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Rayleigh—Taylor instability of viscoelastic self-rewetting film flowing
down a temperature-controlled inclined substrate

Siyi An(Zf87F) and Yongjun Jian(& 7K )"
School of Mathematical Science, Inner Mongolia University, Hohhot 010021, China

(Received 30 October 2022; revised manuscript received 19 February 2023; accepted manuscript online 25 March 2023)

Rayleigh—Taylor (RT) instability of gravity-driven viscoelastic self-rewetting film flowing under an inclined substrate
uniformly heated or cooled is considered. The surface tension of self-rewetting film is considered as a quadratic function of
temperature. The long wave hypothesis is used to derive a nonlinear free surface evolution equation of the thin viscoelastic
film. Linear stability analysis shows that for a prescribed the viscoelastic coefficient, substrate cooling products instability,
while substrate heating remains stability. Furthermore, we analyze the influence of viscoelastic coefficient on RT instabil-
ity. Results show that the viscoelastic coefficient reinforces the RT instability whether the substrate is heated or cooled.
Moreover, we use the line method to numerically simulate the nonlinear evolution equation and systematically examine
the space-time variation of the film free surface. The numerical results illustrate that increasing the viscoelastic coefficient
can enhance the disturbance amplitude and wave frequency. This means that the viscoelastic coefficient makes the system
unstable, which is consistent with result of the linear stability analysis. In addition, the oscillation tends to accumulate
downstream of the inclined substrate when the evolution time is long enough. Finally, the variation of film thickness with
related parameters for different viscoelastic coefficients is investigated.

Keywords: Rayleigh—Taylor instability, self-rewetting film, viscoelastic liquid

PACS: 47.20.Ma, 47.15.gm, 47.50.—-d

1. Introduction

The Rayleigh—Taylor (RT) instability describes the desta-
bilization of the interface separating stratified fluids under the
action of a gravitative acceleration directed from the heavier
fluid towards the lighter fluid. In other words, it occurs when
a heavier fluid layer is supported from below in the gravity
field by a lighter one.!!) RT instability, as a basic interface
phenomenon, is applied in many aspects, such as solid sub-
strate undersurface coating,!*! liquid polymer film flow, ! the
dynamics of rain drops and their role in the biosphere,[®! in
micro fluidics and lab-on-a-chip technology,!’! as well as in
nature, such as the formation of mushroom clouds from vol-
canic eruptions and fingerlike patterns in granular flows. (¥ Ex-
cellent reviews on the RT instability were given by Sharp’]
and Kull.'" In many applications, however, RT instability,
such as the instability may lead to coating irregularities or to
the detachment of droplets for thick coatings, is an undesir-
able event. Therefore, controlling and suppressing RT instabil-
ity is very important in a variety of engineering applications.
This can be achieved, for example, by exploiting an electric
field,!'!] a high-frequency mechanical oscillation,!'?! a rotat-
ing magnetic field,!'3] spatial confinement,!'*! and enlarging
surface tension gradients.!'>! In addition to these strategies,
considering the influence of fluid characteristics on this insta-
bility is also an approach worth exploring.

The literature is rich in the analysis of RT instability of
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thin film flows in the case of Newtonian fluid.!
and Higgins!'®! focused on the asymptotic analysis of RT in-
stability in thin viscous films with horizontal substrates. Af-
terwards, Brun er al.!'! discussed this problem on an inclined
plane and revealed that no drops form for inclinations greater
than a critical value. The nonlinear dynamics of pendent drops
on a thin film coating the underside of a ceiling was studied by
Lister ef al.,”°! and in the absence of other complexities, the
competition between surface tension and gravity leads to in-
stability. More recently, Chao et al.>!! investigated how the
thermocapillary stress controls or modifies the RT instability
of a gravity-driven viscous liquid film in the case of an in-
clined substrate. They found that the thermocapillary stress in
the heated film enhances the absolute instability and inhibits
the convective instability, while the trend is opposite for the
cooled film. It is worth noting that in all the above-mentioned
studies, the RT instability problem was analyzed for a Newto-
nian liquid layer.

However, in many applications, we deal with fluids that
exhibit non-Newtonian behavior. For example, in blood and
mucus, the shear stress of its fluid is a nonlinear function of
the local strain rate, which causes it to behave in violation of
Newton laws. Viscoelastic fluid, as a non-Newtonian fluid,
has typical characteristics of Newton fluid (viscosity) and solid
(elasticity). A polymer liquid consisting of a Newtonian (vis-

cous) solvent and a non-Newtonian (polymeric) solute is a
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typical example of a viscoelastic fluid. There are many kinds
of constitutive models of viscoelastic fluid, such as Maxwell
model,??) Jeffrey model,!**! Giesekus model, > Phan Thien
Tanner model,!*>! Oldroyd model,/*®! erc. In these models,
the elastic nature of the fluid is measured using a relaxation
time. Boffetta et al.’?’! and Gou et al.?®) studied RT insta-
bility of Oldroyd-B model and Maxwell model respectively.
Detailed linear theoretical and numerical analyses have shown
that elasticity destabilizes a system when viscoelasticity is
present. Among these models, the most frequently used model
in practical is Walters B”, whose constitutive equation in-
volves only a non-Newtonian parameter. The stability of a thin
film of Walters B” viscoelastic fluid flowing down a heated in-
clined plane is investigated by Fu et al.[**! They used normal
mode analysis to determine the instability threshold, and stud-
ied the effects of the Marangoni number, viscoelastic param-
eter, and Biot number. At the same time, the authors found
that the instability of the thin film was enhanced by viscoelas-
ticity and thermocapillarity under prescribed conditions. In
addition, the reduction of Marangoni number leads to shrink-
age of the film instability region, which is also demonstrated
by the authors. It is worth noting that the authors reported that
the accuracy of their model decreases as the Marangoni num-
ber increases. Walters B” liquid finds its usage in medicinal

(31331 Apart from these,

diagnosis and clinical applications.
viscoelastic film has important significance in lubrication and
coating processes,** drag reduction process,*> and liquid
lining flows in airways. 3%

It is noteworthy that in all the above-mentioned RT in-
stability studies, the surface tension is usually assumed to
be a linear function of temperature. However, self-rewetting
fluid,®”! such as the dilute aqueous solutions of long-chain
alcohols, has a quadratic temperature dependence of surface
tension. For a self-rewetting fluid, the surface tension grows
stronger with temperature when the temperature exceeds a
critical value. Karapetsas et al.®® studied the diffusion of
a self-rewetting droplet on a non-uniformly heated horizon-
tal substrate and they concentrated on the influence of wetta-
bility variation on drop movement. Mamalis et al.!*! experi-
mentally investigated the situation of a self-rewetting droplet
deposited on a uniformly heated, horizontal substrate in a par-
tially wetting condition. Ye et al.[*! further studied the effects
of the inclination angle, capillary number, Bond number, and
thermocapillary force on the migration of the self-rewetting
drop under the condition of uniform substrate heating. They
found that nonmonotonic dependence of interfacial tension on
temperature had an important influence on drop spreading.

Recently, there are few studies concerning instability of self-

rewetting films on temperature-controlled tilted substrate. Bat-
son et al.!*!] established a thin liquid film evolution equation
for quadratic surface tension by using long-wave approxima-
tion, which generated an unstable hot capillary driving force.
The dynamics of the film flow was numerically analyzed and
linear stability analysis was given to obtain the critical con-
ditions. Ma and Liul*?! examined the evolution patterns and
essential mechanisms of flow instability of a self-rewetting
fluid coating on an inclined plane. Using the thin-film model,
the evolution equation of the air-liquid interface was derived,
and numerical result showed that when the interfacial temper-
ature smaller than temperature corresponding to the minimum
of surface tension, the Marangoni effect enhances the finger-
ing instability. On the contrary, the Marangoni effect makes
the flow more stable. All these results indicated that the self-
rewetting fluid shows a similar phenomenon to that of a nor-
mal fluid before exceeding a critical temperature, because the
surface tension of both self-rewetting fluid and ordinary flu-
ids exhibits a negative gradient in this situation. Exceeding
a certain temperature, the self-rewetting fluid indicates a pos-
itive gradient surface tension and the flow instability will be
crucially affected.

However, the study of the RT instability of viscoelastic
self-rewetting film on a temperature-controlled inclined sub-
strate is needed to be investigated. Most of the current works
are associated with Newtonian self-rewetting film. In order
to further understand the non-Newtonian self-rewetting liquid
both in theory and in possible future experiment, we will study
viscoelastic self-rewetting film. In this work, we aim to ex-
amine the RT instability of the viscoelastic self-rewetting film
flowing down a temperature-controlled inclined substrate and
to reveal how these parameters influence the flow instability.
The rest of this paper is structured as follows. In Section 2,
we formulate the physical model of the problem and derive a
nonlinear partial differential equation for the thickness of vis-
coelastic self-rewetting film. In Sections 3-5, we systemati-
cally examine the linear stability, the nonlinear traveling wave,
and the transient simulation of evolution equation in the ab-
sence/presence of viscoelastic coefficient, respectively. Con-
clusions of this work are drawn in Section 6.

2. Mathematical description
2.1. Governing equations and boundary conditions

Consider an inclined substrate with a uniform and con-
stant temperature 7y and length L, beneath which an incom-
pressible thin viscoelastic self-rewetting film flows, as shown
in Fig. 1. Here, T is generally not equal to the ambient gas

temperature T;. The inclination angle of the substrate from
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the horizontal is defined as «, where o = O corresponds to
the horizontal case. The rheological model of the viscoelastic
liquid in the layer is described by the Walters B” liquid. To
provide a description of the flow system, we choose a two-
dimensional Cartesian coordinate system (x,z), where x and z
coordinates are in the directions along and normal to the solid
substrate, respectively. The ambient gas is passive and inviscid
so that its motion is neglected. The thickness of the film at any
instant ¢ is denoted by A(x,7), with an unperturbed thickness
of hg. It is supposed that the variations of the density p and
the viscosity u within the fluid due to temperature differences

are both negligible.!**!

Viscoelastic liquid of
self-rewetting materials

Fig. 1. Schematic representation of a self-rewetting viscoelastic fluid
flowing down an inclined plate with constant temperature.

The proposed model represents an approximation to the
first order in elasticity and obeys constitutive equation given
by Beard and Walters[#*!

5eij
or’

where 7;; is the stress tensor, p is the isotropic pressure,

Tij = —pdij+2Ueij —2% M

0; ; is the Kronecker delta, yp is the viscoelastic coefficient,
ejj = (du;j/dx;+ du;/dx;)/2 is the rate of strain tensor, and
u; are the components of the velocity in the x; direction of a
fixed coordinate system. When the viscoelastic coefficient 7
is set to zero, the constitutive equation (1) recovers the Newto-
nian situation. The co-rotational derivative of the rate of strain
tensor Se;; /0t is defined as

56,’ j _ 8e,~ j

ot ot

8e,~j 8u,~ aui
Um Oxy - Eelm - memr ()

Motion of the laminar, incompressible, weakly viscoelastic
liquid film is governed by the continuity equation and momen-

tum equation, which are represented in vector form as
V.-u=0, 3)

p(iﬂu-V))u:ngrV-n, 4)

where V = (d/dx,d/dz) is the gradient operator, u = (u,w)
denotes the velocity vector, g = (gsin &, gcos &) is the gravity
acceleration, and 7 is the Cauchy stress tensor whose compo-
nents are given in Egs. (1) and (2). Since the viscous dissipa-

tion effect is very small in our present parametric regions, so it

is ignored in energy equation. Temperature 7' within the liquid
phase is governed by
pcp% = AV2T. (5)
Here, A and ¢, denoting the thermal conductivity and the spe-
cific heat capacity of the liquid, respectively.
At z = 0, no-slip, no-penetration boundary conditions,

and a constant surface temperature at the inclined wall are
u=0, w=0, T=T;. 6)

The balances of normal stresses and of shear stresses at the

liquid-air interface z = h(x,t) yield, respectively,
n-mw-n=-—ko, @)
n-w-t=Vio-t, ®)

where n = 1/(140%h/dx*)'/2(—dh/dx,1) is the unit normal
vector, t = 1/(1+ d%h/dx?)"/?(1,0h/dx) is the unit tangent
vector, and o is the surface tension of the liquid—air interface.
For self-rewetting fluids, the surface tension o is often mod-

eled as a quadratic function of temperature 7', given by
6 = oo+or(T—T)’, ©)

where oy is the minimal surface tension attained at 7 =
Ty, and or = (1/2)d?c/dT? is the positive surface tension

[37

parameter.3”! Tts physical properties with ordinary fluids are

shown in Fig. 2.

o

Ordinary liquids

Self-rewetting

g0
T
|

Ty T

Fig. 2. Physical property of an ordinary fluid and a self-rewetting fluid.

At the liquid—air interface z = h(x,t), the heat transfer be-
tween the liquid and the ambient gas is given by the Newton’s

law of cooling!*]

aT
—)ya—n:hg(T—Tg)7 (10)
where hy is the rate of convective heat transfer from the lig-
uid to the ambient gas. The system is closed by imposing the

kinematic boundary condition at z = h(x,r), which reads
hy +uhy —w = 0. an

The components of the Cauchy stress tensor 7 obtained

from Egs. (1) and (2) are presented as

Ty = —p+ 20y — 20 [ty + ity + Wik,
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—2u% —u (u, +wy)], (12a)
Ty = —p+2Uw, — 2% Wy + WWer + uwy,
—2w% —wy(u +wy)], (12b)

Ty = T = (U +wy) = Yol +War +u(Wr + ttyz)
FW(Wag +utzy) — 2(ugw; + uxWx)}~ (12¢)

Without further explanation, the subscripts of all variables be-

low represent relevant partial derivatives. Substituting for-

mula (12), the governing equations (3) and (4) can be rewritten
as follows:

Uy +w, =0, (13a)
. 1 u
U+ Uy + Wiy = gsino — pr+ E(uxx+uzz)

Y

- ; (’/lxxt Uy — Uyl + Ullygy + Wik, — UW;z;

+ Witzgy + Woglty + 2WxWap — UgWiy — Wz”zz)a (13b)
1

W +uwx +ww; = gcosa — Epz + %(Wxx +wz)

Yo

- ; (Want +Wezr — 3WWop + WWig + UWazr — Wik

(13¢)
(13d)

+ UWyxr — Waxll + 2Uz Uy — Wxllzz — Wx”xx)y
T +uly +wT, = K(Tw + Ty),

where K = 4 /pcp, is the thermal diffusivity of the liquid.
Boundary conditions are expressed as

u=0, w=0, T=T;, at z=0, (14)
and at the free interface z = h(x,t) are
2u

1+h2

2w
1+h2

—h)zcug + W)Zc — R futy + Wy +u(Wie —weg) + Wty — tyy)

o
thxv (15a)

[(1 - h;zc)(uz + WX) + th(Wz - MX)]

—p+ [(h)% — Dty — Ay (uz +wy)] +470”)2c

{(h;zc — 1) (s + tzwx — Wwz — )

—2uw, —2uwy]} =

u
1+ h?

1
+H7{2yohx(2ux, + 2uyy + 2ww,, — uf + w)zc —2u;wy)
X

—(1- h;zc)VO [tz + Wy A u(Waw — Weg) +w (g — thrr)
1 do

—2(uzwy +uywy)]} = mﬁ(ﬂ—&-hﬂ}), (15b)
A
*ajjgydfmn+ﬂgzhgT—Q) (15¢)

2.2. Nondimensionalization

To write the governing equations as well as the boundary
conditions in dimensionless form, we apply the following set
of scaling:

(u7 W) = UO(Uv W)a

U
(x,2,h) = ho(X,Z,H), p="E2p
ho
h
t:J%,TfQ:%EfQW,Y: 1 (16)

ph’

Uo 2

where Uy = pgh% sina/p is the characteristic velocity, given
by the balance between the x component of gravity and the
viscous force, and T — T is the characteristic temperature, de-
fined as the temperature difference between the substrate sur-
face and the ambient gas.

Using the above dimensionless variables, the scaled gov-
erning equations are obtained as

Ux +W, =0,

Re(U;+UUx +WUyz) =1—Px+Uxx +Uzz
—YRe(Uxxt +Uzzr — 3UxUxx +UUxxx +WUxxz
—UWzz2 +WUzzz +WzzUz

+2WxWzz — UzWxx —WzUzz), (17b)
Re(W; +UWx +WWz) = cotae — Pz + Wxx +Wzz
—YRe(Wxxc +Wzze — 3WzWzz + WWzzz +UWxz7
—WUxxx +UWxxx —WxxUx
+2UzUxx — WxUzz — WxUxx),
Pe(0; +U6x +W0y) = Oxx + 677,

(17a)

(17¢)
(17d)

where the Reynolds number, Re = pUpho /1, determines the
ratio of inertial to viscous forces, and the Péclet number,
Pe = RePr, characterizes the ratio of convection to diffusion,
with the Prandtl number Pr = u/pK measuring the ratio of
momentum to thermal diffusivities.

The boundary conditions in non-dimensional form are

given by
U=0, W=0, 6=1, at Z=0, (18)

andatZ=H(X,7)

2 2
—P+——|(Hy —1)Ux — Hx (U, W,
+1+H)2([(X )Ux — Hx (Uz +Wx)]
2Rey
4ReyU} — =1
+e"XHH,%

x {(Hg — 1)(Uxt + UzWx — WWzz — UUxx)
— H3UZ + Wy — Hy [Uzc + Wyt + U (Wyxx —Wzz)
—|—W(UZZ — Uxx) —2U; Wz — ZUwa]

Hxx

—_— 19
(1+H2)2 (192)

1
= [We—i— EMa(Gi — 90)2:|

1
————[(1 — Hg)(Uz + Wx) +2Hx (W7 — Uy)]
\/1+H3
R
2 HY (U + 2UUxx +2W Wz — U2

\/ 1+ HE
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+ Wi —2UzWy) — (1 — H§) [Uzg + Wy e +U (Wxx — Wzz)
+W(Uzz — Uxx) —2(UzWz + UxWx)]}

= Ma(@ifeo)(91X+eriZ), (19b)
1 .
(Giz _erix) = —Blei (19C)
(1+H3)
H.+UHx —W =0, (19d)

where a new variable, 6;, is adopted to denote the temper-
ature at the liquid—gas interface, the Weber number We =
00/ LUy determines the ratio of capillary to viscous forces, the
Marangoni number Ma = 207 (T; — Ty)? / uUp indicates the ra-
tio of thermocapillary to viscous forces, and the Biot number
Bi = hgho/A quantifies the ratio of the conduction resistance
of the liquid film to the interfacial resistance. It should also
be noted that 6; is nonconstant and it is a function of X, Z,
H. For normal films, the Marangoni term is determined by the
interfacial temperature, 6; (see Eq. (13) in Ref. [46]). How-
ever, for self-rewetting films, it is determined by the difference
between the interfacial temperature 6; and 6y (see Eq. (19b)
or Eq. (12b) in Ref. [47]). Here, 60 = (Tp — T,)/(Ts — Ty) is
the dimensionless temperature at which the surface tension ob-

tains its minimal value.

2.3. Long-wave approximation

Referring to the long wave model, the interfacial slope,
temporal and spatial fluctuations of the thin film are very slow,
resulting in the introduction of a film parameter, € = hy/L ~

0; ~ dxy < 1. We use the following approximation to rescale:
(8T,3x) — 8(87,8;(), axx — Szaxx, W —eW. (20)

After inserting Eq. (20) into Egs. (17)—(19), the governing
equations become

Ux +Wz =0, (21a)
eRe(Ur +UUx +WUy)

= 1— &Py +€*Uxx +Uyzz — YRe(€Uxx: + €Uzzs
—383UxUxx + £ UUxxx + € WUxxz — eUWzzz
+eWUzzz + WUz + 2 Wy Wy
— U Wyx — eWzUzz), (21b)

e2Re(Wy +UWy +WWy)

= cotol — Py + 3 Wxx + EWzz — YRe(€*Wxxc + €2 Wyz,
—3&2Wy Wz + €*WWyzz + €2 UWxzz — €*WUxxx
+e*UWyxx — e*WyxUx +2€*UzUxx
— Wy Uyzz — *UxxWy),

ePe(0; +Ubx +W8;) = €0xx + 077

21c)
(21d)

Boundary conditions are
U=0, W=0, 6=1, at Z=0. (22)

On the free surface, we only consider O(H,) terms whereas
other higher-order terms, such as O(H?), are ignored. So the

boundary conditions at Z = H(X, 7) are

—P —2¢[Ux + Hx (Uz + €Wy )] + 4Reye* Uy
+2Reye*{Ux . + U Wy — WWy, — UUxx
— W2 + Hy Uz + €Wy 4+ U (e2Wyxx — Wyz)
+W(Uzz — €2Uxx) — 22U Wz — 262 Ux Wy |}
= [We+ %Ma(ei — 6)%]e>Hyx, (23a)
Uz + €*Wx +2e*Hy (Wz — Ux) + Rey{2&>Hx (2Ux .
+2UUxx +2WWyz — & 2U2 + 2W3
—2U;Wy) — €[Uz; + *Wy 1 + U (e*Wxx — Wzz)
+W (Uzz — €2Uxx) — 2(UzWz + €2Ux Wy )|}

= Ma(ei—e())&‘(eix —|—Hx912), (23b)
6, — €*Hyx 6, = —Bi#;, (23¢)
H;+UHx —W =0. (23d)

Here, we consider a typical self-rewetting fluid, the water-
I-butanol 5 vol% (volume of 4 ul) with p = 10° kg/m’,
1= 1073 Pa:s—10~* Pa-s, 6 ~ 3 x 1072 N/m, and surface-
tension parameter or ~ 2.2 x 107% N/mK. The parameters
in the present simulation are computed from the experiments
conducted by Mamalis et al.1*8] Given by the temperature dif-
ference of T; — T, ~ 10 K and the characteristic velocity Uy of
10~! m/s, we can estimate that Re is from 1 to 10, We is from
100 to 1000, Ma is from 0 to 4,141 Bi is from 0.01 to 1.1 Fur-
ther, we assume Pr < 1, so the convective heat transfer term
is neglected in the energy Eq. (21d).

To get the asymptotic solutions of Egs. (21)-(23), we ex-
pand the velocity components U, W, pressure P and the ab-
solute temperature 6 asymptotically in powers of aspect ratio
e(« 1) as follows:

U=U"+eU'+0(¢?), W=w"+ew'+0(e),
P=pP’+eP' +0(e?), 6=0+€0'+0(e?), (24

where [U°, WO, P, 8% and [U', W', P!, 0] are the leading-
order and the first-order solutions, respectively. It should be
pointed out that the flow dynamics of the higher-order O(€?)
will be ignored in the following analysis in Eq. (24).

We substitute Eq. (24) into the governing Eq. (21) as well
as the boundary conditions (22)—(23) and solve these equa-

tions up to O(g). The zeroth-order solutions of velocity pro-
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files along X, Z directions, pressure distributions and temper-

ature profile

1
U = —522+HZ, (25a)
1
wo = —EHXZZ, (25b)
P’ = coto(Z—H) — e*WeHyx
1
- EMa(ef) — 6y)2e?Hyy, (25¢)
BiZ
00 =1-——— 25d
1+BiH’ (25d)

where the leading-order interfacial temperature is therefore
obtained as 6° = 6°|,_y = 1/(1 + BiH).
For the first-order problems, the U I and P! are calculated

as
1
Ul = COtOCHX+82W€HXXX—I—EMCI(GiO—eo)zEZHXXX
0_ 0.2 _£2
+Ma(0i Go)eixe HXX HZ )
z3 Z
+Ma(9i0 — 6())91?(2+R6<6H7 — EHZHT
_Zyn +Z—4HH
6 X T
ZZ
— Rey(zHHX —H.Z— 2H2HXZ> , (262)
P! = —(H+Z)Hy. (26b)

The detailed calculations of the above leading-order and first-
order solutions are illustrated in Appendix A.
Using the continuity equation, kinematic condition

Eq. (23d) can be written in the conservation form
H
Hq + 0y / Udz = 0. 27)
0

Substituting U = U° 4 €U into Eq. (27), we obtain the equa-
tion
2 S5 1,2
H:+H”Hx + € |Rey EH HX+§H H;
5

3 6 4 1 3
—Re(—H°H —H"H. —cotaoH H
e(40 X+24 r)+300 e

1 1
+ EMa(eio —60)0) H> + 382WeH3Hxxx} =0. (28)
X

To eliminate the term of H; in Eq. (28), we only con-
sider the zero-order solution, obtaining H; = —H?Hx + O(¢)
and applying it to Eq. (28). Following the transformation of
€(d1,0X) — (dt,0X), a new nonlinear evolution equation
for the thin viscoelastic self-rewetting fluid film thickness is
generated

1 2

H:+ H’Hx + | =ReyH*Hy + —ReH®Hy
~—— |3 15

1

I 11

~cotaH Hy — —————— (6 — 60)H*H.
T3¢0 X gy O~ WH Hx
v v
1
+ §WeH3HXXX =0, (29)
~—_—— X
VI

where term I represents the convective term due to mean flow
under the gravity component parallel to the substrate, term II
corresponds to the viscoelastic effect, term III denotes the fluid
inertia, term IV is the gravity component perpendicular to the
substrate, term V accounts for the thermocapillary stress due
to the interfacial temperature gradient, and term VI indicates
the surface-tension effect. We adopt the viscoelastic param-
eter 3 = 0.04 N-s>/m? of a typical Walters B” fluid, and its

30511 Therefore, our analysis

dimensionless range is 0 to 0.4.1
of RT instability of viscoelastic self-wetting film is limited to

theoretical aspects.

2.4. Linear stability analysis

To study the linear stability of the base state, the film
thickness H is decomposed into its base solution H = 1 with a

small spatiotemporal-dependent perturbation H*, which reads
H=1+H" (30)

After inserting Eq. (30) into Eq. (29) and ignoring all the non-
linearized terms of H*, we obtain the following linear equation
for the perturbation:

H‘L’ +HX+ gRe'}/HX"—EReHX"—gCOtaHX
MaBi

1
————— (6 — 6p)H + sWeHxxx
2(1+BiH)? X3 X

=0. 3D
We assume a sinusoidal film perturbation of the form
H* = Hexp(ikx + 01), (32)

where i = —1, and o, k, and H (H < 1) denote complex
wave frequency, the complex wave number, and amplitude
of the perturbation, respectively. Substituting Eq. (32) into
Eq. (31), we derive the general dispersion relation @(k),

1 2 1
® = —ik+ ~Reyk® + —Rek® + - cot atk?
1 —|—3 ey —1-15 e +3co
—————= 0k — kW, 33

2(1+Bi)? 30 e (33)
where @ = m; + iw; is the complex frequency, the real part @;
quantifies the advection of the perturbed wave and the imagi-
nary part @; quantifies the temporal growth of the perturbation.
Because the surface tension depends on the difference between

the temperature corresponding to the minimum surface tension
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6 and the interfacial temperature 6;, we define a thermal pa-
rameter ® = 6; — 0y to indicate the temperature difference for
clarity. Therefore, in this linearized system, ® >0 and ® < 0
correspond to 6; > 6y and 6; < 6y respectively, representing
heating and cooling of plate. It is in the range of —1 to 1.1>?]

According to Eq. (33), we obtain

1 2 1
o = §Re}/k2 + ERek2 + 3 cot ak?

— O — K We. 34
2(1+Bi)? 30 "¢ (34)

Positive values of @, indicate temporally instability and nega-
tive values of @; are stability, and the cutoff wavenumber k. at

o, =0is

1 2 3MaBi
ke= 1| — | Rey+ =R toe— ————0 |.
c \/We( ey+ 5 e+coto 20 +Bi)2®) (35)

By setting do;/dk = 0, we derive the wave number of the

most unstable mode &,

/1. 11 3MaBi
km=1/—( ~Rey+ =Re+ ~cotar — 2" o). 36
m \/We(Z YR O T B > (36)

From Egs. (35) and (36), we can clearly see that in the ab-
sence of substrate heating or cooling, namely, ® = 0, k., and
km are strictly positive, indicating that the flow is always tem-
porally unstable under an inclined plane (0 < o < 7/2). Due
to the amplification of long waves by the gravitational compo-
nent perpendicular to the substrate, unconditional instability
is caused, i.e., the gcos a triggers the well-known Rayleigh—
Taylor instability. [-*]

Figure 3 depicts the variation of the real temporal growth
rate @, with the wave number k when the viscoelastic co-
efficient y changes in a heated and cooled substrate. The
curves corresponding to viscoelastic self-rewetting fluids al-
ways lie above the curves associated with Newton liquid, and
the curve with stronger viscoelastic coefficient is farther away
from the Newton liquid curve, as can be seen from the two
graphs. In other words, the cutoff wave number k. and maxi-
mal growth rate oy, increases with viscoelastic coefficient in-
creases. Closer investigation reveals that the growth rate indi-
cated in Fig. 3(a) is smaller than that seen in Fig. 3(b) for the
same viscoelastic coefficient, revealing that the thermocapil-
lary stress destabilizes the flow for a negative ®. This conclu-
sion is in agreement with case of self-rewetting films flowing
down a vertical fiber ignoring the 7.7

0.03
— ~4=0 W (a)
—= y=0.3 LT
0.02} 7=0.5
------ ¥y=08 .
3 0.01f
‘,"" /./'/ ‘‘‘‘‘ \‘\
Bt N
i : k
mmetEE T N N ©
0 S *
\.
\-
—0.01 : L
0 0.05 0.10 0.15 020 0.25
k
— =0 Wm b
0.06f —.—. v=0.3 * (®)
v=0.5
------ v=0.8
0.04}
3 /'// B \\'\ \
0.02} S \, VT
o0 \‘ '-‘
\ 4
\ 5
\ kc*
\
\

0.10 0.15 0.20 0.25 0.30
k

0 0.05

Fig. 3. Temporal growth rate @, as a function of wave number k for different
7: (a) a higher interfacial temperature, ® = 1; (b) a lower interfacial tem-
perature, ® = 1. The results for a normal film (y = 0) are also depicted for
reference. Here, o = /4, We = 100, Bi = 1, Ma = 4, and Re = 5.

0.30
2 =i,
--------- Stable - y=10.3 |
0.25p "t T v=0.5
L Te— Tl === v=0.8
0.20F T ~me ool T T
£ 015F T~ el
0.10} T
0.05F Unstable
% 2 4 6 8 10
Ma
0.35

0.30t
< 0.25}

0.20f

Fig. 4. Marginal stability curves demarcating the stable and unstable re-
gions in the Ma—k. plane when ¥ =0, 0.3, 0.5, and 0.8 for a film under
(a) a heated substrate (@ > 0) and (b) a cooled substrate (® < 0). Here,
oo=m/4, We=100,Bi=1, and Re = 5.

The curves displayed in Fig. 4 present the marginal stabil-
ity curves as a function of the Marangoni number for different
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values of viscoelastic parameter . For a given Ma, the linear
unstable zone grows with rising 7y in the vicinity of the thresh-
old of instability, demonstrating that a lower viscoelastic coef-
ficient stabilizes the film more effectively. In Fig. 4(a), we can
clearly see that increasing Ma, the unstable regions decrease
in the case of ® > 0. This result is totally opposite to the case
of normal fluids in Ref. [17]. However, as seen in Fig. 4(b),
the situation changes when Ma is increased. This is because
the surface tension of self-wetting fluid is a monotonically de-
creasing function like that of ordinary fluid before the critical
temperature 6;, while it is a monotonically increasing function
after the critical temperature 6;. As for ® < 0, the interfacial
temperature (6;) is lower than 6, where surface tension de-
creases as temperature increases, and thus Marangoni stresses
exhibit the same properties as it in normal fluid. Also, it can
be inferred from Fig. 4(a) the temporal RT instability is com-
pletely inhibited, when the Marangoni number Ma is greater
than a critical value Ma. This result is consistent with an ear-
lier study on hot capillary membranes. >3l More crucially, the
critical value Ma increases with 7.

3. Numerical simulation

Since the nonlinear evolution equation of the film thick-
ness is difficult to be solved analytically, numerical methods
are needed to solve the Eq. (29). We employ the line approach
to numerically solve the nonlinear equations in order to better
understand the space—time dynamics.!>* A perturbation with
the most unstable wave number k,, is utilized as the initial con-
dition

H=1-+0.05coskpx. 37

The detailed algorithm of the line method is illustrated in Ap-
pendix B.

To verify the availability of the present code, we com-
pared the nonlinear evolution equation with the results ob-
tained by Jia and Jian in Ref. [55]. Since the expression of
the surface tension is different, we should select the first half
of the quadratic function, namely 6; < 6y. Since ® = 6, — 6,
for the simplified model, let us say ® = —1. When y = 0,
® = —1, we plot Fig. 5, which shows that we have a good
agreement with Jia and Jian.>]

Figure 6 respectively describes the free surface thickness
H of Egs. (31) and (29) under cooling and heating conditions.
We can observe small amplitude fluctuation of the free surface
thickness H, which is consistent with the small amplitude dis-
turbance considered by linear stability method and long wave
approximation method. However, it is worth noting that the
amplitude fluctuation of the numerical simulation is more vi-
olent than that of the linear stabilization method, and the peak
value moves slightly to the upstream of the substrate. And it

is even more pronounced under cooling conditions. But the
overall trend of evolution of the two free surfaces is the same.

1.10
1.08 +
1.06 |
T
1.04+
1.021 — present evolution
O Evolution by Jia and Jian (n=0)
1.00 . ’ - . -
0 5 10 15 20 25 30
X

Fig. 5. Comparisons of the evolution of free surface thickness H of
Jia and JianP>! and the present study by setting some dimensionless
parameters Re = 1, Ma =3, Bi=1, a = n /4, We = 30, t = 30.

1.07

(a) s
1.06 ol ‘\‘
1.05f
1.04} ;

T |
1.03 '
1.021 Evolution of free surface thickness H |

of Eq. (31) \‘
LR Evolution of free surface thickness H “‘
of Eq. (29)
1.00 . . \ \ \
0 10 20 30 40 50 60
X
1.10 PR
(b) P
1.08 | g
1.06
1.04}
—— Evolution of free surface thickness H ‘-‘
1.02 F of Eq. (31) \
----- Evolution of free surface thickness H “‘
of Eq. (29) R
1‘00 1 1 1 1 1 b
0 10 20 30 40 50 60

X
Fig. 6. Comparisons of the evolution of free surface thickness H of
Eqgs. (31) and (29) by setting some dimensionless parameters Re = 3,
Ma=3,Bi=1,a=mn/4, We =100, 1 = 50, y = 0.2. Different panels
in the graphs indicate (a) ® =1, (b) @ = —1.

In Figs. 7 and 8, we describe the temporal evolutions of
the thin film at sequenced time scales ¢+ = 10-30 under the
conditions of substrate heating and cooling respectively. Fig-
ure 7(a) shows that the wave amplitude is less than 1.06 and
the frequency is quite slow for y = 0. To investigate the influ-
ence of the viscoelastic coefficient y on the film instability, we
increase 7y from 0 to 0.4 in Figs. 7(b)-7(d). We find that the
amplitude and frequency of waves increase with the increase
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of 7. Similarly, we can also clearly find same conclusion from  compared with that when ® = 1 under the same conditions. It
the changes in Fig. 8. It is worth noting that when ® = —1,  is further verified that substrate heating has an inhibitory effect
the wave frequency and amplitude are significantly enhanced  on RT instability.

1.06 1.06
1.04 1.04
1.02 1.02
T 1.00 1.00
0.98 0.98
0.96 0.96
0.94 0.94
0
1.06 1.08
1.04 1.06 ¢
1.02 1.04r
1.02f
T 1.00
1.00f
0.98
0.98}
0.96 0.96
0.94 :
0 20 40 60 so 99 20 40 60 80
X X

Fig. 7. The film thickness for different time scales, when Re = 3, We = 100, Bi = 1, @ = n/4, Ma = 3, t = 10-30, © = 1. Different panels in
the graphs indicate (a) y=0, (b) y=0.1,(c) y=0.2,(d) y=0.4.

1.05¢ 1.05¢

T 1.00f

1.00¢

0.95} 0.95+

1.05 1.05
T 1.00 1.00
0.95} 0.95}
0.90 0.90
0 20 40 60 80 0 20 40 60 80
X X

Fig. 8. The film thickness for different time scales, when Re = 3, We = 100, Bi = 1, o« = & /4, Ma = 3, t = 10-30, ® = —1. Different panels
in the graphs indicate (a) y =0, (b) y=0.1, (¢) y=0.2,(d) y=0.4.

Figures 9 and 10 represent long-time free surface evolu-  confirming its destabilizing effect. By observing Figs. 9 and
tion for different viscoelastic coefficients y. The subplots de- 10 at the same time, we can demonstrate again the promot-
scribe the 60-80 time span when ® =1 and ® = —1. The ing effect of ® < 0 on RT instability. A comparison between
wave crests magnify as the increase of viscoelastic coefficient, Figs. 7, 8, and 9, 10 demonstrates that the wave amplitude
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increases dramatically as ¢ increases. In addition, oscillation
of the thin liquid film tends to accumulate downstream of the
tilted substrate under long periods of oscillation, and the free

tigate the combined effects of v and © in Figs. 9(a) and 10(d).
Comparing Fig. 9(a) with Fig. 10(d), we can clearly see that
RT instability becomes more unstable with y increases, as @

surface is flat in the front end of substrate. Further, we inves- changes from heated to cooled.
1.07 1.08
(a) t=80 (b) t=80
1.06}
1.05F 1.06
1.04}
= t=60 = 1.04
1.03} t =60
1.02} 1.02
roif — =0 —y=0.1
1.00 . . . 1.00 . . .
0 20 40 60 80 0 20 40 60 80
X X
1.08 = 1.10 @
C
1.08 t=80
1.06} y
1.06
T 1.04f = 1.04
1.02
1.02}
——~v=0.2 1.00  y=04
1.005 20 40 60 80 0'980 20 40 60 80
X X

Fig. 9. The film thickness for different time scales, when Re = 3, We = 100, Bi = 1, @ = n/4, Ma = 3, t = 60-80, © = 1. Different panels in

the graphs indicate (a) y=0, (b) y=0.1, (c) y=0.2,(d) y=0.4.

1.12 : 1.15
t =80
110} @ (b)
1.08
1.06
T 1.04
1.02
1.00
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0.96
0
1.15
110l 1.15
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1.05]
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1.00}
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0950 4 —0.2 0.95
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Fig. 10. The film thickness for different time scales, when Re = 3, We = 100, Bi = 1, oo = 7t /4, Ma = 3, t = 60-80, ® = —1. Different panels

in the graphs indicate (a) y=0, (b) y=0.1, (¢) y=10.2,(d) y=0.4.

Typical results of the numerical solution of the self-
rewetting viscoelastic liquid under an inclined plane are
presented in Figs. 11 and 12. Here, we describe the free sur-

face configurations at an instant # = 50. A comparison between

the fl

flow

064701-10

the Figs. 11(a) and 11(b) shows that decreasing Re stabilizes
ow by weakening the wave amplitude when fixing other
parameters constant. This means that the effect of inertia on

stability is significant. From Fig. 11(c), we observe that
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for any given 7, the wave amplitude increases with decreas-
ing We, which clearly detects the stabilizing role of the We-
ber number We. Because a large value of the Weber number
corresponds to large surface tension, the surface instability
will be impeded if a larger Weber number is used. Taking
Figs. 11(a) and 11(d) into consideration, the amplitude of the
perturbation shrinks with increasing ¢, indicating that a larger

1.07
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1.05F"

1.04}
1.03t ﬁ
1.02} '
1.01}

1.00

1.07

1.06 () 1

1.05¢

o 104
1.03}
1.02} ——

(i
cooo
N =

LR

101} o

1.00

0 5

Ju
[==]

15 20 25 30
X

inclination angle stabilizes the film more strongly. This is be-
cause gravity tangential component causes a flow that might
influence the disturbance, allowing the instability to shift par-
tially at small inclinations but totally disappear at larger incli-
nations. The analysis results in Fig. 12 are the same as those

in Fig. 11, which are only two cases of substrate heating and

cooling.
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Fig. 11. The film thickness for different viscoelastic coefficients at X = 0 ~ 30, when Ma = 3, ® = 1, t = 50, Bi = 1. Different panels in the
graphs indicate (a) Re =3, We = 100, o = m/4; (b) Re = 1, We = 100, ot = m/4; (c) Re = 3, We = 250, o = m/4; (d) Re = 3, We = 100,

a=rm/5.
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Fig. 12. The film thickness for different viscoelastic coefficients at X = 0 ~ 30, when Ma = 3, ® = —1, t = 50, Bi = 1. Different panels in
the graphs indicate (a) Re = 3, We = 100, @ = w/4; (b) Re = 1, We = 100, a = 1 /4; (c) Re = 3, We = 250, a = m/4; (d) Re = 3, We = 100,

oa=rm/5.
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Figures 13 and 14 also give the typical results of numeri-  the longer substrate, the less obvious the fluctuation in the up-
cal solutions of the self-rewetting viscoelastic liquid under an
inclined substrate. But the length of the substrate X is different
from Figs. 11 and 12. The length of the substrate in Figs. 11
and 12 is X = 30, and the length of the substrate in Figs. 13

and 14 is X = 60. Comparing Figs. 11 and 13, we find that

stream of the substrate. At the same time, the crest will move
downstream as the substrate grows. It is worth noting that
increasing the substrate length results in an increase in ampli-
tude of the perturbation. This means that the RT instability is
promoted with plate length.
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1.04}
T 1.04f T
1.03}
Lo2f ——7=01 LO2b =01
- -y=0. S-y=0.2
....... v=0.4 1.01} .......320.4
1.00 . - . - . 1.00 . - - : :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
X X
1.07 1.08
1.06}
1.05} 1.06p
1.04}
aw T 1.04}
1.03}
— =0 0
| ——y=0.1 —=
1.02 7”3:0.2 102 =01
Lo =04 =02
1.01 y=04 A4 by
1.00 s - - - s 1.00 s - - s s
0 10 20 30 40 50 60 0 10 20 30 40 50 60
X X

Fig. 13. The film thickness for different viscoelastic coefficients at X = 0 ~ 60, when Ma = 3, ® = 1, t = 50, Bi = 1. Different panels in the
graphs indicate (a) Re = 3, We = 100, & = w/4; (b) Re = 1, We = 100, ot = w/4; (¢) Re = 3, We = 250, a = w/4; (d) Re = 3, We = 100,

a=rm/5.
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Fig. 14. The film thickness for different viscoelastic coefficients at X = 0 ~ 60, when Ma =3, ® = —1, t = 50, Bi = 1. Different panels in the
graphs indicate (a) Re = 3, We = 100, a = w/4; (b) Re = 1, We = 100, a = w/4; (c) Re = 3, We = 250, oo = 7t /4; (d) Re = 3, We = 100, 0. = /5.
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Fig. 15. Three-dimensional view of the waves with fixed Re = 3, We =
indicate (a) y=0, (b) y=0.1,(c) y=0.2, (d) y=0.4.
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Fig. 16. Three-dimensional view of the waves with fixed Re = 3, We = 100, Bi = 1, Ma = 3, ® = —1, and a = ©t/4. Different panels in the

graphs indicate (a) y=0, (b) y=0.1, (c) y=0.2,(d) y=0.4.

Figures 15 and 16 display the evolution of the wave with
X and T for different viscoelastic parameters y under cooling
and heating. All the figures demonstrate that the wave’s max-

imum height and wave frequency increase with an increase in
Y.

4. Conclusions

To summarize, in this work we have developed and in-
vestigated for Rayleigh Taylor instability of viscoelastic self-
rewetting film flows under a temperature-controlled inclined
substrate. The rheological property of the viscoelastic liquid

is described by Walters B” model. The nonlinear free sur-
face evolution equation is derived from the governing equa-
tions and boundary conditions and the viscoelastic parame-
ter ¥ is introduced to characterize the viscoelastic effect. The
heated capillary stress makes the flow unstable when © is neg-
ative, regardless of whether the viscoelastic effect is incorpo-
rated, according to the linear stability of the evolution equa-
tion. But when @ is positive, the heated capillary stress makes
the flow more stable. Furthermore, analysis of the dispersion
relation showed that whenever ® > 0 or ® < 0, the real tem-

poral growth rate and cutoff wave number increase with the
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increase of viscoelastic coefficient. By comparing ® > 0 and
® < 0, we found that the actual time growth rate and cutoff
wave number increase more significantly at @ < 0. Moreover,
we use the line method to numerically simulate the nonlinear
evolution equation and systematically examine the space-time
variation of the film free surface. The numerical results re-
veal that the magnitude and frequency of the disturbance in-
crease with the viscoelastic coefficient. The numerical simu-
lation results also found that thin liquid film oscillation tends
to accumulate downstream of the inclined substrate when the
evolution time is long enough. Also, we found that increas-
ing We or @ makes the system more stable for a given range
of viscoelastic coefficients. However, increasing Re shows the
opposite result. At the same time, we can also found that the

length of the substrate also promotes RT instability.

Appendix A: Derivation of leading-order and
first-order solutions

In this paper, we only consider the first-order O(€) model,
in which the governing equation Eq. (21) and the associated
boundary condition Egs. (22) and (23) become

Ux +Wz =0, (Ala)
eRe(U; +UUy +WUy)
=1—ePx+Uzz— ’)/Reé‘(Uzzf —UWyzzz
+WUzzz +WzzUz —WzUzz), (Alb)
cotax — Pz +eWzz =0, (Alc)
6,7 = 0. (Ald)
AtZ =0,
U=0, W=0, =1, (A2)
and at Z =H,
—P— 28(Ux +HxUz)
1
= [We+ S Ma(6; - 60)%]€>Hyx, (A3a)
Uz — Reye(2Hx U2 + Uz + UUxz + WUz,
—2UzWz) = Ma(6; — 6p)€6; x, (A3b)
9172 = —Biei. (A3C)

As mentioned above, all variables [U, W, P, 0] are expanded

to

[U,W,P,6]

=[U° W% P°, 8% +elU', W P 0] +0(e?), (Ad)

which are inserted into Eqgs. (Ala)—(A3a) to yield the zeroth-

order and the first-order governing equations.

(1) Zeroth-order equations
Ug+W2=0, U=—1, P)=cota, 62,=0,
Z=0: U'=0, w°=0, 6°=1,
1
Z=H: P’'=—|We+ 5Ma(ei" —6)%| e*Hyx,

Uy =0, 6,=-Bi6.

1

(ii) Leading-order solutions
1
U’ = _EZZ +HZ,

1
wo = —§HX22,

P’ = cota(Z — H) — Wee’Hyx
- %Ma(@io — 6p)e’Hyx,
Biz
 1+BiH’
The zeroth-order interfacial temperature: 60 = 6°|,_y =
1/(1+ BiH).
(iii) First-order equations

Uy +W, =0,
Re(U? +UUQ +WOUD)

= —P{+ U, — YRe(Uyy, — U Wy,
+WOUR,, + Wo U — WRUgy,),
—P+W2, =0,
622 =0,
Z=0: U'=0,w'=0, 6! =0,
Z=H: P'+2(Uy+HxUy) =0, 6, = —Bi6],
Uy — Rey[2Hx (U)* + Uy,
+U°UQ, +WoU2, — 202w

= Ma(6 — 60)0.

(iv) First-order solutions

1
Ul = {cot o Hy JFEZW@HXXX + EMa(GiO — GO)ZEZHXXX

ZZ
+Ma(6? — 60)6-?X82HXX} (HZ =) +Ma(6?

1

73 Z Z Al
0 2 4

ZZ
— Rey(zHHx —H.Z— 2H2HXZ) \

P' = —(H+Z)Hy.

Appendix B: Numerical simulation

To better solve this problem, equation (29) should be
rewritten as
JH 00

57ty =0 (B1)
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with

1 1 1
0= gH3 + 3 oot aH3Hy + §WeH3HXXX

———— —Re
2(1+BiH)? T 15 X

1
+ gRe«yH“}L]X. (B2)

Since equation (B1) is a fourth-order partial differential equa-
tion, four boundary conditions and an initial condition are re-
quired. When the liquid—gas interface is in contact with a
solid, previous careful experimental studies of the contact line
region show that true contact is not really achieved. Instead,
the surface of what appears to be a dry solid is covered by a
very thin film called lead film.>¥ In this work, the precursor
film is defined at downstream (X = L) and the thickness does

not change with time. Therefore, the four boundary conditions

are
JoH
FI(IJ,T‘):l7 E(L,T)ZO,
oH J’H

where L denotes the nondimensional domain length. We use
the unified spatial grid X; = (i— 1)AX,i=1,...,N to discretize
nonlinear evolution equation, where X = L/N. The film thick-
ness values at the grid points, denoted by H;, are functions of
time only and satisfy a system of N first-order ordinary differ-

ential equations

J0H; j -0
i Qi =0 2. (B4)
aT AX
where Q;.. 1/, are values of Q at points half-way between i and
i+ 1 the grid points, X;4/, = X; = AX /2. When the index i is

between 3 and N —2, Q;..; ), are expressed as
Hii1 —H;
AX
Hiy 2 —3H;y1 +3H;— H;
AX3

> >
(Hiyy +H;)

1 1
Qi+l/2 = 6(H13+1 +Hl3) + ECOta(Hi?;l +Hl3)

1
+ G WelHY +H})
1 MaBi®
4 (1 —‘y—Bi(H,;H —|—H,')/2)2
Hi1 —H;
AX
Hiy1 — H;

AX )

1 1

Oisip= B(H? +HY )+ ECOta(H? +H} )

Hiy1 —H;
AX

1
+ ERe(H?+1 +HY)

1
+ 6Rey(H,-‘fH +H) x (B5)
H;—H;

AX

1 Hiy1—3H;+3H;,_ 1 —H;_;
+ EWE(HI-B +H? ) e

1 MaBl@ 2 2
_Z H?+ H-

2 (S Bi(H, - H )2 M +H=)
H;—H;_;

AX

H;—H;
AX

1
+ ERe(H? +H? )

H;—H;
—x

It should be noted that in order to ensure that discretiza-

1
+ 8Rey(H,-“ +H ) x (B6)

tion is consistent with the mass conservation of the liquid, the
function Q in Eq. (B4) should be evaluated at i + 1/2 instead
of i+1. Fori=1, 2, N—1, and N, this finite difference
method, 53! which is second-order accurate in space, produces
imaginary points (points outside the domain). Near X = 0, we
use the symmetry condition to obtain Hy = H, and H_; = H3.
The first equation of Eq. (B3) indicates that the film is flat near
X = L, so the thickness at the imaginary point corresponding
to i = N 42 can be approximated by the zero-slope condi-
tion, resulting in Hy4, = Hy. Further, equation (B4) can be
solved using a standard differential equation solver (for exam-
ple, MATLAB software).
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