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The interactions between players of the prisoner’s dilemma game are inferred using observed game data. All partici-
pants play the game with their counterparts and gain corresponding rewards during each round of the game. The strategies
of each player are updated asynchronously during the game. Two inference methods of the interactions between play-
ers are derived with naive mean-field (nMF) approximation and maximum log-likelihood estimation (MLE), respectively.
Two methods are tested numerically also for fully connected asymmetric Sherrington—Kirkpatrick models, varying the data
length, asymmetric degree, payoff, and system noise (coupling strength). We find that the mean square error of reconstruc-
tion for the MLE method is inversely proportional to the data length and typically half (benefit from the extra information
of update times) of that by nMF. Both methods are robust to the asymmetric degree but work better for large payoffs.
Compared with MLE, nMF is more sensitive to the strength of couplings and prefers weak couplings.

Keywords: network reconstruction, prisoner’s dilemma game, asynchronously update

PACS: 02.50.Tt, 02.30.Myv, 89.75.Fb, 87.10.Mn

1. Introduction

Prisoner’s dilemma game (PDG) has long been studied
for the emergence of cooperation among connected selfish
agents.!!'"* Every two criminals simultaneously take a coop-
eration strategy to confess a crime to the judge or a defec-
tion strategy by refusing confession. Then the players’ strate-
gies can be binarized, +1 for cooperation while —1 for de-
fection. Meanwhile, networks are generally used for studying
the collective behaviors in such a system composed of inter-

1561 ¢ social

acting elements, ranging from biological systems
science.”-191 A large number of studies have focused on the
emergence of cooperation with different network structures,
e.g., small-world networks, 211! two-dimensional lattices, 12
scale-free networks, 3] and two-layered networks. [14]
Previous studies are typically based on a certain assumed
network structure which is usually unavailable. Instead, the
collective behaviors based on the time-dependent strategies of
players are easier to be accessed. Thus uncovering the under-
lying relations between players from available observations is
crucial to understand how collective behaviors emerge.
Reconstructing the couplings between elements in a net-
work from observations is referred to as inference in statis-
tical physics.['>) With binary observations, it is straightfor-
ward to pose the coupling inference problem to the reconstruc-
tion of an Ising model. This is known as the inverse Ising
problem.['%-22] There are many related algorithms for recov-
ering the couplings of the inverse Ising problems, as reviewed

in Ref. [22] and references therein. This field has also attracted
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great interests in various fields, ranging from biology !> to
sociology. ¢!
Generally, couplings can be reconstructed by

equilibrium %2728 or non-equilibrium!'3:1%:21.29:301 models
given the time-independent or time-dependent data, respec-
tively. However, in many applications, equilibrium Ising mod-
els are typically not an ideal choice for network inference
and statistical modeling of the data. A mismatch between
the real couplings and the inferred ones can be seen for large
systems. [!731:32] This is mainly because these systems have an
out-of-equilibrium nature and asymmetric couplings between
elements. Thus, researchers have moved to the kinetic Ising
models, developing exact and approximate methods for net-
work reconstruction,[>-21:3133] which have wider generality.
With kinetic Ising models, the elements included can up-
date synchronously or asynchronously. Similarly, with evo-
lutionary games, synchronous means all players update their
strategies simultaneously at every time step.>*! This can be
mathematically described by a finite difference equation but
rarely exists in social or natural systems. The players or organ-
isms usually act at different and uncorrelated times with the
coming information which may be delayed and imperfect. 3!
For instance, a neuron will be in a refractory period after re-
leasing a spike, it cannot respond to an input signal because
it is still processing or recovering from the previous input

36371 The dynamics with asynchronous update is usu-

signal.!
ally expressed by differential equations, whose solutions are

not always the same as those of their finite-difference counter-
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parts.
For network reconstruction with evolutionary PDG data,

some methods (3837

I have been developed based on the com-
pressive sensing technique,*?! which is a paradigm for sparse-
signal reconstruction. However, the compressive sensing
methodology works with assumptions that the interactions be-
tween individuals should be explicit and stationary, thus the
In Refs. [39,41,42], all

agents are assumed to play the same game with a given payoff

system could be handled linearly.

matrix and the observations are the strategies and the total pay-
off of each player in the game. In Refs. [43-45], the dynamical
functions are employed, but they can also be decomposed into
a linear sum of scalar basis functions.

In the following, we generalize the couplings be-
tween players to a fully connected asymmetric Sherrington—
Kirkpatrick (aSK) model,*®! with an asymmetric degree pa-
rameter k varying between 0 (symmetric) and 1 (fully asym-
metric). The couplings are assigned as Gaussian random vari-
ables and are not necessarily to be symmetric, which are closer
to real systems. The exact mean-field inference in asymmet-
ric kinetic Ising systems has been studied in Ref. [47] for both
weak and strong couplings. On this aSK structure, players will
update their strategies asynchronously, even though all players
get their corresponding rewards through the game with and
from all neighbors, only one player will update his strategy in
one game round. For a finite number of players N, this is not
exactly the asynchronous update described above, but we do
not see any differences at least for kinetic Ising models.[!*->!]

Distinct from data-driven inference methods, say, com-
pressive sensing, etc., here we start from the dynamics and
derive an exact method based on maximum-log-likelihood es-
timation, referred to as MLE. Moreover, an approximate infer-
ring method is developed with naive mean-field approxima-
tion abbreviated as nMF. Both derived inference formula for
evolutionary PDG data is enlightened by the asynchronously
updated Glauber dynamics,!*®! which could converge to a sta-
tionary state described by the Gibbs—Boltzman distribution
when the couplings are symmetric.?!) However, this is un-
necessarily true for the synchronous case. Hence, we are in-
terested in reconstructing an evolutionary game network dy-
namically through a kinetic Ising-like model.

With evolutionary PDG, the update times {7;}, history
of strategies {s;(¢#)} and rewards for each player {x;(z)} are
the full model data generated during the game process. MLE
needs all of these data while nMF does not need the update
times, nor the rewards for each game round. The nMF method
relies on means, correlations, and the temptation of defec-
tion parameter b in the payoff matrix. With massive numer-
ical simulations, we find that the nMF performs very close
to the MLE method while avoiding a long-time iteration pro-
cess. One equilibrium inference method is also tested for the

sake of completeness, which shows poor reconstruction for the
couplings of our non-equilibrium processes.

The paper is organized as follows. In Section 2, we
present the testing network structure as well as the dynam-
ics for the PD evolutionary game. In Section 3, we derive
the MLE and nMF inference formulae from evolutionary game
data. Section 4 presents how these two methods perform for
the network reconstruction. In Section 5 we summarize and
discuss the results. The derivation details of the exact external
fields are given in Appendix A while the nMF approximation
is given in Appendix B.

2. The asymmetric SK model and Glauber-like
game dynamics

The quenched aSK model is composed of N vertices rep-
resenting N game players with two kinds of strategies (s; = 1
for cooperation while s; = —1 for defection). This is a fully
connected model, i.e., all players are connected. The interac-
tions J;; between each pair of players have the form of

Ty =5 +kJE, k>0, ey

where k is the asymmetric degree of these interactions, Jisj =
J5; and Ji7 = —J%; are symmetric and asymmetric matrices, re-
spectively. They are Gaussian random variables with means 0
and variances

2 2 gt 1
S\ as\ __
9 (Jij)_G (‘]ij)_ﬁil_'_kza

with g being a tunable parameter determining the coupling

@

strength between players. The players do not play the game
with themselves, which indicates J;; = 0, and the diagonal ele-
ments of J}; and Ji}' are 0 as well. Equation (2) guarantees the
variance of J;; as g’ /N to be an intensive quantity.

We will describe the dynamics of the evolutionary game
on the aSK network model. In an evolutionary PDG, the judge
knows that the players are criminals but without evidence.
Then a player has two possible strategies: cooperation (C) or
defection (D). The rewards based on their strategies are a 2 x 2
payoff matrix with four entities corresponding to the payoff
given to the “row” player. The players get rewards R(P) if
both choose cooperation (defection). In the other two cases,
the defector’s and cooperator’s payoffs are T (the temptation
to defect) and S (sucker’s payoff), respectively. For PDG, we
must have T > R > P > S and 2R > T + S.!!'! For the sake of
convenience, we take R =1 and § = P = 0 while T is a tun-
able parameter b. Then we have the PDG payoff matrix X as
follows:

CD
X=C/[1 0\, 3
D\b 0

with 1 <bH <2,

080201-2
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During each time step ¢, all players play games simulta-
neously and get corresponding rewards according to the pay-
off matrix X in Eq. (3). Thus, for each player, the rewards
come from the games played as well as from the neighbors.
Once they get the rewards from the game, one randomly cho-
sen player i will be assigned to update his strategy according
to the following formula:

exp ( X Jijxj(t —1)8,-1)5(0)
P(si(1)) = (T4 o ) @

Here, “update” means that a new strategy will be adopted by
player i at time ¢, 0 is the Kronecker delta function which will
return 1 if two subscripts are the same, and 0 otherwise, s;()
and x;(¢) are the strategies chosen by player i and the conse-
quent reward at time step ¢, respectively. This indicates that
player i prefers to take the same strategy with its connected

neighbors. Meanwhile,

Z exp (ZJ,-jxj

X,‘([):il J

Zi(t) = (t— 1)6s/(t—1)~,sf(f)>

is the normalization factor (local partition function), which
sums over cooperation and defection states of player i.

We denote the total payoff of the cooperative and defec-
tive strategy used by player i at time ¢ as o;(¢) and f;(z), re-
spectively,

Zthx/ j(t=1),41> (52)
Z],,xj

S(t—1),~1- (5b)

Then the partition function can be rewritten as

2

2i1) = explas(1)] + explBi(1)]. ©
With the definition of
H(t) = S0y~ Bi) = Do - 2 )
J

and substituting Z;(¢) into Eq. (4) together with Eq. (6), we
have

B expla(t)] _expls;(1)H;(1)]
P(si(t)) = exploy(1)] +exp[Bi(r)]  2coshH;(r)
= l[1 + s;(¢) tanh H; (1)) (®)

2

During each time step, all players join the prisoners’ dilemma
game and obtain the corresponding payoff according to the
payoff matrix (3) from each counterpart. The averaged gain
during this time step for player i is derived in Eq. (A1). How-
ever, only one of the players is going to update his strategy,
which does not necessarily change his current choice. This is
why we refer to this dynamics as asynchronous PDG.

3. Inferences for game networks
3.1. Maximum log-likelihood estimation

Suppose we have the following data: history of play-
ers’ strategies s = {s;(¢)}, updating times & = {;} and
payoff of each player @ = {x;(¢)}, of length L =T x N
steps. We reconstruct the game network based on these
data. This can be carried out by maximizing the likelihood
P(s,&,x) =
tioned in Ref. [21] for each player i, the chance of updating
This indicates that the

probability of the update history p(£€) is independent of the

P(s,x|€)p(€) over these parameters. As men-

their strategy is a Poisson process.

model parameters, thus we can take the objective function as
log P(s,x|€) safely from Eq. (8) taking a time discretization
with a step size of 8¢,

L= ZZsl (& + 61)H,

P&

(&) —log2 coshH;(&)].  (9)

The sum is only over the update times instead of all time steps

[31]

as in the synchronous case.'”"! Then it leads to a learning rule

for couplings J;;,
aL

8J;; o< T ,52 si(& + 81) — tanh H(&)]s (1) 22

(5) . (10)

We refer to this algorithm as “MLE”. It is an exact method
as no approximation is introduced to the derivation of the in-
ference formula. In addition, it is notable that if the rewards
for each player are equal to 2 and the same as each other,
then the PDG process will degenerate to the original Glauber

dynamics.[#®!

3.2. Naive mean field approximation

We start with the master equation

dp(S;t)

el Za)i(—s,-(t))p(sl,...,—si,...sN;t)
i
=Y wi(si(1)p(Ss1), (1D
and the flipping rate is
1
w;(S;t) = 5[1 — s5;(¢) tanh H;(1)], (12)
which could be obtained by the following detailed balanced
condition: 4]
p(_si) — w(sl) , (13a)
p(si)  o(=s)
p(=si)+p(si) = 1. (13b)

With strategy history for each player {s;(¢)}, the time-
dependent means and correlations can be defined as

m;(t) = (si(1)),
Gij(t —to) = (si(t)s;(t0))

(14a)

—mi(t)mj(t). (14b)
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From Egs. (11) and (12), the temporal behavior of means
and correlations reads

dngt(t) = —m;(t) + (tanh[H;(1)]), (15a)
SN (515 0))+ (anhl B0l ). (15

Thus, the external field (influence) H;(z) for player i at
time ¢ in Eq. (7) could be rewritten as

Hi(t) = Y Jijs(6)x;(t) = Y Jij(Bo+ Bisj(t = 1)), (16)

where By = (1 —b)(1+m(t))/4 and By = (1+b)(1+m(t))/4
are two non-fluctuating terms depending on parameter b and
(t), with m(t) = 1 ¥;5(t) being the population average. The
detailed derivation of Eq. (16) is shown in Appendix A.

The nMF approximation hence is formally the same
as that of the original asynchronously updated kinetic Ising
model in Ref. [19],

m; = tanh b;, 17
but with
bi=Y Jij(Bo+Bim;), (18)
JjEIi

which is obtained by taking the stationary solution of Eq. (15a)
with the naive mean field approximation. The details are illus-
trated in Appendix B.

With the time derivative of correlations in Eq. (15b), the
tanh function can be expanded with respect to b;, yielding

s 0)s5(00)) + (10 (0)
:mimj+Bl(1*ml‘z)z-]ik<85k(t)65j(t0)>- (19)
k

Denoting T =t — 79, we obtain

d
32 Cii(0) +Cij(0) =Bi(1=m}) Y JaCiy(T).  (20)
k
With the limit T — 0, we can obtain the nMF inference formula
for the PDG network as follows:
A~'DC!
J=—7—, (21)
B
with D =C(0)+C(0), A;; = &;(1—m?),and By = (1+b) (m+
1)/4. With full data history, it is safe to replace m(¢) with the
time average m = (m(t));.

4. Numerical results

We infer the evolutionary game network by MLE (10) and
nMF (21) formulas, respectively. In Fig. 1, the scatter plots

for the reconstructed structure against the true ones are pre-
sented for both the methods. Figure 1(a) is for the data length
L =N x 10° and Fig. 1(b) for L = N x 107. Tt shows that
both nMF and MLE perform better with larger data lengths
L. Furthermore, MLE works slightly better than nMF in both
the cases. The nMF method overestimates the couplings espe-
cially for L = N x 10, as shown in Fig. 1(b).

0.04

0.02F
g o.00f
=
—0.02F
—0.04F
—0.04 —0.02 0.00 0.02 0.04
J’I‘rue

Fig. 1. Scatter plots for reconstructed couplings versus the tested ones
with different data lengths L: (a) L =N x 10°, (b) L =N x 107. Blue
open dots are recovered couplings by nMF while open red upper trian-
gles are for MLE. The other parameters are taken as follows: the num-
ber of players N = 20, asymmetric degree k = 1, and coupling strength
g=0.3.

We introduce the mean square error (MSE) to measure
the distance between the reconstructed and the tested network
structure,

Zij ( Jl_l}ec. _ J;I]:rue)Z

MSE =
NN-1)

(22)

where JE”‘"’ represents the tested network couplings, and J}}"’C'
denotes the inferred ones.

With the MSE defined by Eq. (22), we compare the per-
formance of the MLE and nMF methods for fully connected
SK models (1). We study both the methods for different data
lengths L, the asymmetric degree k, the temptation of defection
parameter b in the payoff matrix (3) as well as the coupling
strength g. The inverse of g corresponds to the temperature
in the spin glass system, which can be explained as the noise
(say, fake information or rumors etcetera) in the evolutionary
PDG.

Figure 2 shows the performance of both the methods.
Similar to the results for the asynchronous Ising case,?!! the
MSE for MLE is e 1/L here. However, with the data length L
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we tested here, nMF does not approach to a saturated value as
happened for the asynchronous Ising case. Instead, the MSE
for nMF is about twice that of MLE, see Fig. 2(a). This could
be an indication for the game network, nMF inference formula
can also be obtained by taking the average of update times in
the MLE formula (10), which has been proved in Ref. [21] for
asynchronous Ising models. Figure 2(b) shows that the MSE
for both the methods is insensitive to the asymmetric degree k,
no matter whether the network is symmetric (k = 0) or fully
asymmetric (k = 1). Here, the data length L = N x 10° with
N =20 and g = 0.3. The difference between the two methods
is affected mainly by the data length L. The MSE for MLE
is about half the value for the nMF approach, which agrees
well with that shown in Fig. 2(a). Figure 2(c) shows the per-
formance of MLE and nMF algorithm for different reward pa-
rameters b in the payoff matrix (3), which is a specific param-
eter for game networks. Both algorithms recover the network
better with larger reward b. However, the proportion of MSE
between nMF and MLE increases slightly for larger b. Finally,
the effects of inverse g over network inference are illustrated
in Fig. 2(d). For strong couplings, nMF works much worse
than MLE. However, for g < 1, their performances are not af-
fected by g anymore. MLE still has its advantage of factor 2
(conferred by the information of update times) compared with
nMF.

-2
10 (a) oo o (b)
6
1 —4
g" 2s
210*6 (L}JJ 4
-Oo- nMF =
<~ MLE A
108 - 3
104 105 106 107 10% 10° 0.0 02 04 06 08 1.0
L k
7 2
T ©] 10 ()
&5
10-3
34 ®
— w0
m 3 = 104
w0
= 2 10-5
P AN A po0 AR A
1.2 14 16 1.8 20 0.1 1 10
b 1/g

Fig. 2. Mean square error (MSE) for (a) data length L, (b) asymmetric
degree k, (c) b parameter in the payoff matrix, and (d) temperature 1/g.
Blue open dots are for the nMF while red solid dots are for the MLE.
The parameters are N =20, L =N X 106, k=1, and g = 0.3, except the
varying parameters in the corresponding panels.

To check if there is a critical value of 1/g that depends on
the value of k, the phase diagram of the reconstruction error for
nMF (left panel) and MLE (right panel) is plotted in Fig. 3. It
is shown that the critical value of 1/g for both nMF and MLE
seems independent of k. The nMF works much worse with
strong couplings than the MLE method. Meanwhile, both of
them work poorly for the symmetric case with k = 0 compared
with themselves.

To illustrate how the equilibrium inference method works
for the non-equilibrium process, we use the naive mean-filed

[16

equilibrium inference!'®! algorithm, which depends on the

equal time correlations only, i.e.,
JEui — -1 (23)

We refer to this as the equilibrium inference to avoid confusion
with the nMF method for the asynchronous case derived here.
Then, we present the inferred networks through scatter plots
in Fig. 4 with both equilibrium and non-equilibrium methods
for evolutionary data generated by PDGs.

2.9X102
2.3X1072
1.7X1072
1.2X1072

5.8x1073

8.2X107°

0.2

0.0 I
0.1

4.3X10-°

3.0x10-¢
1 10

1/g
Fig. 3. Phase diagram of reconstruction error with parameters k& and
coupling strength g. The nMF method works poorly at strong couplings
or low temperatures while the MLE performs much better than the nMF.
Meanwhile, both the nMF and MLE methods show poor reconstruction
at strong couplings for the symmetric case k = 0 compared to them-
selves.

Figures 4(a) and 4(b) present the reconstructed couplings
for the symmetric (k = 0) and fully asymmetric (k = 1) SK
models, respectively. Our asynchronous nMF (blue open dots)
and MLE (red upper triangle) methods recover the couplings
nicely while the equilibrium nMF (23) (open black squares)
works much worse, even for k = 0, the symmetric case. It
is unsurprising that the equilibrium nMF (23) we tested here
does not take into account the game process at all. For the orig-
inal asynchronous Ising model without a game process, the
equilibrium nMF should work as good as the non-equilibrium
methods[??! since they are for the same dynamics.

5. Discussion and conclusion

We reconstruct the game network with data produced by
an asynchronously updated evolutionary game. The gamblers
play the PDG with their counterparts simultaneously but up-
date their strategies asynchronously. Two methods (exact and

080201-5
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iterative MLE and approximate nMF) are introduced to in-
fer the fully connected and Gaussian-distributed couplings be-
tween players.

Compared with the original asynchronous Ising
model,'%211 we combine the PDGs with Glauber dynam-
ics, where the rewards during the game for each player are
considered. The MLE and nMF reconstruction formulae for
the asynchronous Ising models in Refs. [19,21] hence must
be generalized for the asynchronous evolutionary game case
here. MLE is derived from the log-likelihood of the system
while nMF is from the derivative of the equations of motion
of means and correlations. Nevertheless, they are interrelated
with each other. MLE utilizes the full model histories, {s;()},
{xi(t)}, and {&;}. The update histories in Eq. (10) could be
averaged, and the nMF inference formula (21) is yielded by
taking the linear term of the averaged tanh function.

With the derived MLE and nMF methods for asyn-
chronous updates PDG, our numerical results show that the in-
ference performance of nMF is comparable with that of MLE.
Both the methods are not sensitive to the asymmetric degree
k, but proportional to the inverse of data length. For fixed data
length, the reconstruction error (MSE) of MLE is half (benefit
from update times) the error by the nMF method. Furthermore,
nMF prefers weak coupling strength (g) while MLE holds for
a much wider range of g. Both the methods recover better for
large payoff parameters b. This is reasonable as the rewards of
each player equal 2, then the external field Eq. (7) in the dy-
namics degenerates to the original asynchronous Ising model.
With b increasing, the rewards of each player will also be close
to 2, which shows better performance of network reconstruc-
tion.

However, compared with the data that the MLE method
used for inference, nMF needs only the b parameter and the
moments of strategy history {s;(¢)}. Furthermore, nMF infers
much fast than MLE as no iterative procedure is included for
network inference. The scatter plots in Figs. 1 and 4 show
that the Ji*" is comparable with Ji}'*, even though the MSE
for nMF is roughly twice that for MLE. Thus, we expect that
for the network inference with data from asynchronous PDG,
nMF works well enough. One can further consider higher or-
ders of J;; in the tanh function during the expansion process
to get a Thouless—Anderson—Palmer (TAP) version of the in-
ference for the PDG network. However, according to Fig. 4
shown in Ref. [19], the difference between nMF and TAP is
only available with a large amount of data. Thus we believe
that nMF would have wider applications compared with TAP.

Furthermore, we have tested a widely used equilibrium
inference method (23) blindly for our dynamic data generated
from evolutionary PDGs, which recover much worse than that
by non-equilibrium inference methods, even for symmetric in-
teractions between players, as illustrated in Fig. 4(a). This

implies that if we have time series data generated from certain
dynamics, we should try non-equilibrium methods first. Fur-
thermore, we start from the detailed balance condition to de-
rive the asynchronous nMF formula for the network inference,
but as shown by the numerical results, the inference formula
also holds for the asymmetric k = 1 case in which the system
is not in the equilibrium realm anymore.

0.04

(a)

0.021 O

0.00F

J Rec.

—0.02

—0.04

0.04

0.02

0.00

JRec.

—0.02

—0.04

—0.02 0.00 0.02 0.04
JTrue

—0.04

Fig. 4. Scatter plot for recovered links with the tested ones for dif-
ferent asymmetric degrees k: (a) asymmetric degree k = 0, symmetric
SK model, (b) k = 1, fully asymmetric SK model. Black open squares
are for inferred couplings with equilibrium inference JE9Ui = —C(0)~1.
Blue open dots are for asynchronous nMF while red open triangles are
for MLE. The other parameters are taken as the data length L =N x 10°,
number of players N = 20, and coupling strength g = 0.3.

This work focuses on a simple and idealized prisoner’s
game with fully connected and Gaussian-distributed interac-
tions. It is convenient for the application of mean-field the-
ory. However, the L; regularizations could be applied to the
objective function in Eq. (9) to remove the spurious weak cou-
plings between players.’”) Meanwhile, the connections be-
tween players could be extended to certain structures or dif-
ferent distributions (say, random power law, where there are
strong couplings between a few players while weak ones be-
tween most of them) for the couplings. Moreover, we use a
constant value of defection temptation b, which could differ
for each player. Meanwhile, nonzero abut small 7 in the pay-
off matrix (3) could also be tested. These will be studied by
further work.

Appendix A: Reformulating the external field

According to the PDG payoff matrix (3), the average re-
ward player i will gain at time 7 is (for simplicity, r is assumed

080201-6



Chin. Phys. B 32, 080201 (2023)

to be equal to 0)

a) =2 {LE80 Ly Lsi0)

2 Njeai 2
1—s5i(t) b 1+5;(t)
Tt NZ« 2 } (AD)
JEDi

The factor 2 outside the bracket comes from the fact that play-
ers obtained rewards from the game with neighbors as well as
the games originated from neighbors within each time step of
synchronous PDGs. Then sl-(t)x"T(’) in Eq. (7) is

xi(7) _ si(t)+1

(1) 0 _ w0 si(t) =1

2

fle)+ bf(c), (A2)

with f(c) being the cooperation density in the neighborhood
of player i, i.e.,

1 1+s;(t) m@)+1
flo)=+ F = : (A3)
N jgi 2 2
Hence, we rewrite Eq. (A2) as
si(t)Lg) — Bo+ Bysi(1), (A4)
with
1-b 1—0b)|m 1
By =120 = UZPIMOR - s
B, — 1+b (c) = (1+b)[m(t)+1] ’ (ASb)
2 4
and /n(t) = & ¥;si(t).
Thus, we reformulate Eq. (7) as
Hi(t)=ZJ,-J~[BO+B1sj(t—1)]. (A6)

J

Appendix B: nMF approximation

Substituting s;(r — 1) with non-fluctuating and fluctuating

terms as
Hi(t):Zlij(Bo+B1(mj+5sj(t—1))), (B1)
J
and define
b = Zjij(Bo + Bym;), (B2)
J
then

(tanh[H;(1)]) = <tanh [biJrB] Y 8t - 1)} > (B3)

expanding the tanh function with respect to b; to the first order,
we get
(tanh[H;(t)]) = tanhb; + By (1 — tanh? b,~)< Y Jyi8s (i — 1)>,
J

(B4)

where the second term on the right-hand side goes to zero.
Hence, we have the naive mean-field approximation for m; as
follows:

m; = tanh b, (BS)

which is the stationary solution of the time derivative of mag-
netization in Eq. (15a).
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