collide with
the inner walls of MCs and have reduced pumping efficiency,
leading to the suppression of crossover lines. To describe this
phenomenon, an additional pumping efficiency term η(|v|) is
included, and the pumping rate PMC

rate now can be expressed
as[28,30]

PMC
rate (Fg,mg;Fe,me)

∝
|〈Fg,mg|𝐷̂ ·𝐸pump|Fe,me〉|2(PFg,mg −QFe,me)

h̄2
Γ (1+ 4

Γ 2 ((ω−ωFg,mg;Fe,me)+ kv)2)
η(|v|), (5)

where 𝐷̂ represents the dipole moment whose components are
given in Eqs. (3) and (4), and the electric field of the pump
beam, 𝐸pump, is given in Eq. (1), PFg,mg and QFg,mg are the
populations of Zeeman sub-levels in ground and excited states,

respectively, since the populations of excited states are omit-
ted, QFe,me = 0. Here, h̄ is the reduced Planck constant, Γ

denotes the relaxation rate of excited states, and v denotes the
component of atomic velocity along z-direction; η(|v|) satis-
fies lim|v|→0 η(v) = 1 and lim|v|→∞ η(v) = 0, and monotoni-
cally decreases, indicating that atoms with faster z-direction
velocities are more likely to collide with the inner walls of
MCs, which in turn leads to lower pumping efficiency. Here,
ωFg,mg;Fe,me represents each of the angular frequencies of the
transitions between Zeeman sub-levels of ground and excited
states in magnetic fields, as shown in Fig. 3.

Since the pump beam is approximated to be weak, the
atoms pumped to excited states by the pump beam will imme-
diately fall back to ground states through spontaneous decay,
etc., and the branching ratios can be expressed as[26]

AFe,me;Fg,mg;q ∝
|〈Fe,me|D̂q|Fg,mg〉|2

∑q′,mg′
|〈Fe,me|D̂q′ |Fg,mg′〉|2

, (6)

where ∑q′,mg′
denotes the summation over all terms satisfy-

ing the selection rules. Additionally, Zeeman sub-levels of
ground states tend to be equally populated, and the resulting
term RFg,mg can be expressed with rate γg as

RFg,mg =−γg(PFg,mg −Peq), (7)

where Peq is the equilibrium population of ground-state Zee-
man sub-levels. Using Eqs. (5)–(7), the rate equations for
PFg,mg can be derived as

dPFg,mg

dt
= − ∑

Fe1,me1

PMC
rate (Fg,mg;Fe1,me1)+RFg,mg

+ ∑
Fe2,me2;

Fg3,mg3;q

AFe2,me2;Fg,mg;q ·PMC
rate (Fg3,mg3;Fe2,me2). (8)

Setting the left-hand side equal to zero, the steady-state so-
lutions for the populations of ground-state Zeeman sub-levels
can be obtained, and then the saturated absorption spectrum of
the MC can be calculated by[28]

Ap ∝ ∑
Fe,me;
Fg,mg

∫
∞

−∞

1
Γ 2

|〈Fg,mg|𝐷̂ ·𝐸probe|Fe,me〉|2(PFg,mg −QFe,me)

h̄2(1+ 4
Γ 2 ((ω−ωFg,mg;Fe,me)− kv)2)

W (v)dv, (9)

where 𝐸probe and W (v) are the electric field of the probe beam given in Eq. (2) and the Maxwell Boltzmann velocity distribution
along z-axis, respectively.

3. Results and discussion

Tuning the intensities of the pump and probe beams (with

the 1/e diameter of about 10 mm) to about 10 mW/cm2 and

500 µW/cm2, respectively, at magnetic field strength of about

600 G, the saturated absorption spectra of Fg = 3↔ Fe = 3,4
and Fg = 4↔ Fe = 3,4 are experimentally obtained, as shown
in Figs. 4(a) and 4(b). Since every two transitions indi-
cated by Figs. 2 and 3 may generate a crossover line, with
numerous and mutually overlapping transition splittings, the
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non-crossover saturated absorption spectral lines may be sub-
merged between massive crossover lines in common cells,[23]

and spectrum analyzing could be rather tricky. However, be-
cause massive crossover lines are effectively suppressed in the
MC, the retained experimental non-crossover spectral lines are
mostly discrete, and match well with a substantial number of
the transitions marked in Figs. 4(a) and 4(b). Since some of
these transitions are too close in frequency, like transitions
10′ and 8 in Fig. 4(a), their spectral lines are mutually over-
lapped. As for the other few transitions, such as transitions 6,
7, 12, and 13, probably because of the broadening effect of the
strong pump beam and small amplitudes of these transitions,
with hardly revealed spectral lines, these transitions are not
shown in the experimental results. Additionally, some exper-
imental spectral lines, like those between transitions 2 and 2′,
3 and 3′, 4 and 4′, 5 and 5′ in Fig. 4(a) and between transitions
3′′ and 4′′ in Fig. 4(b), do not match with any transition fre-
quencies, which are likely to be the remained crossover lines
with amplitudes reduced by the MC.

Theoretically calculated saturated absorption spectra of
Fg = 3 ↔ Fe = 3,4 and Fg = 4 ↔ Fe = 3,4 are shown in
Figs. 4(c) and 4(d). Compared with Figs. 4(a) and 4(b),
it can be seen that calculated results have achieved a fairly
good agreement with experimental ones, with crossover lines
largely suppressed and the non-crossover spectral lines match-
ing well with a substantial number of the calculated transition
frequencies. Regrettably, minor differences can be observed
when comparing the amplitudes and widths of certain spec-
tral lines. Firstly, the spectral lines of transitions 12 and 13 in
Fig. 4(c) and transitions 1∗, 12∗, 13∗, 14∗, 1′′, 8′′ in Fig. 4(d)
are hardly revealed in experimental results, and the experi-
mental spectral line of transition 1′ in Fig. 4(a) is not shown
in Fig. 4(c). Secondly, some spectral lines, like the spectral
line of transition 7 in Fig. 4(c), are obviously different in am-
plitude from the experimental results. Thirdly, the calculated
spectral lines are commonly narrower in widths. Four rea-

sons are possibly responsible for these differences. Firstly,
the theoretical calculation ignores the populations of excited
states and treats the pump beam as a weak beam, which di-
rectly affects the results of the rate equations, the amplitudes
and widths of the calculated spectral lines. Secondly, broad-
ening effect of the strong pump beam is not included in calcu-
lations, which may be responsible for the mismatched widths.
Thirdly, a uniform and strong magnetic field is not easy to
achieve experimentally. Since the cesium atoms in the MC are
constrained within an ultra-narrow space along z-axis (the di-
rection of MC’s thickness), the difference of z-axis magnetic
field imposed on the atoms tends to be negligible, and the
effect of z-axis magnetic-field gradient is expected to be re-
duced. However, because the atoms are less constrained along
x and y directions in the MC, the gradient along these direc-
tions may slightly exert on the saturated absorption spectrum,
possibly causing the broadening of the spectral lines. Fourthly,
the Zeeman sub-levels could be coupled by the strong mag-
netic field,[31] leading to additional modifications of transition
probabilities,[32] which could also be responsible for the par-
tially mismatched amplitudes in theoretical results. Although
these possible factors lead to limited accuracy of the calculated
results, massively suppressed crossover lines are remarkably
shown, and the non-crossover lines match well with quite a
few transition frequencies. In addition, this calculation method
also accounts for the magnetic field direction, the pump/probe
beam’s propagation direction and polarization, which is valu-
able for research on the splitting of atomic levels in strong
magnetic fields and related applications of MC-based strong-
field magnetometers.

Furthermore, with the above saturated absorption spec-
tral lines in the MC, the laser frequency stabilization of the
ECDL (about 300-kHz typical linewidth) is implemented us-
ing transition 7′ at 600-G magnetic field strength, and the
results are shown in Fig. 5. Figure 5(a) presents the frequency
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Fig. 5. (a) Frequency deviation of ECDL for 1200 s in both frequency-
stabilized state (red line) and free-running state (blue line), where transi-
tion 7′ is used as the frequency reference. (b) Modified Allan deviation
obtained from ECDL in both frequency-stabilized state (red dotted line)
and free-running state (blue dotted line) at different averaging times.

deviation of the ECDL in frequency-stabilized (red line) and
free-running states (blue line), with the frequency deviation
stabilized from about 45 MHz for 1200 s in free-running
state. Figure 5(b) illustrates the calculated modified Allan
deviation in frequency-stabilized (red dotted line) and free-
running states (blue dotted line), where the Allan deviation of
frequency-stabilized state decreases with increasing averaging
time, with the stabilization lowering to about 9.87× 10−12 at
an averaging time of about 165 s, while the Allan deviation of
free-running state decreases and then increases with increas-
ing averaging time. Also, a lower Allan deviation has been
achieved at each averaging time in frequency-stabilized state.
The frequency stabilization using the MC could be promising
for wide-range high-sensitivity magnetometry by extracting
the frequency shift of Zeeman transitions from zero magnetic
field in two possible ways, apart from scanning and detect-
ing the experimental spectra lines.[13] First, the ECDL with
frequency stabilized to transition 7′ could be combined with
a high-frequency electro-optic modulator, and the generated
sidebands may be employed to track the frequency of zero-
field Zeeman transitions using a reference Cs cell, similarly
to Ref. [33]. Second, the beat frequency of the frequency-
stabilized ECDL and another laser with frequency stabilized to
zero-field Zeeman transitions could also reflect the magnetic-
field strength. With the suppressed crossover lines and ultra-

thin thickness of the MC, the two methods are promising for
strong-field magnetometry with high spatial resolution and
high sensitivity.

4. Conclusions
In summary, a self-designed Cs atomic MC with a thick-

ness of 100 µm is prepared, and its saturated absorption spec-
tra of Cs D1 line at magnetic field strength of 600 G is exper-
imentally performed, in which the pump and probe beams are
mutually perpendicular linearly polarized beams, and the mag-
netic field is parallel to the propagation direction of the pump
beam. Due to the unique thin structure and small volume of
the MC, a substantial number of crossover spectral lines are
effectively suppressed, and the effect of magnetic field gra-
dient along the direction of MC’s thickness is expected to
be reduced. Consequently, Zeeman splitting of the hyperfine
structure in strong magnetic field is clearly shown. A calcu-
lation method for saturated absorption spectrum in MCs ac-
counting for the magnetic field direction, pump/probe beam’s
propagation direction and polarization is proposed to achieve
fairly good agreements between theoretical calculations and
experimental results, its possible limitations and further im-
provements are also analyzed. This convenient method suc-
cessfully explains the mechanism of the suppressed crossover
lines in MCs and is promising for analyzing the effects of mag-
netic field direction, polarizations and propagation directions
of beams on the present MC-based wide-range magnetome-
ters. In addition, a discrete transition of Zeeman sub-levels is
used to stabilize the laser, which may allow new possible ap-
proaches for high spatial resolution and high-sensitivity mag-
netometry of strong magnetic fields.

Appendix A: Explicit descriptions of the calcula-
tions

For a more specific description of the calculation method
adopted, some intermediate results in calculations are partially
presented here. Taking the transitions of Fg = 3↔ Fe = 3,4
as an example, the pumping rates in MCs can be derived by
substituting Eqs. (1), (3), and (4) into Eq. (5), and the results
are given as follows:

∑
Fg=Fe=3;

mg,me

PMC
rate (Fg,mg;Fe,me)|Fg,mg〉〈Fe,me|=

〈Jg||𝐷̂||Je〉E0

h̄2
Γ

η(|v|) ·



0 P3,−3
64∆3,−3;3,−2

0 0 0 0 0
P3,−2

64∆3,−2;3,−3
0 5P3,−2

192∆3,−2;3,−1
0 0 0 0

0 5P3,−1
192∆3,−1;3,−2

0 P3,−1
32∆3,−1;3,0

0 0 0

0 0 P3,0
32∆3,0;3,−1

0 P3,0
32∆3,0;3,1

0 0

0 0 0 P3,1
32∆3,1;3,0

0 5P3,1
192∆3,1;3,2

0

0 0 0 0 5P3,2
192∆3,2;3,1

0 P3,2
64∆3,2;3,3

0 0 0 0 0 P3,3
64∆3,3;3,2

0


,

(A1)
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∑
Fg=3,Fe=4œg,me

PMC
rate (Fg,mg;Fe,me)|Fg,mg〉〈Fe,me|

=
〈Jg||𝐷̂||Je〉E0

h̄2
Γ

η(|v|) ·



7P3,−3
48∆3,−3;4,−4

0 P3,−3
192∆3,−3;4,−2

0 0 0 0 0 0

0 7P3,−2
64∆3,−2;4,−3

0 P3,−2
64∆3,−2;4,−1

0 0 0 0 0

0 0 5P3,−1
64∆3,−1;4,−2

0 P3,−1
32∆3,−1;4,0

0 0 0 0

0 0 0 5P3,0
96∆3,0;4,−1

0 5P3,0
96∆3,0;4,1

0 0 0

0 0 0 0 P3,1
32∆3,1;4,0

0 5P3,1
64∆3,1;4,2

0 0

0 0 0 0 0 P3,2
64∆3,2;4,1

0 7P3,2
64∆3,2;4,3

0

0 0 0 0 0 0 P3,3
192∆3,3;4,2

0 7P3,3
48∆3,3;4,4


, (A2)

where ∆Fg,mg;Fe,me = 1+ 4
Γ 2 [(ω −ωFg,mg;Fe,me)+ kv]2. Substi-

tuting Eqs. (3) and (4) into Eq. (6), the results of branching
ratios from excited states Fe = 3,4 to the ground state Fg = 3
are given by as follows:

∑
Fg=Fe=3œg,me

AFe,me;Fg,mg |Fe,me〉〈Fg,mg|

=



3
4

1
4 0 0 0 0 0

1
4

1
3

5
12 0 0 0 0

0 5
12

1
12

1
2 0 0 0

0 0 1
2 0 1

2 0 0
0 0 0 1

2
1
12

5
12 0

0 0 0 0 5
12

1
3

1
4

0 0 0 0 0 1
4

3
4


, (A3)

∑
Fg=3,Fe=4;

mg,me

AFe,me;Fg,mg |Fe,me〉〈Fg,mg|

=



1 0 0 0 0 0 0
1
4

3
4 0 0 0 0 0

1
28

3
7

15
28 0 0 0 0

0 3
28

15
28

5
14 0 0 0

0 0 3
14

4
7

3
14 0 0

0 0 0 5
14

15
28

3
28 0

0 0 0 0 15
28

3
7

1
28

0 0 0 0 0 3
4

1
4

0 0 0 0 0 0 1


. (A4)

Since a normalization is performed in Eq. (6) on the relax-
ation intensities from each Zeeman sub-level of excited states
to ground-state sub-levels, the sum of all elements in each row
of Eqs. (A3) and (A4) is equal to 1.

With the results in Eqs. (A1)–(A4), the rate equations
can be conveniently formulated according to Eq. (8). Because
of the numerous transitions between Zeeman sub-levels, each
rate equation may contain excessive terms. Thus, only the rate
equation of P3,−3 is given as follows:

dP3,−3

dt
=
〈Jg||𝐷̂||Je〉E0η(|v|)

h̄2
Γ

[
−
(

P3,−2

64∆3,−3;3,−2

+
7P3,−3

48∆3,−3;4,−4
+

P3,−3

192∆3,−3;4,−2

)
+

3
4

P3,−2

64∆3,−2;3,−3
+

1
4

(
P3,−3

64∆3,−3;3,−2

+
5P3,−1

192∆3,−1;3,−2

)
+

7P3,−3

48∆3,−3;4,−4

+
1
4

7P3,−2

64∆3,−2;4,−3
+

1
28

(
P3,−3

192∆3,−3;4,−2

+
5P3,−1

64∆3,−1;4,−2

)]
− γg(P3,−3−Peq), (A5)

and other equations, i.e., the rate equations for P3,−2–P3,3 can
be obtained similarly.

To obtain simulated saturated absorption spectrum,
Eq. (9) should be calculated for different frequency detunings,
and an integral over all velocity groups is needed. Since an-
alytical solutions of the rate equations could be rather com-
plicated, the population is solved numerically for different ve-
locities, and substituted into Eq. (9) to perform the numerical
integral.
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