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A Janus particle has two distinct areas on its surface. Denoting the two areas as P (patch) and N (nonpatch), when two
particles come close to each other, the strength of the PP interaction is usually different from that of the NN interaction.
Recently the interplay between a rotational-symmetry-breaking continuous phase transition and percolation has been ex-
plored for an equilibrium system of asymmetrically interacting (i.e., attractive PP interaction, zero NN and PN interactions)
Janus disks on the triangular lattice. By Monte Carlo simulation and finite-size scaling analysis, in this work we study an
equilibrium system of symmetrically interacting (i.e., attractive PP and NN interactions with the same strength, zero PN
interaction) Janus disks on the same lattice. By definition, the phase diagram in the T –θ plane is symmetric for systems
with patch sizes θ below and above 90◦. We determine the phase diagram and compare it with that of the asymmetric
system. Similar to the latter system, for 60◦ < θ < 90◦, a rotational-symmetry-breaking continuous phase transition and
an anisotropic percolation transition are found in the symmetric system, though the transition points in the two systems are
quite different. Phase crossover curves are found to be different, e.g., a continuous varying crossover line extends between
θ = 0◦ and 90◦ for the symmetric model; and in the range 0◦ < θ ≤ 30◦, along the crossover lines of the two models,
the trends of 1/T vs. θ are opposite in the two systems. We understand the latter by analytically solving the models with
two particles in 0◦ < θ ≤ 30◦. These results are helpful for understanding close-packed systems of Janus disks with more
complex interactions.

Keywords: Janus particles, phase transitions, percolation, Monte Carlo methods

PACS: 05.70.Fh, 05.10.Ln, 82.70.Dd, 64.60.ah DOI: 10.1088/1674-1056/acc7fe

1. Introduction
Janus particles have two surface areas with different

properties.[1,2] The inhomogeneity of particle surfaces lead
to anisotropic interactions between Janus particles. The
unique interactions give many research opportunities in soft
matter physics and materials sciences,[3–6] such as the self-
assembly of entropy-stabilized open lattices[7,8] and orien-
tationally ordered crystals.[9–11] Recently, there have been
many works which study close-packed Janus systems in
two dimensions (2D), focusing on melting,[12,13] orientational
dynamics,[9,14] phase transitions and crossovers,[12,14–20] and
percolation,[20,21] etc.

In equilibrium triangular-lattice simulations of a model of
close-packed Janus disks, Mitsumoto and Yoshino[14] found
a continuous phase transition which breaks a three-fold rota-
tional symmetry for patch sizes (defined in Section 2) 60◦ <
θ < 90◦, and two kinds of crossovers between different struc-
tures for θ < 60◦. In this Janus system, there is an attrac-
tive interaction between contacting patches on two neighbor-
ing particles (denoted as PP interaction), and other types of in-
teractions contribute zero energy. The continuous phase tran-
sition is from a high-T disordered phase to a low-T orienta-
tionally ordered stripe phase. In the same system, we previ-
ously found that percolation in the stripe phase is anisotropic

since the critical clusters are longer in the direction parallel to
the stripes than in the perpendicular direction.[20] It is shown
that universal critical properties of anisotropic percolation in
the Janus system can be explained by standard isotropic per-
colation through a nontrivial spatial rescaling, which can be
generalized to understand percolation in other anisotropic sys-
tems, such as bond percolation with anisotropic bond-placing
rules, and Potts models with various couplings in different di-
rections.

From the phase diagram in Ref. [20], it can be seen that,
for θ > 90◦, there is also a continuous phase transition which
beaks a three-fold rotational symmetry. The stable region of
the stripe phase for θ > 90◦ is much narrower along the θ

axis than that for θ < 90◦. This could be attributed to the
asymmetric nature of the two-particle interaction, i.e., there
is an attractive PP interaction when two particles contact via
patches, while the energy is zero when they contact via non-
patches (NN interaction is zero). However, it remains unclear
how the phase behavior and percolation would change if an
attractive NN interaction is introduced between neighboring
particles in the system.

In this work, by Monte Carlo simulations and finite-size
scaling analysis, we study a symmetrically interacting Janus
system with equal attractive PP and NN interactions, and com-
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pare it with the above asymmetrically interacting system exist-
ing an attractive PP interaction and zero NN interaction. We
obtain the phase diagram of the symmetric model and get a
more complete phase diagram of the asymmetric model. The
similarities and differences between the phase behavior and
percolation in the two models are presented in detail. These
results show the potential of tuning the interactions to design
the phase diagram, and could provide useful references for ex-
ploring systems with more complex interactions, such as sys-
tems with unequal nonzero PP and NN interactions or with
nonzero PN interactions.

The rest of this paper is organized as follows. Section 2 il-
lustrates the model and method. Section 3 presents the results,
including a summary of the phase diagrams and an analysis of
the ground state in Subsection 3.1, and detailed analysis for
different ranges of patch sizes in Subsection 3.2. Finally, in
Section 4, we give conclusions and discussion.

2. Model and method
The symmetrically interacting model is a generalization

of the asymmetrically interacting model studied in previ-
ous works,[14,15,20] which adopt an interacting potential of
Kern–Frenkel type.[22] In the models, Janus disks are put on
rhombus-shaped triangular lattices under periodic boundary
conditions. Each lattice site is occupied by a disk with the
disk center fixed at the site. The diameter of a disk is equal
to the distance between two nearest-neighboring sites. Thus
the disks are close-packed and each disk can only rotate. As
shown in Fig. 1, each disk has a patch P which spans an an-
gle of 2θ , and the remaining nonpatch N spans an angle of
360◦–2θ . Here the half-patch angle θ characterizes the size of
a patch, which is equivalent to the so-called Janus balance that
can be tuned in experiments.[23] The direction 𝑆i of a disk i is
defined by the arrow connecting the disk center and the patch
center. The symmetric model and the asymmetric model are
different by their definitions of energies. In the asymmetric
model, for two neighboring particles, only when their patches
cover the same edge (i.e., the interaction is of PP type), as
shown in Fig. 1(a), there is an energy −ε , otherwise the pair
energy is zero. The symmetric model is defined by introducing
an energy −ε when nonpatches of two neighboring particles
cover the same edge (i.e., the interaction is of NN type), as
shown in Fig. 1(b), in addition to the above −ε PP interaction
and zero PN interaction. The total energy E of a system is the
summation of all pair energies.

We performed Monte Carlo simulations to investigate
equilibrium properties of the models. In simulations, the disks
are visited sequentially,[24] and when a disk is being visited,
it is proposed to rotate randomly by an angle in the range
[−180◦,180◦). The Metropolis criterion is employed to accept
or reject the proposed move. In each run of the simulation,

around 5×106 Monte Carlo sweeps (MCSs) were used for the
equilibration process. The equilibration time was checked to
be much longer than the autocorrelation time. After the equi-
libration, around 107 MCSs were simulated for equilibrium
sampling. For observing the phase transition and percolation,
we performed 30 statistically independent runs to calculate the
means and error bars. For the symmetric model, we simu-
lated lattices with the linear size L = 16, 32, 64, and 128, and
for the asymmetric model L = 48, 72, and 108. Only a few
runs and smaller system sizes were employed for observing
the crossover behavior.

Si

Sj

ri
rj

q
q

(a) (b)

Fig. 1. Schematic representation of Janus disks. Each disk has a patch
P which spans an angle of 2θ . The left plot shows an interaction of
PP type, and the right plot shows an interaction of NN type, where
N stands for nonpatch. In the symmetric model, both PP and NN in-
teractions contribute an energy −ε . In the asymmetric model, the PP
interaction has an energy −ε while the NN interaction has zero energy.
A PN interaction has zero energy in both the models.

To observe the thermodynamic phase behavior, we sam-
pled the specific heat, an order parameter and its associated
Binder quantity,[14] which are defined as follows. The specific
heat is given by

Ce = (β 2/N)[〈E2〉−〈E〉2], (1)

where β = 1/kBT , with kB being the Boltzmann constant. For
simplicity the unit of T is taken as ε/kB in the following. Near
phase transitions, usually there is a sharp peak in Ce, which
diverges in the thermodynamic limit; while near crossovers,
there is a finite broad peak in Ce, and the Ce curves of different
system sizes L overlap. We shall use Ce to detect the phase
transition and crossover points.

An order parameter Ψ is introduced in Ref. [14] to detect
the three-fold rotational symmetry breaking. It is defined as
Ψ = (ψx,ψy), with the two components as follows:

ψx =

√
3

2
[S(𝑘2)−S(𝑘3)],

ψy = S(𝑘1)−
1
2
[S(𝑘2)+S(𝑘3)], (2)

which leads toΨ 2 = S2(𝑘1)+S2(𝑘2)+S2(𝑘3)−S(𝑘1)S(𝑘2)−
S(𝑘2)S(𝑘3)−S(𝑘3)S(𝑘1). Here S(𝑘) is the static structure fac-
tor given by

S(𝑘) =
1
N

∣∣∣∣ N

∑
i=1

ei𝑟i·𝑘𝑆(0) ·𝑆(𝑟i)

∣∣∣∣,
𝑘 =

n1

L
𝑏1 +

n2

L
𝑏2, (n1,n2 = 0,1,2, . . . ,L−1), (3)

where 𝑘 is a wave vector, and 𝑏i is a reciprocal vector of the tri-
angular lattice, with 𝑏1 = 2π(1,1/

√
3) and 𝑏2 = 2π(0,2/

√
3).
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Three possible orientations of stripes on the triangular lat-
tice can be represented in the reciprocal space by 𝑘1 = 𝑏1/2,
𝑘2 = 𝑏2/2, and 𝑘3 = 𝑏1/2+𝑏2/2. The above static structure
factor is a Fourier transformation of real-space spin correla-
tions, and it can probe the spin structure order in different 𝑘
directions. In Fig. 2(c) of Ref. [14] for the asymmetric model,
a density plot of S(𝑘) in the reciprocal space is shown, and it
has high-density spots at 𝑘1, 𝑘2, and 𝑘3.

The absolute value of the order parameter |Ψ | is zero if
the three-fold rotational symmetry is preserved, and it changes
to nonzero values when the three-fold rotational symmetry
is broken. To more precisely determine the phase transition
point, we use the following Binder quantity:[14]

B =
3
2

(
1− 〈Ψ

4〉
3〈Ψ 2〉2

)
. (4)

In the plot of B vs. T , if the phase transition is continuous,
curves for difference system sizes L approximately cross near
the phase transition point Tc. For a continuous phase transi-
tion, the Binder quantity B can be expressed as

B = B0 +a1(Tc−T )Lyt +b1Ly1 , (5)

where B0 represents the value of B in the thermodynamic limit,
yt = 1/ν is the thermal renormalization exponent, y1 < 0 is a
correction exponent coming from the irrelevant scaling field,
a1 and b1 are non-universal amplitudes.

We also performed percolation studies in the Janus mod-
els. In previous works for the asymmetric model,[20,21] per-
colation of clusters with PP connections was explored: neigh-
boring particles are considered as connected when their inter-
action is of PP type; clusters grow as the patch size increases
or the temperature decreases; and at the percolation threshold
an incipient cluster spanning the whole system appears. In this
work, we consider percolation of clusters with PP connections
in the symmetric model, and also study percolation of clusters
with NN connections in both the symmetric and asymmetric
models.

We combine Monte Carlo simulations with the critical-
polynomial method[25–30] to precisely determine the percola-
tion threshold. For a finite periodic lattice B in 2D, the proba-
bilistic definition[28] of the critical polynomial is

PB ≡ R2−R0, (6)

where R2 is the probability of the percolation configurations
being wrapping in two different directions, and R0 is the prob-
ability of being no wrapping. For completeness, we also mea-
sure R1 which is the probability of wrapping in only one
direction. Wrapping events are detected by a method[31,32]

originally used in simulating Potts models. Assuming the
universality of standard percolation in 2D, for percolation in

the Janus models at fixed T , the root θ(L) of PB(θ ,L) = 0
gives an estimate of the percolation threshold, which becomes
more accurate as L increases and converges to the percolation
threshold θp in the limit L→ ∞. It is known from previous
studies that the critical polynomial can give exact thresholds
for solvable lattice percolation problems even when L takes
the smallest value applicable,[30] and the threshold converges
very rapidly to its infinite-size value for unsolved percolation
problems.[30,33] The critical polynomial PB is a dimension-
less quantity, and according to the renormalization group the-
ory, its finite-size scaling behavior is expected to follow the
formula[33]

PB(θ ,L)' a1(θ −θp)Lyt +b1Ly1 , (7)

where a1 and b1 are non-universal amplitudes, yt = 1/ν is the
thermal renormalization exponent, and y1 < 0 is leading cor-
rection exponent. Since the percolation transition is different
from the continuous thermodynamic phase transition, the val-
ues of exponents are expected to be different from those in
Eq. (5).[20]

3. Results
We first present the ground states and phase diagrams,

then discuss in detail the phase behavior in different ranges of
patch sizes.

3.1. Ground states and phase diagrams

A ground state is the lowest energy state of the model.
In ground states, the symmetric model minimize its number
of NP interactions, while the asymmetric model maximize its
number of PP interactions. We identify the ground states of
the symmetric model as plotted in Fig. 2. For 0◦ < θ ≤ 30◦,
a particle can have one PP interaction and five NN inter-
actions with its nearest-neighboring particles, as shown in
Fig. 2(a); a particle can also have six NN interactions with
its nearest-neighboring particles, as shown in Fig. 2(b). For
30◦ < θ ≤ 60◦, a particle has two PP interactions and four
NN interactions, as plotted in Fig. 2(c) or Fig. 2(d). At finite
low temperatures, similar to that for the asymmetric model,[15]

a trimer phase consisting of the state in Fig. 2(c) dominates
as it has much larger configurational entropy than a stripe
phase consisting of the state in Fig. 2(d). For 60◦ < θ ≤ 90◦,
there are two different ground states: one has three PP in-
teractions and three NN interactions, the other has two PP
interactions and four NN interactions. Figures 2(e) and 2(f)
show these two states, which both assemble into stripes as il-
lustrated in Figs. 2(g) and 2(h), respectively. Since the range
90◦≤ θ < 180◦ is symmetric to the range 0◦< θ ≤ 90◦ around
θ = 90◦, the ground states of the former are those of the latter
with the P and N areas interchanged.
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(a) (b) (c)

(d)

(g) (h)

(e) (f)

Fig. 2. The ground states of the symmetric model in different ranges
of patch sizes: [(a), (b)] 0◦ < θ ≤ 30◦, [(c), (d)] 30◦ < θ ≤ 60◦, [(e),
(f)] 60◦ < θ ≤ 90◦. States in (e) and (f) assemble into orientationally
ordered stripes as shown in (g) and (h), respectively. A white bond rep-
resents a PP interaction and a black bond represents an NN interaction.

 0

 1
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 0  30  60  90  120

q (O)

1
/
T
 (
k

B
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e
)

q ≈ 67O

q ≈ 113O

Fig. 3. Phase diagram of the symmetric model on the triangular lat-
tice. The diagram is symmetric around θ = 90◦, and for brevity the
range 120◦ < θ ≤ 180◦ is not plotted. Solid squares represent a line of
continuous phase transition, across which the system transform from a
high-T disordered phase to a low-T orientationally ordered stripe phase.
Lines with circles indicate the percolation transition: to the left side of
the empty circles the system is percolated with NN connections, and to
the right side of the solid circles it is percolated with PP connections.
All other lines indicate phase crossovers.

For the asymmetric model, since the strength of NN in-
teractions is zero, its ground states[15] are similar but different.
For 0◦< θ ≤ 30◦, the ground state consists of dimers as shown
in Fig. 2(a). For 30◦ < θ ≤ 60◦, the ground states are shown
in Figs. 2(c) and 2(d), as the same as those of the symmetric
model. For 60◦ < θ ≤ 90◦, the ground state is Fig. 2(e). For
90◦ < θ ≤ 120◦, the ground state is Fig. 2(f) with P and N
areas interchanged.

After analyzing the ground states, by Monte Carlo simu-
lations and finite-size scaling analysis, we determine the phase
diagram of the symmetric model as shown in Fig. 3, and
compare it with that of the asymmetric model as plotted in

Fig. 4. There are mainly two sets of results: (i) in the range
60◦ < θ ≤ 120◦, both the models have a line of continuous
phase transitions, separating a high-T disordered phase from
a low-T orientationally ordered stripe phase, and both of them
have two lines of percolation transitions: one for clusters with
PP connections and the other for clusters with NN connec-
tions. However, while these transition lines are symmetric
around θ = 90◦ for the symmetric model by definition, they
appear very asymmetric in the asymmetric model. These indi-
cate that tuning the asymmetry of the interactions is a very use-
ful tool to design the stable region of the stripe phase and the
connectivity of the systems. (ii) The phase crossover behav-
ior of the symmetric model is found to be very different from
that of the asymmetric model. For example, there is a smooth
phase-crossover line which spans the range 0◦ < θ < 90◦ in
Fig. 3 for the symmetric model, while for the asymmetric
model different phase-crossover lines in Fig. 4 do not connect
near θ = 30◦ or 60◦. Moreover, the monotonicity of phase-
crossover lines could be different in the two models, e.g., in
the range 0◦ < θ ≤ 30◦. A thorough investigation of the phase
behavior is presented in the following subsections.

 0
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 0  30  60  90  120

5

6

30 30.03

4.3

4.8

60 60.2 3.5

5.5

90 91

q (O)

1
/
T
 (
k

B
/
e
)

q ≈ 67O
q ≈ 113O

Fig. 4. Phase diagram of the asymmetric model on the triangular lat-
tice. Solid squares represent a line of continuous phase transition, across
which the system transforms from a high-T disordered phase to a low-
T orientationally ordered stripe phase. Lines with circles indicate the
percolation transition: to the left side of the empty circles the system is
percolated with NN connections, and to the right side of the solid cir-
cles it is percolated with PP connections. All other lines indicate phase
crossovers. The two phase crossover lines with crosses (+ or ×) and
the continuous phase transition line in the range 60◦ < θ ≤ 90◦ appear
as the same as those in Ref. [14], except that in this reference the phase
crossover slightly above θ = 30◦ and 60◦ is not studied. In the range
90◦ < θ ≤ 120◦, the continuous phase transition line and the percolation
line have been studied in Ref. [20].

3.2. Results for 60◦ < θ ≤ 120◦

3.2.1. Continuous thermodynamic phase transition

For the asymmetric model, a line of continuous thermo-
dynamic phase transition was previously found both in the
range 60◦ < θ ≤ 90◦ [14] and in the range 90◦ < θ ≤ 120◦.[20]

The transitions are from a high-T disordered phase to a low-
T orientationally ordered stripe phase, for which ground states
are presented in the above subsection. To two sides of θ = 90◦,
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the transition lines appear to be very asymmetric, as plotted in
Fig. 4.

For the symmetric model, we find a similar continuous
thermodynamic phase transition from the disordered phase to
the stripe phase, and determine the transition line as shown
in Fig. 3. By definition, the phase diagram in the range
60◦ < θ ≤ 120◦ is symmetric around θ = 90◦. In the follow-
ing, the system with θ = 90◦ is used to illustrate the phase-
transition properties, which are found to be similar to those
for the system with other θ values within 90◦±30◦.

As plotted in Fig. 5(a) for the system with θ = 90◦, near

T ' 0.55, the specific heat Ce tends to diverge as the sys-

tem size L increases, which indicates a thermodynamic phase

transition. The continuous variation of the order parameter

in Fig. 5(b) shows that the transition is continuous, which is

further confirmed by the approximate crossing of the Binder

quantity near T ' 0.55 in Fig. 5(c). To precisely estimate the

transition temperature Tc, we perform nonlinear least-square

fits to the simulation data of the Binder quantity according to

Eq. (5). The fit results are summarized in Table 1, from which

we estimate Tc = 0.5508(2), yt = 1.05(3), and B0 = 0.723(4).

T (e/kB) T (e/kB) T (e/kB)

 0.8
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 0.5  0.6  0.7  0.8

 0.1

 0.2

 0.3
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 0.5

 0.52  0.54  0.56  0.58
 0.2

 0.4

 0.6

 0.8

 0.52  0.54  0.56  0.58

B
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Fig. 5. Simulation results for the symmetric model with θ = 90◦: (a) the specific heat Ce vs. T , (b) the order parameter 〈|Ψ |〉 vs. T ,
(c) the Binder quantity B vs. T .

Table 1. Fit results of the Binder quantity B for the symmetric model with θ = 90◦. A lower cut-off size Lmin is taken to exclude
finite-size corrections not considered in the fit formula. DOF: degree of freedom in the fit.

Lmin χ2/DOF Tc B0 a1 yt b1 y1

16 2.7/6 0.55079(9) 0.723(2) 0.123(9) 1.053(19) 0.3(2) −1.2(3)
16 3.3/7 0.55087(4) 0.7219(5) 0.125(9) 1.050(19) 0.187(6) −1
32 2.6/4 0.55082(8) 0.722(1) 0.125(15) 1.049(29) 0.16(3) −1
16 5.8/7 0.55066(3) 0.7267(3) 0.121(9) 1.059(19) 1.87(6) −2
32 2.6/4 0.55075(6) 0.7253(9) 0.125(15) 1.049(29) 3.0(6) −2

Considering the universality class of the continuous ther-

modynamic phase transition, for the asymmetric model, it was

suggested in Ref. [14] that the transition belongs to the univer-

sality class of the 3-state Potts model in 2D, which was sup-

ported by approximate data collapse using critical exponents

of the latter model. However, as mentioned in the supplemen-

tal material of Ref. [20], it is still possible that the transition

belongs to another universality class, since it breaks a Z3 rota-

tional symmetry instead of a S3 permutational symmetry bro-

ken in the phase transition of the 3-state Potts model. In this

work, for the symmetric model, the above fit results suggest

yt = 1/ν ' 1.05, which is different from the value 6/5 for the

3-state Potts model. The transition for the symmetric model

also breaks a Z3 rotational symmetry. Thus, for the symmet-

ric model, it also remains to be explored whether the transi-

tion belongs to another universality class or the deviation of

the critical exponent from the 3-state Potts value comes from

finite-size effects.

3.2.2. Anisotropic percolation behavior

For the asymmetric model, in Ref. [20], for clusters with
PP connections, a line of percolation transitions (i.e., thresh-
olds θ PP

p as a function of 1/T ) was found, also as shown by
solids circles in Fig. 4. We first consider percolation of clus-
ters with NN connections in the asymmetric model. Percola-
tion thresholds θ NN

p are determined by the critical-polynomial
method and plotted as the line with blank circles in Fig. 4.
When the temperature is very high, the disks rotate randomly,
thus the obtained percolation threshold θ NN

p ' 67◦ is symmet-
ric to the value θ PP

p ' 113◦ [the precise value of θ PP
p in the limit

T →∞ is θ PP
p = 112.997774(5)◦].[21] However, as the temper-

ature drops, θ NN
p approaches θ = 90◦, much slower than θ PP

p .
Though the line of θ NN

p in Fig. 4 is still far from θ = 90◦, we
conjecture that it would approach θ = 90◦ in the low-T limit,
instead of going over θ = 90◦. The latter is supported by an
observation on the average number of NN connections of a
single particle with its neighbors: this number nb increases
with decreasing temperature, and slowly goes to the value 3 as
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shown in Fig. 6, which is far over nb = 2 in the ground state of
the asymmetric model in the range 90◦ < θ ≤ 120◦. A similar
observation on the number of PP connections along the line of
θ PP

p was made in the supplemental material of Ref. [20].

T (e/kB)

 2.4

 2.6

 2.8

 3

 1  10  100

n
b

Fig. 6. The average number of NN connections nb of a single particle
vs. T , for the asymmetric model along the percolation line θ NN

p (1/T ).

We then consider percolation in the symmetric model.
Two curves of percolation transitions are found, as plotted
in Fig. 3, where the curves with blank and solid circles are

for clusters with NN connections and PP connections, respec-
tively. The two curves are symmetric to each other due to the
symmetry in the definition of the model. Along the percola-
tion line, similar to that for the asymmetric model,[20] critical
exponents are found to be consistent with those of standard
percolation in 2D, as demonstrated by Figs. 7 and 8 for the
disordered and stripe phases, respectively. In Ref. [20] for the
asymmetric model, anisotropic critical percolation behavior
has been found in the stripe phase, i.e., the critical clusters ex-
tend longer in the direction parallel to the stripes than those in
the perpendicular direction. After rescaling the parallel direc-
tion by a nontrivial effective aspect ratio ρe,[20] the configura-
tion becomes isotropic and critical percolation properties can
be understood by standard isotropic percolation. Along the
percolation line in the stripe phase, it is found that ρe changes
continuously, resulting in continuously varying dimensionless
quantities.[20] We also find such anisotropic behavior in the
stripe phase of the symmetric model. Figure 9 shows critical
wrapping probabilities along the percolation line of the sym-
metric model. It can be seen that indeed in the stripe phase
(T . 0.48) they vary continuously. It is expected that one
can also numerically derive values of ρe from these wrapping
probabilities[20] to understand the critical anisotropic percola-
tion behavior in the symmetric model.
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Fig. 7. Percolation in the disordered phase of the symmetric model at T = 1. (a) Curves of the critical polynomial PB at different
sizes cross well near the percolation threshold θ PP

p /180◦ = 0.5611. (b) Data of PB can be collapsed using the thermal renormalized
exponent yt = 1/ν = 3/4 for standard percolation. (c) Data of the size of largest cluster C1 can be collapsed using yt = 3/4 and the
fractal dimension df = 91/48 for standard percolation.
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Fig. 8. Percolation in the orientationally ordered stripe phase of the symmetric model at T = 0.45. (a) Curves of the critical polynomial
PB at different sizes cross well near the percolation threshold θ PP

p /180◦ = 0.5223. (b) Data of PB can be collapsed using the thermal
renormalized exponent yt = 1/ν = 3/4 for standard percolation. (c) Data of the size of largest cluster C1 can be collapsed using
yt = 3/4 and the fractal dimension df = 91/48 for standard percolation.
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Fig. 9. Critical wrapping probabilities along the percolation line of the
symmetric model: (a) R1 vs. T , (b) R2 vs. T .

3.2.3. Crossover behavior

For the asymmetric model, in Ref. [20] (i.e., Fig. S1 in the
supplemental material of Ref. [20]), when fixing the tempera-
ture at T = 0.25 and varying the patch size, we found a broad
peak of the specific heat Ce which does not depend on the sys-
tem size, near θ/180◦ = 0.52 in the disordered phase. The
peak signals crossover between a region consisting of many
NN-trimers and slightly longer NN-polymers (θ/180◦> 0.52)
and a region with much less NN-trimers, more monomers
and NN-dimers (θ/180◦ < 0.52), as plotted in Fig. S2 in
the supplemental material of Ref. [20]. Fixing T at differ-
ent values and varying the patch size, we determine a curve
of this crossover as shown by blank triangles in the region
90◦ < θ < 120◦ in Fig. 4. When fixing the patch size θ and
varying the temperature, we also find a broad peak of Ce in the
disorder phase, as exemplified in Fig. 10 for θ = 105◦. Fix-
ing θ at different values and varying T , we determine a new
crossover curve θ(1/T ) as shown by blank squares in the re-
gion 90◦ < θ < 120◦ in Fig. 4. This curve separates a region
mainly consisting of NN-trimers and a region consisting of
many NN-trimers and slightly longer NN-polymers. Figure 11
illustrates typical configurations of the three regions separated
by the two crossover curves in the disordered phase between
90◦ and 120◦, at θ = 100◦.

For the asymmetric model in the disordered phase in the
region 60◦ < θ < 90◦, we also find two crossover curves,
which are shown by solid triangles and cross points in Fig. 4.
The curve with crosses is obtained by calculating Ce at varying
temperatures for fixed patch sizes. It separates a high-T region
dominated by monomers and PP-dimers from a low-T region
dominated by PP-trimers, as plotted in Fig. S1 in the supple-
mental material. The curve with solid triangles is obtained by
varying the patch sizes at fixed temperatures, and it indicates a
crossover from a region having many small PP-polymers to
a region having many longer PP-polymers, as illustrated in
Figs. S2(d) and S2(c) in the supplemental material.

For the symmetric model, we also find two crossover
curves in the range 60◦ < θ < 90◦, as shown in Fig. 3. The
curve with crosses is obtained by varying the temperature at
fixed patch sizes. It separates a low-T region dominated by
PP-trimers from a high-T region with much less PP-trimers

and many small PP-clusters of other sizes, as exemplified in
Fig. S3 in the supplemental material. The curve with solid tri-
angles is obtained by varying the patch sizes at fixed temper-
atures, and it indicates a crossover from a region with many
small PP-polymers to a region with less small PP-polymers,
as illustrated in Figs. S4(d) and S4(c) in the supplemental ma-
terial.
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108
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Fig. 10. The specific heat Ce vs. T for the asymmetric model at θ = 105◦.
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Fig. 11. Results illustrating the crossover behavior in the asymmetric
model at patch size θ = 100◦ and L= 72. (a) Fraction P of disks belong-
ing to clusters of size C with NN connections. Example configurations
at (b) T = 0.166, (c) T = 0.34, and (d) T = 1.1. Here T ' 0.223 and
0.7 are the lower and higher crossover temperatures, respectively.

3.3. Results for 30◦ < θ ≤ 60◦

In this region of θ , there is no symmetry-breaking phase
transition but crossover behavior. For the asymmetric model,
as shown in Fig. 4, there are three crossover curves in 30◦ <
θ ≤ 60◦. The curve with tilted crosses (×) was previously
found in Ref. [14], as a crossover from a low-T region dom-
inated by PP-trimers to a high-T region with less PP-trimers
and many small PP-polymers of other sizes. We find the other
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two crossover curves. The curve with crosses (+) is obtained
by varying the temperature at fixed patch sizes. It separates a
high-T region dominated by monomers from a low-T region
dominated by PP-dimers, as plotted in Fig. S5 in the supple-
mental material. The curve with blank triangles is obtained
by varying the patch size at fixed temperatures. It separates a
high-T region dominated by monomers and PP-dimers from a
low-T region with many PP-trimers and small PP-polymers of
other sizes, as plotted in Fig. S6 in the supplemental material.
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 0.6

 0.8

 1

 0.2  0.3  0.4  0.5  0.6

(a)

 0.8

 1

 1.2

 1.4

 0.3  0.4  0.5  0.6  0.7

(b)

T (e/kB) T (e/kB)

C
e
 (
e

2
/
N
k

B
2
T

 2
)

C
e
 (
e

2
/
N
k

B
2
T

 2
)

L=16
32
64

128

L=16
32
64

128

Fig. 12. The specific heat Ce vs. T for the asymmetric model, example
specific heat at (a) θ = 30◦ and (b) θ = 60◦. The broad peak represents
a crossover.

For the symmetric model, as shown in Fig. 3, we find two
crossover curves in the range 30◦ < θ ≤ 60◦. The curve with
crosses is obtained by varying the temperature at fixed patch
sizes. It separates a low-T region dominated by PP-dimers
but still with some PP-trimers from a high-T region with less
PP-dimers and many monomers, as exemplified for θ = 35◦

in Fig. S7 in the supplemental material. The curve with blank
triangles is obtained by varying the patch size at fixed temper-
atures, and it indicates a crossover from a region dominated
by PP-dimers to a region dominated by PP-trimers and some
longer PP-polymers, as exemplified in Fig. S8 in the supple-
mental material.

3.4. Results for 0◦ < θ ≤ 30◦

In this region of θ , there is also no symmetry-breaking
phase transition but crossover behavior. For the asymmetric
model, as shown in Fig. 4, there is one crossover curve. The
curve is obtained by varying the temperature at fixed patch
sizes, and it was previously found in Ref. [14], as a crossover
from a low-T region dominated by PP-dimers to a high-T re-
gion dominated by monomers, as illustrated for θ = 20◦ in
Fig. S9 in the supplemental material.

For the symmetric model, we also find a crossover curve
in the range 0◦< θ ≤ 30◦, as shown in Fig. 3. The curve is also
obtained by varying the temperature at fixed patch sizes. When
the patch size is close to θ = 30◦, the curve separates a high-T
region dominated by monomers from a low-T region domi-
nated by PP-dimers, as exemplified for θ = 25◦ in Fig. S10
in the supplemental material. However, when the patch size is
much smaller, since the low-T region is dominated by particles
with six NN connections as plotted in Fig. 2(b), the system

mainly consists of monomers in both the high-T and low-T
regions, as shown for θ = 10◦ in Fig. 13(a). The crossover
associates with slight change of the number of PP-dimers and
monomers, as exemplified in Fig. 13(b).
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Fig. 13. Results illustrating the crossover behavior in the symmetric
model at patch size θ = 10◦ and L = 64. (a) Fraction P of disks belong-
ing to clusters of size C with PP connections. (b) ∆P vs. C, with ∆P
being the value of P after subtracting its value at the crossover temper-
ature T = 0.45.

Interestingly, in the range 0◦ < θ ≤ 30◦, we find that,
along the crossover curve, the inverse temperature 1/T in-
creases with θ for the symmetric model, while it decreases
with θ for the asymmetric model. We try to explain this dif-
ference by analytically calculating the heat capacity Ce of the
models with two particles as follows.

For the asymmetric model, considering the occupation of
an edge by two interacting particles in equilibrium, we derive
the following partition function:

Z = 4θ
2 eβε +[4× (180◦)2−4θ

2]. (8)

Denoting x = βε and defining the specific heat as Ce =

(β 2/2)(〈E2〉−〈E〉2), we can reach

Ce =(x2/2)
[

θ 2 ex

θ 2 ex−θ +(180◦)2

− θ 4 ex

{θ 2 ex−θ +(180◦)2}2

]
. (9)

Then we solve the equation ∂Ce/∂x = 0, and obtain the rela-
tionship between θ and the crossover 1/T (in units of kB/ε)
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as

θ =
180◦

√
2+ 1

T√
2−2e1/T + 1

T + 1
T e1/T

. (10)

We plot the above solutions of Ce and θ in Figs. 14(a) and
14(c), and find that the crossover 1/T decreases with θ in the
range 0◦ < θ ≤ 30◦.

For the symmetric model, we can reach

Z =[4(180◦)2−8×180◦θ +8θ
2]eβε

+8× (180◦)θ −8θ
2. (11)

The heat capacity is derived to

Ce = (x2/2)
[

Aex

Aex−B
− A2 e2x

(Aex−B)2

]
,

A = 4(180◦)2−8×180◦θ +8θ
2,

B = 4θ(360◦−2θ). (12)

The relation between 1/T and θ at crossover is obtained as

θ = 90◦±

√
−8e1/T (180◦)2(−2+ 1

T )F +4×180◦F2

4F
,

F =
[
2+ e1/T (−2+

1
T
)+

1
T

]
. (13)

In the range 0◦ < θ ≤ 30◦, as plotted in Figs. 14(b) and 14(d),
the above solutions show that the crossover 1/T increases with
θ .
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Fig. 14. Analytical results for two-particle systems. (a) Ce vs. 1/T for
the asymmetric model, (b) Ce vs. 1/T for the symmetric model, (c) the
crossover 1/T vs. θ for the asymmetric model, (d) the crossover 1/T
vs. θ for the symmetric model.

Thus, the numerically found difference in the trend of the
crossover lines of the two models could be qualitatively un-
derstood by the above theoretical analysis of the two-particle
systems.

4. Discussion and conclusion
In summary, we have studied the phase behavior and per-

colation of an equilibrium system of symmetrically interacting
Janus disks on the triangular lattice, and compared them with
those of an asymmetrically interacting system. The phase dia-
grams for the symmetric and asymmetric models are shown in
Figs. 3 and 4, respectively.

The phase diagram for the symmetric model is symmetric
around the patch size θ = 90◦ by definition. For patch sizes
in the range 60◦ < θ < 120◦, we find a continuous thermo-
dynamic phase transition from a high-T disordered phase to a
low-T orientationally ordered stripe phase. We also find that
percolation in the stripe phase is anisotropic. These properties
of the symmetric model are similar to those of the asymmetric
model. In particular, we expect that the anisotropic percolation
behavior can be understood by standard isotropic percolation
using a nontrivial rescaling proposed in a recent work on the
asymmetric model.[20]

We obtain several crossover curves for both the symmet-
ric and asymmetric models, by identifying the peak of the spe-
cific heat Ce at fixed temperatures or patch sizes. These curves
indicate crossovers between different structures. It is observed
that the crossover behavior in the symmetric model is quite
different from that of the asymmetric model. Main differ-
ences include: (i) There is a continuous crossover curve which
spans the range 0◦ < θ ≤ 90◦ in the symmetric model, while
there is no such curve in the asymmetric model. (ii) Along the
crossover curve in the range 0◦ < θ ≤ 30◦, the value of 1/T
increases with θ in the symmetric model, while it decreases
with θ in the asymmetric model. These tendencies of 1/T vs.
θ could be understood by analytically solving the two models
with only two particles.

These results could provide useful references for study-
ing more complex systems, such as asymmetric systems with
nonzero PP and NN interactions, or systems with nonzero
PN interactions. Since the results are obtained by triangular-
lattice simulations of close-packed systems, it will be interest-
ing to investigate whether and how the observed phenomena
would change in continuum close-packed systems. It could
also be interesting to study the phase behavior of Janus par-
ticles on other lattices. For example, when the patch sizes
are small, in the limit T → 0, all particles form dimers,
and the models are equivalent with close-packed hard-core
dimers on lattices.[34,35] While the classical dimer problem
displays short-ranged correlations on the triangular lattice,[35]

it displays critical (i.e., power-law) correlations on the square
lattice.[34]
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