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An additional potential energy distribution function is introduced on the basis of previous D3Q25 model, and the
equilibrium distribution function of D3Q25 is obtained by spherical function. A novel three-dimensional (3D) shifted
lattice model is proposed, therefore a shifted lattice model is introduced into D3Q25. Under the finite volume scheme,
several typical compressible calculation examples are used to verify whether the numerical stability of the D3Q25 model
can be improved by adding the shifted lattice model. The simulation results show that the numerical stability is indeed

improved after adding the shifted lattice model.
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1. Introduction

Since the first paper about lattice Boltzmann method
(LBM) appeared in 1988, the LBM!'-! as a prominent tool
in computational fluid dynamics has attracted much attention
and become a major research hotspot. Unlike the traditional
method based on macroscopic equations, the LBM is based on
a mesoscopic kinetic model and obtains macroscopic quan-
tities through statistics of distribution functions. The LBM
is a multi-scale method, and its advantage is that the convec-
tion term is linear. Therefore, the LBM is applied to numeri-
cal calculation of various fluids, such as microscale flow, "]
turbulence, 3% multiphase flows, 1011 blood flow,l'¥ and
heat transfer.[13-14]

The research object of this paper is compressible fluid.
Because the single distribution model adds new discrete veloc-
ity based on the isothermal model, and the specific-heat ratio is
related to the spatial dimension of the model, it does not have
real physical properties. While the double distribution func-
tion (DDF) model can adjust the specific-heat ratio and Prandtl
number. So the double distribution function method!'>~18] is
adopted to construct a compressible fluid model. Of course,
adding a distribution function will inevitably increase the
amount of calculation. In 1998, He et al.l' first proposed
the double-distribution model, which attracts wide attention
because of its good stability and adjustable Prandtl number.

(161 proposed a total energy distribution function to

17]

Guo et al.
replace the internal energy distribution function. Li et al.!
proposed a two-dimensional (2D) compressible finite differ-
ence DDF model and obtained satisfactory simulation results
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in high Mach number flows. Li and Zhong!'®! proposed the
potential energy distribution function model and applied the
finite volume method to it.

Many researchers have made great efforts to develop
three-dimensional (3D) compressible models. Kataoka and
Tsutahara!'®! proposed the D3Q15 model of compressible Eu-
ler equation, but this model only suitable for subsonic flows.
Chen et al.?"! improved the Kataoka’s model and made the
model suitable for higher speeds. Watari and Tsutahara!?!]
proposed the D3Q73 model, which can achieve a Mach num-
ber of 1.7. Li et al.!*?! proposed the D3Q25 model of com-
pressible Euler equation. According to Li’s model, Qiu et
al.”3) introduced the total energy distribution function to op-
timize the D3Q25 model, and applied the Hermite expansion
to the lattice Boltzmann model of D3Q27 to obtain a coupled
double-distribution compressible model.

Although compressible model is being developed, the
simulation of high Mach number flow is always problematic.
In order to solve this problem, Huang et al.** proposed a dis-
crete velocity model centered on the local flow velocity and the
velocity varies with the local temperature. They successfully
simulated shock tubes, and it is the first time that asymmet-
rical discrete velocity model has entered into people’s view.

2326 and Sun and Hsu?”! proposed an adaptive LB model

Sun!
in which the discrete velocity changes with local flow velocity
and internal energy, thus the model can accomplish high-Mach
simulation, but the relaxation time of their model must equal
1, which is a great limitation. Chopard et al.!?®! and Hed-

L. [29

jripour et al.!”®! proposed one-dimensional (1D) asymmetric

discrete velocity model: the model can successfully simulate
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a wide range of subcritical and supercritical flow, making it
possible to practically use the asymmetric model. Frapolli et
al.BY proposed a novel shifted lattice model, adding another
velocity to the original discrete velocity, so that the discrete
velocity is no longer symmetric. They multiplied the equilib-
rium distribution function by a transformation matrix, and ac-
complished the conversion of the stationary coordinate system
into the moving coordinate system, which greatly increases the
calculation range of LBM. Saadat et al.®! applied Frapolli’s
shifted lattice model to D2Q9 and successfully simulated the
supersonic shock compressible flow. But the disadvantage of
transformation matrix is too complex and it is easy to generate
a singular matrix, which is only suitable for a small discrete
speed.

In the standard lattice Boltzmann equation (LBE), the
discrete velocity of particles determines the type of compu-
tational grid. Generally, grids must be uniformly symmetric
(regular hexagon, square). Although it is easy to construct
such grids, they are not flexible enough to be applied to com-
plex flow fields. In order to solve this problem, many scholars
have conducted in-depth research on non-standard LBE mod-
els and proposed a variety of models. Reider and Sterling!3?!
first applied the fourth-order central difference scheme and
the fourth-order Runge—Kuta scheme to LBM and proved the
feasibility of the finite-difference LBM. Peng et al.!33-* pro-
posed cell-vertex method, and they stored physical quantities
on grid nodes and successfully used finite volume LBM to
simulate the flow in a coaxial rotating cylinder. In this study,
we use the third order monotone upwind scheme for scalar
conservation laws (MUSCLs) finite volume scheme.

In this paper, we introduce the potential energy distri-
bution function based on Li’s??! D3Q25 density distribution
function to create a new DDF model. In addition, a new shifted
lattice model is proposed based on the linear equation. The 3D
shifted lattice model is applied to the D3Q25 model to obtain
better numerical stability. The rest of this article is organized
as follows. In Section 2, we briefly introduce the DDF model,
D3Q25 model and the shifted lattice model. In Section 3, we
introduce the numerical method. In Section 4, we carry out
numerical simulations of some typical compressible flows to
prove the good effect of the shifted model. Finally, conclu-
sions are drawn in Section 5.

2. The 3D compressible double distribution
function model

2.1. Compressible D3Q25 LBM model

Li and Zhong!'®! introduced the potential energy distri-
bution function on the basis of the density distribution func-
tion, and proposed a DDF compressible LB model. An addi-
tional potential energy distribution function can be introduced

to overcome the shortcomings of the Boltzmann Bhatnagar—
Gross—Krook (BGK) equation that cannot present adjustable
specific heat ratio nor Prandtl number. The functional model
for this paper is the DDF LB model, and its dynamic equations
are as follows:

dfa 1

— . - _£4q

ot +(€a V)foc— Tf(foc oc)7 (1)
ohg _ i _eq Z, _ eq

ot +(ea'v)ha—_fh(ha a)+Thf(fa o )7 ()

where Z, = (e, —u)?/2, fy is the density distribution func-
tion, A is the potential energy distribution function, fg' and
h! are the corresponding equilibrium distribution functions,
eq 1s the discrete velocity of the particle, 7r and 7y, are the re-
laxation time of density and potential energy respectively, Tt
is the potential energy relaxation rate that can be determined
from the following equation:

— =, 3)

when 7r = 7}, this model degenerates into the original BGK
model, with 7 defined as

Tt =u/p, 4)

where U is the viscosity and p the pressure(p = pRT), with
R being the specific gas constant and 7 the temperature. The
Pr number can be created arbitrary by adjusting the two relax-
ation times as shown below:

Pr= ‘L'f/’l'h. (5)

Potential energy distribution function can be obtained easily
from the following equation:

K
K= ZRTf, ©)

where K = b — D, b is the number of degrees of freedom
(DOFs), D is the space dimension.

The D3Q25 based circular distribution function which is
proposed by Li er al.!*?! is shown in Fig. 1.

y A

Fig. 1. Ilustration of D3Q25 discrete velocity model.

094701-2



Chin. Phys. B 32, 094701 (2023)

2.2. The 3D shifted lattice model

In this study, we propose the shifted lattice model, by
using a linear equation to replace the transformation matrix,
thereby realizing the conversion of coordinates, increasing the
feasibility of the model, and making the multi-discrete veloc-
ity model also able to use the shifted lattice model. Each dis-
crete velocity is increased by a velocity v as shown in Fig. 2.
The magnitude of velocity v can be a fixed value or change
with the velocity of the flow field. In this work, we define
that the value of v is proportional to the sum of maximum and
minimum velocity after each collision. Then we add v into
the initial symmetric discrete velocity to obtain a real discrete

velocity
el ="+ cq, )

where ¢, is the initial discrete velocity of Li’s D3Q25,[22] "
is the shifted speed obtained in the n-th iteration, and e}, is the
real discrete velocity of the n-th iteration.

The dynamic equation of the density distribution function
is divided into the following two parts: flow process and coor-
dinate transformation

9 fu 1

ZJo . - _ _f4

ot +(ca V) fa= Tf(f(x o) (¥
dfa n B

or + (" V) fa =0, )

where fﬁq’" is obtained from the new discrete velocity ef,, and
£29m-2M comes from the old discrete velocity €0, They need
to be transformed. On the assumption that f, = fo + fo %, the
governing equation becomes

1
& = fam A (ea V)i (™ — fo)- A, (10)
o= S S = A (o V) S

1
+ ;f(féq*” —fa" = fa ") At (11)

At
nHl — o A (cq V)T + <1—Tf) e (12)

where foed" = fn — a0 The dynamic equation of the

potential energy distribution function similarly becomes

At
Wt = hg" — At (cq - V)HE+ (1 - T) o
h

Z,
+ A 25 (13)
Thf
We will adopt the MUSCL finite volume scheme to calculate
Egs. (9), (12), and (13). The specific content will be described
in detail in the next section.

Fig. 2. Illustration of shifted lattice model.

2.3. Boundary conditions
2.3.1. Non-slip wall boundary condition

Wall flow variables are as follows:

p(xcﬁtn) :P(ximtn)a
U(xcﬁtn) = Uyar,
T(ch,ln) = T(xwallvtn)- (14)

Under the non-slip wall boundary condition, non-equilibrium

35]

extrapolation scheme® is used. Density and potential energy

distribution functions on the wall are expressed as

fa(xcfatn) = f;q(xcf;tn) + [fa(ximtn) —f;q(Xin,l‘n)},
ha(xcfatn) = hgq(xcf;tn) + [ha (Xinatn) - hzq(ximtn)]~ (15)

Equilibrium distribution functions are computed with the flow
variables. The subscripts “cf” denotes the interface on the
boundary and “in” denotes its neighbor cell.

At present, the shifted lattice model is suitable for isother-
mal wall conditions. While adiabatic wall conditions will pro-
duce some errors, and the results can be improved by multi-
plying the non-equilibrium term with a number less than 1.

2.3.2. Inlet flow boundary condition
P(xcﬁtn) = Peo,
U(ch,tn) = U,
T (xef,tn) = T, (16)

where « denotes the inflow state.

fa(xcf;tn> = f;q(-xcfvtn) + [fu(ximtn) 7f§q(-xinatn)]7
hy (xcf;tn) = hzq(xcfvtn) + [ha (ximtn) - hzq(xinatnﬂ- (17)
2.3.3. Outflow flow boundary condition

p(xcfatn) = p(ximtn)a

U(ch,tn) = U(ximtn)v

T(xchn) = T()Cin,ln), (18)
fa(xcfatn) = f[fq(xcf;tn) + [fa(xinvtn) 7f5q(xin7tn)}7
ha(xcfytn) = hzq(xcf;tn) + [ha (xin;tn) - hzq(ximtn)]- 19)
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3. Numerical methods

In order to capture the discontinuity well, we need to in-
troduce artificial dissipation. There are two ways to intro-
duce artificial dissipation. One is the model dissipation, and
the other is the numerical dissipation from numerical meth-
ods. When the viscosity is very small, the model dissipation
is unable to capture discontinuities without oscillation. So the
numerical scheme is used to provide the additional dissipation.

Many researchers have applied different numerical
to LBM,
technique!*®! and the 6th-order compact finite difference

schemes such as, the weighted essentially
method. 37! Although they are both high-resolution discretiza-
tion schemes, they are more complex than the MUSCL
scheme. 38491 The MUSCL scheme is a simple spatial dis-
cretization scheme, which is very popular among researchers.
We have adopted the MUSCL finite volume scheme in the
previous subsection. Taking the density distribution function

for example, equation (1) can be rewritten as
9

1 _
— b, dI = Q 20
aﬁv?{r » o 20)

where I is the corresponding grid boundary, V is the volume
of mesh, and fa is the average distribution function on the grid,

Dy = (eq 1) fa, (21
1 - _

Qta=—=fa—fa); (22)
Tt

with n2 being the normal vector in the outward direction, and
Qf,a the average collision term.

It can be seen from Fig. 3 that n; to ng are the normal
vectors of the six corresponding surfaces, with each surface
having corresponding flux and area as follows:

Dy iji+1/2  Sijk+1/2, surface 1,
Dy iv1/2,jk Siv1/2,jk surface 2,
(p(x,i,j,k—l/z Sijk—1/25 surface 3,

23
Dy i1/2.jk> Si—1/2,jks surface 4, )

Dy ijr1/2k Sij+1/2k surfaceS,
Dy ij-1/24> Si,j—1/2k surface 6,

where @aiﬂ/zhi’k, <I>a7,-7jﬂ/2,k, and d?a’,-’j,kil/z are the numer-
ical fluxes on each grid surface, the specific value is as follows:

eq-n >0,

(ea n) in< ik
Paris1/2,jk = { S /B (24)

(ea 1) f3is1 200 €2 n <0,

where fézl. /2,7 k and f;‘_"iil J2,jk are the distribution func-
tion on the internal side and the external side of the inter-
face (i+1/2,j,k). We use the third order monotonic upwind
scheme for scalar conservation law with the smooth limiter to
obtain the following values:

fin
@,it+1/2,jk

= faiia+{ §lAs+A) + A —a)]} @)

l

fout
o,i+1/2,j.k

-
= a1,k — { 1[(A+ +A )+ (A —A+)Kr]}‘+l , (26)
where k = 1/3, r is the van Albada limiter!*!! given by
20,A_+2%
=t @

r_ia
AZ+A2 4+ A

with A being a small number, which is usually taken to be
10~'2 toavoid dividing by 0, and

(Ap)i = fajit1,jk — fouijko (28)
(AL)i = faijk — fasi-1,jk- 29)

Now, we can figure out the specific number of flux ¢. Next,
we use the sum of the product of the flux and the area of the
six faces to simplify the integral in Eq. (20) into a linear sum-
mation formula, the dynamic equation can be obtained by sim-
plification as follows:

afoc,i,j,k
ot
1
= —V(q’a,m/z,j.,ksa,i+1/2,j,k + ¢a,i71/2,j,ksoc,i—l/2,j,k
+ Do jr1/245aij+1/2k T Paij—1/24Saij—1/2.k
+ Do i k12,5, jk+1/2 T Paijk—1/2500,jk—1/2)
T aijk (30)

The potential energy distribution function is treated in the
same way as the density distribution function.

ng
| Fijkr12

6| Fijo1/2,k
Fi12.5k : .

Ty R "2
- 7”.77k o —

/ Fiv1/2,5.k
g
,/"h.lr) 1
/E{,J-I—l/?,kl /
| Fijr-1/2
ng

Fig. 3. Numerical flux on grid surface.

4. Numerical simulations

A series of numerical simulations is conducted in this sec-
tion to verify the stability and accuracy of the proposed com-
pressible model, mainly simulating Riemann problems, Taylor
vertex flow, Couette flow, Regular shock reflection, 3D explo-
sion in a box, and 3D flat-plate. In the simulation, the refer-
ence density is prer = 1.0, the reference velocity is Ures = 1.0,
and the reference temperature is T.f = 1.0. The characteristic
temperature T; is often a little bit higher than the maximum
stagnation temperature in the whole flow field.

094701-4
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4.1. Riemann problems

Riemann problem is one of the core problems in compu-
tational fluid dynamics. In computational fluid dynamics, al-
most all high-precision schemes are based on solving Riemann
problems. Owing to the Riemann problem including smooth
solutions and discontinuous problems, it is a difficult and core
problem of computational aerodynamics.

As a standard 1D problem, the length of shock tube is
1, the size of the calculate region is Ny X N, X N; = 401 x
8 x 8. Both the exit and entrance are set as initial condi-
tions, other boundary conditions are set as periodic bound-
aries. the specific-heat ratio is Yy = 1.4, the Prandtl number
is Pr = 0.71,and the viscosity is it = 2 x 107>, In this paper,
two different examples are simulated, and the difference be-
tween the D3Q25 model with and without shifted lattice model
is compared respectively. It is proved that the accuracy and
stability of D3Q25 model can be improved by adding shifted
lattice model.

The first example of the simulation is Sod shock tube, the
initial conditions are as follows:

(p,u,v,w,T)|L = (1.0,0.0,0.0,0.0, 1.0),
(p,u,v,w,T)|R = (0.125,0.0,0.0,0.0,0.8),  (31)

where the time step is Ar = 1 X 1075, and the characteristic
temperature is T = 2.5.

Figure 4 shows the results of density, pressure, tempera-
ture, and velocity with shifted lattice model at = 0.2 respec-
tively. For a better comparison, the analytical solutions are
also plotted.

1.01 - EX?LCt 1.0 — Exact
(a) - Shifted model (b) . Shifted model
0.8 0.8
< 06 o, 0.6
0.4 0.4
0.2 0.2
0 0
—-04 —0.2 0 0.2 04 —0.4 —0.2 0 0.2 04
T T
1.2
1.01 (4
L1]© (d)
0.8
1.0
e 5 0.6
0.9 0.4
0.8 0.2
— Exact §
0.71 . Shifted model 01 - Shifted mode
—-04 —0.2 0 0.2 0.4 —0.4 —-0.2 0 0.2 0.4
T T

Fig. 4. Simulation results and analytical results from shifted lattice
model of the Sod shock tube: (a) density, (b) pressure, (c) temperature,
and (d) velocity.

The second example of the simulation is the stability con-
trast test, the initial conditions are as follows:

(p,u,v,w,T)|L =(1.0,0.0,0.0,0.0,1),

(p.u,v,w,T)|R = (1.0,0.0,0.0,0.0,1), (32)

where the pressure on the left side is 1, the pressure on the
right side is adjustable. We test the stability of the shifted lat-
tice model by controlling the pressure ratio. The time step is
At =1 x 1077, and the characteristic temperature is 7, = 1, the
size of the calculate region is Ny X Ny x N, = 201 x 8 x 8.

Through testing, it is found that the maximum pressure
ratio can reach 70 without adding the shifted lattice model. In
the case of shifted lattice model, the maximum pressure ra-
tio can reach 145. The simulation results are shown in Fig. 5.
When the pressure ratio is 75 , the non-shifted model begins to
oscillate and then diverges, while the shifted model has good
stability. Obviously, the shifted lattice model can increase the
stability of DDF model.

0.6

0.4

—0.24

Non-shifted model
o Shifted model

—0.44

—04 -02 0 02 04

Fig. 5. Speed comparison at pressure ratio 75.

4.2. Taylor vortex flow

This case is used to test the spatial accuracy of the present
method. And this case has the following analytical solution:
_ W . —pat
u(x,y,z,t) = 7 cos(Ax)sin(By)e )
v(x,y,z,t) = %0 sin(Ax) cos(By)e H%

uj cos(2Ax)  cos(2By)

—uat
i e o R

p(xayazvt) = Po

where py = 100.0, ug = 1.0, A = B =2, o = A> + B,
1 =0.001 is the shear viscosity, density p =24 p, A = 0.005,
time step is At = 1 x 107>, and the characteristic temperature
is T, = 144. The computational domain is set to be 0 < x < 1

—3.0- Slope =1.93
e Present
—2.5
8
S
&0 —2.0
—1.5+
—1.0

12 14 1.6 1.8 20 22
lg(Ny)

Fig. 6. Spatial accuracy validation of the present method.
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and 0 <y < 1. The computation domain is discretized into
16 x 16 X 5,32 %x32x5,64x64x5,and 128 x 128 x 5. To
test the order of the present method, the results from differ-
ent meshes have been used to calculate L2 errors in velocity
field. Figure 6 illustrates a model that is almost second-order
accurate. Figure 7 shows the velocity profiles compared with
analytical solutions at different times. It can be seen that the
evolution is correct through the present method.

0.20

— Shifted model (a)
0.15 1

S,° Analytical solution

Shifted model (b)
o Analytical solution Z7_ _™

Fig. 7. Comparison among velocity profiles of (a) u and (b) v at differ-
ent times.

4.3. Couette flow

Couette flow is a classic test case driven by two parallel
plates. For this problem, the computational domain has the
initial conditions (p, o, u,v,w) = (1,1,0,0,0). When simula-
tion starts, the top plate moves at a constant velocity Uy. In
a steady state, the temperature profiles satisfy the following
relation:

PrUzy y
T=Tp+—2Z(1-= 34
0+ 2, H( H)’ (34)

where H = 1 is the height of the two plates, and y is the dis-
tance of any point in the computation domain from the bottom
plate. In the simulation, a mesh Ny x Ny x N; = 6 X 65 x 6
is used. The non-equilibrium extrapolation method is ap-
plied to the top and bottom wall, and periodic boundary con-
dition is imposed on the y and z direction. The viscosity is
i =8 x 1073, and the time step is At =2 x 1073,

The Prandtl number Pr = ¢/ 1 is adjustable. The range
of the Prandtl number is from 0.4 to 10 approximately. Fig-
ure 8 shows the temperature profiles compared with analytical
solutions along the y direction for Uy = 1,b=35,and Pr=1, 3,

5, 8. It can be found that the simulation results and analytical
results are in satisfactory agreement.

Lo1— Analytical solution
Pr=1

A pPr=3

144 ¢ pr= e
o Pr=

1.34

S -
1.2
1.14

Fig. 8. Temperature profiles along the y direction for different Prandtl
numbers.

4.4. Regular shock reflection

A steady 2D compressible flow, i.e., a regular shock re-
flection on a wall, is considered in this test. This problem
involves three flow regions separated by an oblique shock and
its reflection from a wall. A shock wave of Mach number 2.9
is incident on the wall at an angle. The Dirichlet conditions
are imposed on the left and top boundaries, respectively.

P/PO»”x/MOa ”y/”Oa”z/“0>P/PO)|L
1.0,2.9,0,0,1.0/1.4),

(

(

(P/Posux/uo, uy /uo,uz/uo, p/po)|r
(1.69997,2.61934, —0.50633,0,1.52819).  (35)

The bottom boundary condition is the reflection bound-
ary, the right boundary is supersonic flow where the zeroth-
order extrapolation scheme is used. The y-direction boundary
is a periodic boundary, and the value of the entire flow field is
set as the left boundary condition at the beginning. The size of
the calculate region is Ny x Ny x N; = 150 x 50 x 5. The time
step is At =1 x 1073, the characteristic temperature is T, = 2,
the viscosity is £ = 1 x 107, the Prandt] number is Pr = 0.71.

Figure 9 shows the results of density, pressure, tempera-
ture, and velocity from the shifted lattice model: three distinct
areas can be clearly seen in the picture, the incident angle is
measured to be 29.05°[arctan(1/1.8)], of which the exact re-
sult is 29°.

0 i
x x

Fig. 9. Simulation results of (a) density, (b) pressure, (c) temperature, and (d)
velocity of regular shock reflection, obtained from shifted lattice model.
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The residual curve of shifted model and non-shifted
model for comparison are plotted in Fig. 10. Because the dis-
tribution function is divided into two parts and the shifted lat-
tice velocity changes with time, the convergence speed of the
shifted model is slightly slower than that of the non-shifted
model. The final residuals of both models satisfy the conver-

gence condition.

10-3
1044
=
=
°
n
Q
10754
—— No shifted model
.| — Shifted model
107() .

0 2 4 6 8 10 12
Iteration step (10%)

Fig. 10. Residual curves of regular shock reflection.

4.5. The 3D explosion in a box

In this subsection, we test the explosion in a box.!*?! The
results are shown in Fig. 11. At the beginning of the simula-
tion, the velocity in space is zero, the pressure and density in
the sphere space are defined as follows:

(p,u,v,w,T) = (5.0,0.0,0.0,0.0, 1.0). (36)

Space sphere equation is defined as follows:

V0424 (042 +(z-042 <03 (37)
The dimension of space is [0, 1] x [0, 1] x [0, 1], the size of the
calculate region is N, x Ny X N, = 80 x 80 x 80, the time step
is At =1x107°, the viscosity is g = 1 X 1073, the Prandtl
number is Pr = 0.71, and the boundaries of these six surfaces

are all periodic.

Y
1
' Reflecting
E Reflecting
Ref :ecting 80
& : = pPo £
5 =T %
o J P=5p0 N\ &
e T=Ty &
‘\‘ re=0.3 /
P AT ——
T 1
L Reflecting

Fig. 11. 3D explosion in a box.

Figure 12 shows the density contour at z = 0.4 and r =
0.5, which accords well with results of Refs. [22,42].

,—74’):):

V g 3

I\

)
<~

Fig. 12. Density contours for z = 0.4, t = 0.5: (a) simulation result of the present study and results cited from (b) Ref. [20] and (c) Ref. [36].

4.6. The 3D flat-plate boundary conditions

A 3D flat-plate (Fig. 13) is simulated in this subsection to
verify the feasibility of the shifted lattice model with a non-

(431 accomplished the numer-

slip boundary. Previously, Carter
ical simulation of the 2D flat-plate supersonic boundary layer.
With a 3D shifted lattice model added to the lattice Boltz-
mann method, the supersonic flat-plate boundary layer is sim-
ulated. Mach number Ma = 3.0, Reynolds number Re = 1000,
Y= 1.4, Pr = 0.72, the bottom boundary are used in a non-
equilibrium extrapolation scheme, and both the front side and

the back side are set as periodic boundaries. The size of the

calculate region is Ny X Ny x N, = 100 x 100 x 5. the time step
isAr=1x107%

Periodic

Periodic

‘Wall Non-equilibrium extrapolation scheme

Fig. 13. 3D flat-plate.
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Figure 14 shows the distribution of flow field.

0.8

0.6

Figure 15 shows the ratio of the bottom pressure to the
initial pressure Py /Py and u/u. at x/Ly = 1 compared with
Carter’s result, showing good agreement with each other.

4.5

Fig. 14. Flow field of flat-plate.

4.0
3.5
3.0

P/ Py

2.5
2.0
1.5

1.0

(a)

Carter

o Shifted model

0

0.8

(b)
Carter
o Shifted model

number of this model can only reach 3. In the future, the
shifted model is hoped to combine with multiple-relaxation-
time LBM to simulate higher Mach number. Overall, this work
further optimizes the 3D compressible model, and has guiding
significance for the simulation of high Mach supersonic flow.

Appendix A: Discrete equilibrium distribution
function of 3D LB model
feq®[0] = (1/60)-p-(15-u* 460 - -v?
+60-u* - w? +15-v* +60-v2-w? +15-w?
+210-RT -u* +210-RT -v* +210-RT - w?
+189-RT?—75-u* —75-1*
—75-w? —225-RT +60),
feq®[1] = —(1/90)-p - (15-u* +45-u* -v*
+45-u* -w? +180-RT - u* +45 -RT - V*
+45-RT -w*+15-4°
+45-u- v +45-u-w*+81-RT?
+135-RT -u—60-u*> —60-RT — 60 - u),
feq®[7] = (1/60)-p-(15-u*-v* +15-RT - u?
+15-RT V> +15-u> v+15-u-v? +9-RT?
+15-RT-u+15-RT -v+15-u-v),
feq®d[19] = (1/360)-p - (15-u*+90-RT -u*
+30-4®+27-RT>+90-RT -u
—15-u> —15-RT —30-u),

0.6
Jeq 2] (u, v, w) = feq®[1](v,u, w),
Jeq® 3] (u, v, w) = feq 1] (w,v,u),
feq® A (u, v, w) = feq®[1](—u,v,w),
feqeq [5} (I/t, Vs W) = feqeq[l] (_Va u, W)a
: : : : : eq[g = fea®1](—
0 02 04 06 08 1.0 Feq®[6](u,v,w) = feq™{1](=w,v,u),
u/uo Jeq® (8] (u,v,w) = feq*i[7)(—u,v,w),
Fig. 15. Comparison of (a) Py /Py versus x and (b) y/L versus u/uq feqeq [9} (u,v’ W) = feqeq [7] (u, —v, W),
between Cater and shifted model for 3D flat-plate.
Jeq®[10](u,v,w) = feq*I[7](—u, —v,w),
5. Conclusions feq®[11](u,v,w) = feq®[7](u,w,v),

A D3Q25 LBM DDF compressible flow model and a Feq®12])(u,v,w) = feq®d[7](—u,w,v),
shifted lattice model are established in this work. With the Feq®[13](u,v,w) = feq®[7](u, —w,v),
finite volume schen.le, the sblfted lattl.ce merl is .apphed Foq®[14] (, v, w) = £eq® (7] (=, —w,),
to D3Q25 model, with numerical experiments including Sod e e
shock tube, Taylor vortex flow, Couette flow, regular shock feq™H15](u, v, w) = feqi[7] (v, w,u),
reflection, 3D explosion in a box, and 3D flat-plate. The nu- feq®[16](u,v,w) = feq™[7](—v,w,u),
merical results obtained are basically consistent with the ana- Feq®17](u,v,w) = feq®[7](v, —w,u),
lytical solutions or simulation data in the existing literature, it Feq®a[18] (i, v,w) = feq[7)(—v, —w,u),
is proved that the stability of D3Q25 DDF model can be im- car0 — feq®119
proved by adding the shifted lattice model. This paper also fed™[20](u,v,w) = feq[19](v,u, w),
has some shortcomings. Although the shifted model can in- Jeq®I[21](u,v,w) = feq™[19](w,v,u),
crease the stability to a certain extent, the maximum Mach feq®422](u,v,w) = feq®d[19](—u,v,w),

094701-8
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feq®1[23](u,v,w) = feq*I[19](—v,u,w),
feq®I[24](u,v,w) = feq®[19](—w,v,u).

Acknowledgements

We sincerely thank Dr. Pan Dong-Xing for his help with

the mesoscopic method.

Project supported by the Youth Program of the National

Natural Science Foundation of China (Grant Nos. 11972272,
12072246, and 12202331), the National Key Project, China
(Grant No. GJXM92579), and the Natural Science Basic
Research Program of Shaanxi Province, China (Program
No. 2022JQ-028).

References

(1
(2]

(3]
(4]
[3]

(6]
(71
(8]
(9]
[10]
[11]

[12]

[13]

Koelman J M 'V A 2002 Europhys. Lett. 15 603

Succi S 2001 The Lattice Boltzmann Equation for Fluid Dynamics and
Beyond (New Y ork: Oxford University Press)

Chen S and Doolen G D 1998 Annu. Rev. Fluid Mech. 30 329

Xing J T 2021 Acta Mechanica Sinica 37 1659

Guo R Q, Chen X P, Wan Z H, Hu H B and Cui S 2022 Acta Mechanica
Sinica 38 321358

Lim C Y, Shu C, Niu X D and Chew Y T 2002 Phys. Fluids 14 2299
Zhuo C and Zhong C 2013 Phys. Rev. E 88 053311

Yu H, Girimaji S S and Luo L S 2005 Phys. Rev. E 71 016708

Wang G, Wan D, Peng C and Wang L 2019 Chem. Eng. Sci. 201 201
Zheng H W, Shu C and Chew Y T 2006 J. Comput. Phys. 218 353
Huang H, Huang J J, Lu X Y and Michael C S 2013 Int. J. Mod. Phys.
C 24 1350021

Afrouzi H H, Ahmadian M, Hosseini M, Arasteh H, Toghraie D and
Rostami S 2020 Comput. Meth. Prog. Bio. 187 105312

Zhong C W, Xie J F, Zhuo C S, Xiong S W and Yin D C 2009 Chin.
Phys. B 18 4083

[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]
[26]
[27]
[28]
[29]

[30]

[31]
(32]
[33]
[34]
(35]
[36]

[37]
[38]
[39]
[40]
[41]

[42]
[43]

094701-9

Zhuo C, Zhong C and Cao J 2012 Phys. Rev. E 85 046703

He X, Chen S and Doolen G D 1998 J. Comput. Phys. 146 282

Guo Z, Zheng C, Shi B and Zhao T 2007 Phys. Rev. E 75 036704

Li Q,He Y L, Wang Y and Tao W Q 2007 Phys. Rev. E 76 056705

Li K and Zhong C 2015 Int. J. Numer. Methods Fluids 77 334
Kataoka T and Tsutahara M 2004 Phys. Rev. E 69 056702

Chen Y, Ohashi H and Akiyama M 1994 Phys. Rev. E 50 2776

‘Watari M and Tsutahara 2003 Phys. Rev. E 67 036306

Li Q,He Y L, Wang Y and Tang G H 2009 Phys. Lett. A 373 2101
QiuR F, You Y C, Zhu C X, Chen R Q and Zhu J F 2017 Pramana-J.
Phys. 89 1

Huang J, Xu F, Vallieres M, Michel D, Feng D H, Qian Y H and Fryxell
B 1997 Int. J. Mod. Phys. C 8 827

Sun C 1998 Phys. Rev. E 58 7283

Sun C 2000 Phys. Rev. E 61 2645

Sun C and Hsu A T 2003 Phys. Rev. E 68 016303

Chopard B, Pham V T and Lefevre L 2013 Comput. Fluids 88 225
Hedjripour A H, Callaghan D P and Baldock T E 2016 J. Hydraul. Res.
54 371

Frapolli N, Chikatamarla S S and Karlin I V 2016 Phys. Rev. Lett. 117
010604

Saadat M H, Bosch F and Karlin I V 2019 Phys. Rev. E 99 013306
Reider M B and Sterling J D 1995 Comput. Fluids 24 459

Peng G, Xi H, Duncan C and Chou S H 1998 Phys. Rev. E 58 R4124
Peng G, Xi H, Duncan C and Chou S H 1999 Phys. Rev. E 59 4675
Guo Z L, Zheng C G and Shi B C 2002 Chin. Phys. 11 366

Chen F, Xu A G, Zhang G C, Gan Y B, Cheng T and Li Y J 2009
Commun. Theor. Phys. 52 681

Leung R C K, So RM C, Kam E W S and Li X M 2006 7th AIAA
Aeroacoustics Conference 2574

Van L B 1979 J. Comput. Phys. 32 101

Li K and Zhong C W 2015 Chin. Phys. B 24 050501

Fu X, Sheng Y W and Xiao G D 2022 Acta Mech. Sin. 38 322151 (in
Chinese)

Van Albada G D, Van Leer B and Roberts Jr W W 1982 Astron. Astro-
phys. 108 76
http://amroc.sourceforge.net/examples/euler/3d/html/box3d_c.htm.
Carter ] E 1972 Nasa Langley Research center TR R-385


https://doi.org/10.1209/0295-5075/15/6/007
https://doi.org/10.1146/fluid.1998.30.issue-1
https://doi.org/10.1007/s10409-021-01135-6
https://doi.org/10.1007/s10409-021-09043-x
https://doi.org/10.1007/s10409-021-09043-x
https://doi.org/10.1063/1.1483841
https://doi.org/10.1103/PhysRevE.88.053311
https://doi.org/10.1103/PhysRevE.71.016708
https://doi.org/10.1016/j.ces.2019.03.004
https://doi.org/10.1016/j.jcp.2006.02.015
https://doi.org/10.1142/S0129183113500216
https://doi.org/10.1142/S0129183113500216
https://doi.org/10.1016/j.cmpb.2019.105312
https://doi.org/10.1088/1674-1056/18/10/004
https://doi.org/10.1088/1674-1056/18/10/004
https://doi.org/10.1103/PhysRevE.85.046703
https://doi.org/10.1006/jcph.1998.6057
https://doi.org/10.1103/PhysRevE.75.036704
https://doi.org/10.1103/PhysRevE.76.056705
https://doi.org/10.1002/fld.v77.6
https://doi.org/10.1103/PhysRevE.69.056702
https://doi.org/10.1103/PhysRevE.50.2776
https://doi.org/10.1103/PhysRevE.67.036306
https://doi.org/10.1016/j.physleta.2009.04.036
https://doi.org/10.1007/s12043-017-1414-z
https://doi.org/10.1007/s12043-017-1414-z
https://doi.org/10.1142/S0129183197000710
https://doi.org/10.1103/PhysRevE.58.7283
https://doi.org/10.1103/PhysRevE.61.2645
https://doi.org/10.1103/PhysRevE.68.016303
https://doi.org/10.1016/j.compfluid.2013.09.014
https://doi.org/10.1080/00221686.2016.1168881
https://doi.org/10.1080/00221686.2016.1168881
https://doi.org/10.1103/PhysRevLett.117.010604
https://doi.org/10.1103/PhysRevLett.117.010604
https://doi.org/10.1103/PhysRevE.99.013306
https://doi.org/10.1016/0045-7930(94)00037-Y
https://doi.org/10.1103/PhysRevE.58.R4124
https://doi.org/10.1103/PhysRevE.59.4675
https://doi.org/10.1088/1009-1963/11/4/310
https://doi.org/10.1088/0253-6102/52/4/25
https://doi.org/10.1088/0253-6102/52/4/25
https://doi.org/10.2514/6.2006-2574
https://doi.org/10.2514/6.2006-2574
https://doi.org/10.1016/0021-9991(79)90145-1
https://doi.org/10.1088/1674-1056/24/5/050501
https://doi.org/10.1007/s10409-022-22151-x
https://doi.org/10.1007/s10409-022-22151-x
https://ntrs.nasa.gov/citations/19720019661

	1. Introduction
	2. The 3D compressible double distribution function model
	2.1. Compressible D3Q25 LBM model
	2.2. The 3D shifted lattice model
	2.3. Boundary conditions
	2.3.1. Non-slip wall boundary condition
	2.3.2. Inlet flow boundary condition
	2.3.3. Outflow flow boundary condition


	3. Numerical methods
	4. Numerical simulations
	4.1. Riemann problems
	4.2. Taylor vortex flow
	4.3. Couette flow
	4.4. Regular shock reflection
	4.5. The 3D explosion in a box
	4.6. The 3D flat-plate boundary conditions

	5. Conclusions
	References

