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We analyze the performance of a quantum Stirling heat engine (QSHE), using a two-level system and a harmonic
oscillator as the working medium, that is in contact with a squeezed thermal reservoir and a cold reservoir. First, we
derive closed-form expressions for the produced work and efficiency, which strongly depend on the squeezing parameter
rh. Then, we prove that the effect of squeezing heats the working medium to a higher effective temperature, which leads
to better overall performance. In particular, the efficiency increases with the degree of squeezing, surpassing the standard
Carnot limit when the ratio of the temperatures of the hot and cold reservoirs is small. Furthermore, we derive the analytical
expressions for the efficiency at maximum work and the maximum produced work in the high and low temperature regimes,
and we find that at extreme temperatures the squeezing parameter r1, does not affect the performance of the QSHE. Finally,
the performance of the QSHE depends on the nature of the working medium.

Keywords: quantum heat engine, open systems, thermodynamics, performance characteristics
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1. Introduction
1.1. Motivation

Over the past few years, the emerging field of quan-
tum thermodynamics has attracted increasing attention in the
scientific community, trying to find the quantum origin of
the laws of thermodynamics.!!! Fundamental thermodynamic
variables such as temperature 7, internal energy U, etc., have
been investigated extensively in terms of classical, statisti-
cal, quantum and relativistic quantum thermodynamics. >~
Furthermore, comprehension of the laws of classical ther-
modynamics is attainable, in the context of quantum heat
engines (QHEs), by comparing thermodynamic quantities
such as work and efficiency in terms of quantum variables.
The QHE was first studied by Scovil and Schulz-DuBois
in 1959 using a 3-level maser.[?®! Thenceforward, the study
of the performance of QHEs?” has paved the way to new
fields of research. In particular, the work and efficiency of
QHEs,?%%] have been analyzed with respect to the role of

[30-36] the impact of entanglement, 37401 the effect

coherence,
of a many-particle working medium, 4!~ the effect of the de-
generacy factor in the energy levels, 4748 fast Otto-cycles, [+°]
endoreversible Otto engines with a harmonic oscillator as the
working medium, %! endoreversible engines, >*2! and an en-
gine based on many body localization as a working fluid. !
One of the goals of studying quantum machines is
to find ways to improve their overall performance.!>*>]
Studies have emphasized that reinforcement-learning>®! and

58-601 and

nonequilibrium quantum reservoirs,’! coherent!
correlated,®!] can improve the performance of a quantum
heat engine. Additionally, the concept of a squeezed ther-

mal reservoir in quantum thermodynamics has started to at-
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tract increasing interest. The quantum Otto heat engine whose
working medium is in contact with squeezed reservoirs has
been studied extensively and presents some very interesting
features. In particular, the efficiency at maximum power in-
creases with the degree of squeezing, surpassing the standard
Carnot limit.[92-%%1 In the real world, the efficiency at maxi-
mum power is a more important quantity than the maximum
efficiency, at which power is zero.””) The efficiency at maxi-
mum power was first studied by Curzon and Ahlborn (CA)!"!)
and they found that nca = 1 — +/T./Th, where T, and T;, are
the temperatures of the cold and hot reservoirs respectively.

The question arises as to what impact the squeezed ther-
mal bath will have on another thermodynamic cycle, such as
the Stirling thermodynamic cycle that has received less atten-
tion. The Stirling thermodynamic cycle has two isothermal
and two isochoric processes!’?! and produces more work than
the Otto cycle does under the same parameters or equal ef-
ficiency conditions and operates a wider range of coupling
strengths. [73

The aim of this paper is to study the performance of a
QHE in which the working medium interacts with a pure cold
reservoir and a squeezed thermal reservoir.[’47 In particu-
lar, we analyze the quantum equivalent of the classical Stirling

[77-92] in which the hot reservoir is replaced by a thermal

cycle
squeezed reservoir. We observe that the squeezing parame-
ter ry, improves the performance of a QSHE, especially when
the ratio of the temperatures of the hot and cold reservoirs is
small, which means that the engine has less energetic cost. In
order to compare the efficiency of the QSHE with the Carnot
limit we introduce an effective temperature so that the steady

state of the system under review can be seen as a thermal equi-
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librium state but at temperature Ty.[”3~%! On the other hand,
the generation of squeezing has a thermodynamic cost which
depends on the specific configuration employed.*”-%3] Gener-
ally speaking, when the cost of generating a squeezed state is
included in the computation of the efficiency of the engine,
the squeezed reservoirs are costly.[®”! However, we focus on
studying the performance of a QSHE without including the
energy losses from the generation of squeezing.

1.2. Analysis and results

Our QHE consists of a working medium that is weakly
coupled to a pure cold reservoir and a squeezed thermal reser-
voir alternately according to the Stirling thermodynamic cy-
cle. We analyze two cases as far as the working medium is
concerned, a two-level system and a harmonic oscillator. Our
results are the following:

(i) We derive closed-form expressions for the produced
work and efficiency which strongly depend on the squeezing
parameter ry,.

(ii) In the case of both working mediums, the produced
work and the efficiency of the QSHE increase with the degree
of squeezing, see Figs. 1-9.

(iii) The performance of the QSHE, i.e., the efficiency and
the total produced work, depends on the nature of the working
medium, see Figs. 1-9.

(iv) The effective temperature due to squeezing is always
higher than the temperature of the thermal reservoir.

(v) We derived the analytic expressions for the efficiency
at maximum work and the maximum produced work in the
high and low temperature regimes.

(vi) In the low temperature regime, the efficiency of the
QSHE with a two-level system as a working medium coincides
with the efficiency of the quantum Otto heat engine.

(vii) At extreme temperatures the squeezing parameter ry,
does not affect the performance of the QSHE.

The structure of this paper is the following. In Section 2
we examine the first case of a QSHE with a two-level sys-
tem as a working medium. In Section 3, we examine the sec-
ond case of a QSHE with a harmonic oscillator as the working
medium. The conclusions are presented in Section 4.

2. Quantum Stirling heat engine — Two-level
atom

In this section, we use a two-level system (TLS) of fre-
quency @ as the working medium, which interacts with a
squeezed thermal reservoir in the Born—-Markov, rotating-wave
approximation. The system Hamiltonian is given by H =
%hwoz. The evolution of the reduced density matrix opera-

tor of the system in the interaction picture has the following

—I'M&,p6, —TM*6_pé6_. €))
Here I' is the spontaneous emission rate and o, 6_ are the
raising and lowering operators respectively, where

N = ncosh(2r,) + Sinhz(rh)v 2
M = —cosh(ry,) sinh(ry,) e'? (2n41), 3
1
ekl 1

is the mean number of quanta, 7; the temperature, ry, the
squeeze parameter and ¢ the phase. We notice that the asymp-
totic state does not depend on the squeezed phase ¢.

1
P = 2n 1 Dcosh(2r)
L2
o <ncosh(2r)+s1nh (r) 0 i ), )
0 ncosh(2r) + cosh”(r)

and, equivalently, we have

o N 0
P= N+ (0 N+1>' ©

The interaction of a two-level quantum system with a squeezed
environment causes a geometric phase (GP) or Berry phase
(BP). The dependence of the GP on temperature and squeez-
ing shows complexity.['°!1 However, equation (1) is valid only
when the interaction between the system and the environment
is very weak and the environmental correlation time is very
small, or, in other words, if the time-scale of the external driv-
ing is much larger than the inner relaxation scale of the quan-
tum dynamics of the system,[102-105]

The expectation value of energy is given by

U= (E)=Tr(pH), )
thus,
h
U:_2[2N+1]' ®

As far as the interaction of the working medium with the
pure cold reservoir is concerned, analogous expressions can
be obtained from the above relations by setting these squeez-
ing parameters to zero and the temperature to 7.

The quantum Stirling heat engine is the quantum counter-
part of the classical Stirling thermodynamic cycle. It consists
of two isothermal processes and two isochoric processes. In
the first case, as the working medium, we have a two-level
system that interacts with a hot squeezed reservoir and a cold

100702-2
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bath alternately so as to perform a quantum Stirling thermo-
dynamic cycle. The general quantum Stirling cycle has the
following four steps repeated cyclically:

(i) Isothermal expansion A(w,,T;,) — B(w;,T;). Ini-
tially, the TLS is in contact with the hot squeezed reservoir
at a constant temperature 7y, that can be described by a unitary
squeezed operator with squeezed parameters r, and ¢. During
this process the mean number of quanta and the energy gaps
must change simultaneously in order for the system to remain
in an equilibrium state. This process will occur slowly enough
to allow the system to remain in equilibrium with the thermal
bath continuously. The frequency reduces from @, to a smaller
value @, and the heat transferred is Qap = ThASAB-

(ii) Cold isochoric B(w;,T;,) — C(w;, T
stroke, the TLS is disconnected from the hot squeezed bath

¢). In the second

and is connected with the cold bath at temperature 7; with
fixed frequency.

(iii) Isothermal compression C(®;,7;) — D(@,,T;). In
the third stroke, the TLS is still coupled with the cold bath and
the frequency increases from m; to a bigger value @,. The heat
transferred is Qcp = T.AScp.

(iv) Hot isochoric D(w;,T.) — A(w,Th).
constant frequency the TLS is disconnected from the cold bath

Finally, at

and is connected with the hot squeezed bath at temperature 7y
with fixed frequency.
The entropy for a TLS at thermal equilibrium is

S[p] = —kp Tr(plogp), )
thus
v,
~  (2n+1)cosh2n, °
2n+1 h2r,) !
x((coshzrh+nc0sh2rh)log nt ttr(zc—i(jSZ h)
inh? h?2
+(ncosh2r, + sinh? ) log "0 : rislec ' ) . (10)
n

We compute the entropy change in process AB

Sap = S(B)—S(A)

hoy
cosh ( ST )

han
cosh ( e Th )

F,h(a)l)hw1 tanh (ﬂ)

F, (a)z)h—wztanh< heop )

— kgl
B 08 2T 2UsTh

2T, 2kp T,
1+(1—Sz)smh2( )
1 2kgT;
+~kglog 2L (11
2 1+(1—Sz)s1nh2( hwh)

where

kgTh
hao;

145, +

F, (o) =S, {lJr log

e Ml (1-S,)
Har - ”,02)
148, +e®h(1-5,)

Sy, = sech(2ry). (13)
Consequently, the heat from this process is
Qin=Th[S(B)—S(4)] (14

and from Eq. (11) we obtain

ot )
(o))

cosh (

h
tanh( © )

Oup = kBThIOg[ T

cosh (2k T

hay
~F (@1) = tan h(szTh>

1+ (1-52 )smh2 (2k Th)‘|
L+ (153, sinh? (2% )

1
+§kBTh10g (15)

The heat absorbed in the isothermal process AB using a
thermal squeezed reservoir (15) has the usual form but with

coefficients that contain the squeezing parameter ry. In the
limit r, — 0, Eq. (15) takes the form
h hao, h
o7, o) lian
QOap = kgThlo {7“ }+—t h( )
£ cos 22“’% 2 2kgTh
hw1 h(!)]

~ P tanh (5 ). 16
2 2kpTy (16)

The work output per cycle according to the first law of ther-
modynamics is Refs. [3,106]

Oap = AUpp +Wap. a7

The expectation value of energy from Eq. (8) is

. ha, han
A)a =250t h( )
(H)a 5 Stm)tanh (5
A hay ho;
A= —2Lg(m)t h( )
(H)s 5 Stm)tanh (3
N hoy ho
e = g (1)
(H)e === tanh {52
N o, oy
Hyp =22y h( ) 18
(H)p 5 tanh (5o (18)
The expectation value of work is
cosh (22
WAB = kBThIOg [%]
COSh(szTh)
1 1+ (1 —82 )sinh? (5222
+§kBTh10g ( ;h) ; 2(2];;(0?])
1+(1—S,h)s1nh (ZkBTh)
+G(@;) tanh hey )~ G(@) tanh ( ho ). a9
@2 2ksTh ! 2kp Ty
where
_hoy
kg Ti 1+, k% (1 — S,
G(wi):Srh ;wl'ilog i h+e hoy ( h>] (20
' 148, + el (1-S5,)
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Following the same procedure as before we compute the
heat and work in the third stroke

Ocp =T [S(D) - S(C)]

ho ho
+ = tanh ( ! )

cosh (zzw'T ) 2 2kpTe
han 10))
% onh ( ) 21
2 M\ kT @
i
cosh (—%?TC)
Wep = knTlog | —— 2L |. (22)
cosh (2k§1T )

In the quantum isochoric process, no work is done, and thus
the absorbed or released heat is

Opc = U(C)-U(B)

hoy hoy ol
= MO ech(2m) h( )ft h( )}2
> [sec (2ry) tan T an T (23)
Ops = U(A)-U(D)
han han
hw, h(
2 [tan 2UpTs

)—sech(zrh)tanh( hey )} L(24)

2kpTh

The total work is computed from Egs. (19) and (22),
W = Wup + Wep, thus

h i

cosh (Zkg)lrh) cosh (2kg’2Tc>
W = kgThlog e\ +kpT.log — X
cosh (ZkBTh) cosh (2kBTc)

2\ a2 (LB

o, 1+ (1— 52 )sinh (Zkg’;h)]
- 7
2 1+ (1 — 82 )sinh® (Zkf:lTh>

)—G(a)l)tanh( ho, ) (25)

1)
¢ h(
+G(a)tan T

2kB Th
In Figs. 1 and 2 we plot the produced work W /(kgT;) of
the QSHE as a function of the ratio of frequencies @, /®; and
temperatures Ty, /Tc respectively, with different values of the
squeezing parameter r,. We notice that the squeezing param-
eter ry plays a pivotal role in the work production due to the
fact that the work is maximum even if the ratio of hot and cold
temperatures is small, meaning less energetic cost.
The system absorbs heat only during the first isothermal
stroke and the final isochoric stroke, thus, the total heat ab-
sorbed during a complete cycle

On = Oap+ QOpa. (26)

When the average heat (Q)y > 0 it is absorbed from the
hot squeezed reservoir, and when the average heat (Q)¢ < 0 it
is absorbed from the cold thermal reservoir. The mean work
(W}ab > 0 expresses the consumed work by the system and
(W)cq < 0 means that the system produces work.

The efficiency of the QHE is the proportion of the total
work per cycle with respect to the heat absorbed from the hot
thermal reservoir:

a

(W)otal Opc +0cp
= =1 . 27
B 0 Oas+Opa @n

In Fig. 3, we plot the efficiency ns of our cycle as a func-
tion of the squeezing parameter 7, and compare it with the
Carnot and Curzon—Ahlborn efficiencies.!”!! We notice that
the squeezing parameter ry, increases the efficiency, especially
when the ratio of temperatures is small, and the efficiency
tends to the Curzon—Ahlborn efficiency nca, which is the ef-
ficiency at maximum work.['%”] On the other hand, when the
ratio of temperatures 7Ty, /Tc increases the squeezing parameter
cannot improve the performance of the QSHE so as to surpass
the Carnot efficiency 1c.

10 @ 10
a
) 8 =0 i, =21, N 8
E;‘n 6l - —rhi(l)ﬁ E;‘n 6
SO At - £
s 4 s 4
2 T 2
0 T e e 0
5 10 15 20 25 30 5 10 15 20 25 30
wy/wy wy/wy

Fig. 1. Total work output W /(kgT:) as a function of the frequency mod-
ulation @, /;, for different values of the squeezed parameter ry,.

5

4 (b) wy = 10w,

2 ‘,,-—;’,’"’” -
-t s ---r,=0.5

1 /// —r,=1

0

T,/ T,

Fig. 2. Total work output W/(kgT.) as a function of the temperature
Ty/ T¢., for different values of the squeezed parameter ry,.

1.0 1.0

(a) ....p, Ti=2T. 0.9l(®) :ZSA T, = 4T,

0.8 :ZCA 08} —ns ]

206 5 207 ]
""""""""""""""" 0.6

04 ----------------------------- 0.5 .............................
0.2 0.4
0.3

0 05 1.0 1.5 20 05 1.0 1.5 20
Th b

Fig. 3. Efficiency of the heat engine as a function of the squeezing pa-
rameter 7, in comparison to the Carnot 1c and Curzon—Ahlborn nca ef-
ficiencies. Others parameters are @, = 5.

. > L2 e
a) - = =
01(a) - rL:O.S wy = Bw; 1.0 (®) ::“f(l)f) wp = 10w,
0.8 =1 0.8 h— ]
& 0.6 -—/ﬁv—--f- Lol
0.4}~ 0.4t .
0.2} 0.2t
01 2 3 4 5 6 01 2 3 4 5 6
T/ T. T/ T.

Fig. 4. Efficiency of the heat engine as a function of the temperatures
T /T for different ratios of frequencies.

In Fig. 5 we plot the efficiency of the QSHE as a function
of the squeezing parameter r, and ratio of frequencies @, / ;.
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Moreover, we compare it with the Carnot efficiency and show
that the efficiency increases with the increase of @; = kgT¢./h
as well as with ry,, and for some values of these parameters the
QSHE surpasses the Carnot limit.

Fig. 5. Efficiency of the heat engine as a function of @,/®; and the
squeezing parameter ry, for 7;, = 27¢ in comparison with the Carnot effi-
ciency.

We highlight that the efficiency of the QSHE with
squeezed thermal reservoir surpasses the standard Carnot limit
when the ratio of the hot and cold baths’ temperatures is small.
This interesting result is caused when the squeezing parameter
rn — 1, and its mechanisms can be explained as follows. At
the end of the quantum isochoric process, the asymptotic state
of the two-level system is given by Eq. (6). When r, — O the
asymptotic state of the two-level system is given by

- 1 n 0
P =) (o n+1>’ (28)

where n is given by Eq. (4). In contrast, when r, > 0, the
asymptotic state of the two-level system is given again by
Eq. (28) but with an effective temperature that contains the
squeezing parameter r, and the temperature 7',

ho

10]
tanh ( g Ty )
cosh(2r,)

T = : (29)

2kg arctanh [

and T is always higher than T due to the squeezed parame-
ters r,. 193!

Let us now proceed to examine the high temperature
limit, @/T;, — 0. The total produced work in the first order

approximation is

) 11
S (Sn, 2)Th+TC . (30)

We use the second derivative test with respect to the ratio

[108] i order to find the maximum value

of frequencies @,/ ®;
of the produced work. In this case the produced work does not

have a local maximum value.

Next, we compute the efficiency in the high temperature
regime in the second order approximation

2 2
2285, (1-1c) = 1)~ (1- 25)

@5

2 (1-ne)hS,, [Z—hS,h(l —ne)(1— “’12)}

2
)

Mo =1+ _(31)

Let us now proceed to examine the low temperature limit
®/Tc — oo. The total produced work is

1 m(w? — ©?
Wi = Eh(wz—wl)Jr(Sszhl)

where the first and second terms are the first and second order

[5,(5n =2, (32)

approximations respectively. The maximum work is when

2Ty 1

. (33)
oS, (2-S8,)
The efficiency in the low temperature regime is
(O]}
My = 1= (34)

which coincides with the efficiency of a quantum Otto heat
engine,!19%11%1 and is independent of the squeezing parame-
ter r, as it depends on the ratio of the frequencies only. The
efficiency at maximum work is taken from Eqgs. (33) and (34).

The second order approximation of the efficiency, which
depends on squeezing parameter ry, is

2 H8Th 2k
(O
M =1-— - . SN

w?

2

3. Quantum Stirling heat engine — Harmonic
oscillator

In this section we examine the harmonic oscillator as the
working medium of the QSHE. First, we discuss the thermal
squeezed state of the harmonic oscillator. For a harmonic os-
cillator of mass m and frequency o, the squeezed thermal state
results from the application of the squeezing operator to the
thermal equilibrium state. The density matrix is as follows:

e PH

Z(B)

where Pg is the Gibbs state of the harmonic oscillator, and

Psa =S3(§)paS"(§) = 8(&) 5 ==57(8), (36)

S(&) is the squeezed operator,

A

*az 2
(&) = (& 8™, (37)

and & = re'® is a complex number with r > 0 called the

squeezing parameter with 6 € [0,27]. The internal energy of

the harmonic oscillator in a squeezed thermal state is!!'!]

(F) =ho(n+}) cosh(2m), (38)
where

(39)
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In an analogous way, as in the first part of this work, we
construct the four strokes of the QSHE with the harmonic os-
cillator as the working medium,!'?! and then we compute the
expectation value of energy of each process, thus

(H)a = 22?2) coth (271::;1] )

(H)s = 22&) coth (QZ)]Th )

(H)e = h;)l coth (ZZZ)ITC)’

(H)p = % coth (27{(:;0 ) . (40)

Consequently, the heat in the isothermal process AB is
2 .
QB:@anwﬁ{m@mmwm@ﬂ
i=1

~(Fy (@) = DloglFy, (@)~ 1]}, @)

where

i 10]
—1
148, coth ( > kBTh)] : (42)

The expectation value of work in this process is obtained

1
Frh ((0) - E

from the first law of thermodynamics
2 .
Was = kaTh Y. (~1)*{ £, (@) log[F;, (@)]
i=1

—(Fyy (@) — 1) log[F, (@) ~ 1]}

fl(!)]

LB
2%kpTh,

)
ZS(rh)

h ho
coth( wz) !

— th
ZkBTh ZS(rh) €0 (

). 43)

In the quantum isochoric processes, no work is done, and
thus the absorbed or released heat is

Opc = U(C)-U(B)

= hay _coth< ho )—S(l )COth( ha )], (44)

2 2kpT: h 2kg Ty
Opa = U(A)-U(D)
hon |

-2 S(lrh) coth<2zz’;h)coth(zzz’;c)]. 45)

Following the same procedure as before we compute the
heat and work in the third stroke

Qcp = T[S(D) - S(C)|

sinh( O ) I i
= kBTclogl ol +—wzc th( @ )
sinh (25 ) |2 2kpT;
hoy hoy
1 th( ) 46
2 2. (46)

Consequently, the total produced work is
2 .
Wi = kaTh Y. (— 1) { (@) log[F, (@)
i=1
~(Fyy (@) = 1)log[F, (@) ~ 1]}
sinh (52 )
sinh (2)2;)2% )

In Figs. 6 and 7, we show that the total produced work in-
creases monotonically from zero as a function of the frequency

+kpT:.log 47)

ratio with respect to the increase of the squeezing parameter ry,.

25
(a) T, = 2T,
Sy 20 -, =0
215f - n=0s
~ —rp=
Eoop -
R - =05
5 T T 10 —r,=1
0 5 10 15 20 0 5 10 15 20
wo/wy wa/wy

Fig. 6. Total work output W /(kgT:) as a function of the frequency mod-
ulation, @»/w;, for different values of the squeezed parameter ry and
temperature ratio.
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Fig. 7. Total work output, W /(kpT¢) as a function of temperatures ratio,
Ty/Tc, for different values of the squeezed parameter ry, and frequency
ratio.

Furthermore, we compute the efficiency of the QSHE

a

(W)total Opc+0Ocp
= — =1 . 48
1 (O)n * Oap+Opa “®)

Due to the fact that the analytical expression of the efficiency
of the QSHE is complicated, we plot the numerical results in
Figs. 8 and 9. In Fig. 8 we plot the efficiency as a function
of squeezing parameter r, and compare it with the Curzon—
Ahlborn ncy efficiency and the efficiency of the classical Stir-
ling heat engine, which is the same as the Carnot efficiency
Nc. We show that increasing r, can improve the efficiency of
the QSHE so as to approach and surpass the Carnot limit.

1.0 1.0

(a) =-=mc wa = 4wy (b) - -mc wa = 12wy
0.8 “=Nlca 0.8 "= Nca
— s s
o 0.6

0.4

0.2

Fig. 8. Efficiency 7 as a function of the squeezed parameter ry, for differ-
ent frequencies of the oscillator @; = kg 7¢ /A in comparison to the Carnot
7Nc and Curzon-Ahlborn ¢, efficiencies. Other parameters are 7y, = 27..
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In Fig. 9 we plot the efficiency of the QSHE as a function
of the squeezing parameter r, and ratio of frequencies @, /®;.
Moreover, we compare it with the Carnot efficiency and show
that the efficiency increases with the increase of @; = kgT; /R
as well as with r, and that for some values of these parameters
the QSHE surpasses the Carnot limit.

wy/wy 15

Fig. 9. Efficiency of the QSHE with respect to @, /®; and the squeezing
parameter ry, in comparison with the Carnot efficiency. The oscillator’s
frequency is @; = kg T /.
Let us now proceed to examine the high temperature limit
/T, — 0. The total produced work is

() I 2 2
Wiy = kg(Ty — T.)1 (7) S
ht B(Th — I¢)log o1 +]2kBThSrh(w2 i)
oo Sy 1
~(@? - —om 49
+og (@i a)z)(kBThSZ,h+kBTC)’ “9)

where the first term is the first order approximation and the rest
of the terms are derived from the second-order approximation.
Following the same procedure as in the first part of this work,
we find that the maximum work is when

_ 23T
iy 14 85,085, (1= nc)

(03] (50)

Consequently, the efficiency at maximum work in the high
temperature regime is

MNc
nc—1+58," +log

ht __
r'mw -

(%) log (%) (51)

Let us now proceed to examine the low temperature limit
®/Tc — 0. The total produced work is

[0)) 1
Wi = kTylog (a) + Eh(wl — )

no,o, o, ( 1 Sy, h )
—(of — —— —, 52
TR R T 62
where the first two terms are the first order approximation. The
maximum work is when
_ 1 +S2’h kB Th

R {—3+ 311-482)]. (53

Consequently, the efficiency at maximum work in the low tem-
perature regime is

ho; — 2kg ThSr_hl
—han + 2k Th[Sy, +log (32)]

Mow =1+ (54)

4. Conclusion

In this paper, we have investigated a quantum Stirling heat
engine (QSHE) with a two-level system and a harmonic oscil-
lator as the working medium that is in contact with a squeezed
thermal reservoir and a cold reservoir. We obtained closed-
form expressions for the produced work and efficiency which
depend strongly on the squeezing parameter ry,. Then we
proved that the effect of squeezing heats the working medium
to a higher effective temperature leading to a better overall per-
formance. In particular, the efficiency increases with the de-
gree of squeezing surpassing the standard Carnot limit when
the ratio of the temperatures of the hot and cold reservoirs is
small, which means that the engine has less energetic cost.
Additionally, we derived the analytic expressions for the effi-
ciency at maximum work and the maximum produced work in
the high and low temperature regimes. We found that the ef-
ficiency in the low temperature regime coincides with the ef-
ficiency of a quantum Otto heat engine and is independent of
the squeezing parameter ry,, depending only on the ratio of fre-
quencies. We noticed that in the first order approximation the
efficiency at maximum work and the maximum produced work
are independent of the squeezing parameter ry,. In contrast, the
aforementioned result in the second order approximation de-
pends on the squeezing parameter r,. This means that at ex-
treme temperatures the squeezing parameter r, does not affect
the performance of the QSHE. This phenomenon is expected
because the system loses its quantum features and the state
becomes classical, i.e., a mixture of coherent states, losing its
entanglement potential and other quantum features.[!13:1141 Fi-
nally, the performance of the QSHE depends on the nature of
the working medium. Thus, in future work, we will extend the
corresponding analysis for different working mediums, such
as spin-1/2 systems?*-113:116] and coupled oscillators. ']
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