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The presence of anticrossings induced by coupling between two states causes curvature in energy levels, yielding a
nonlinearity in the quantum system. When the system is driven back and forth along the bending energy levels, subharmonic
transitions and energy shifts can be observed, which would cause a significant influence as the system is applied to quantum
computing. In this paper, we study a longitudinally driven singlet-triplet (ST) system in a double quantum dot (DQD)
system, and illustrate the consequences of nonlinearity by driving the system close to the anticrossings. We provide a
straightforward theory to quantitatively describe the energy shift and subharmonics caused by nonlinearity, and find good
agreement between our theoretical result and the numerical simulation. Our results reveal the existence of nonlinearity in
the vicinity of anticrossings and provide a direct way of analytically assessing its impact, which can be applied to other
quantum systems without excessive labor.
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1. Introduction
Nonlinearity has been extensively explored especially in

modern photonic functionalities, including laser light control,
generation of ultrashort pulses, all-optical signal processing,
et al.[1,2] It also plays an important role in superconducting
circuits[3] and other emerging systems such as graphene,[4]

plasmonics,[5,6] and nanomechanicals.[7–9] In gate-defined
quantum dot (QD) system,[10–15] the subharmonics caused by
nonlinearity have also been observed.[16–20] One mechanism
that leads to nonlinearity in the QD system is the appearance
of nonlinear dependence of electric g-tensor on the applied
field.[21,22] Moreover, the nonlinearity can also be introduced
by anharmonic confining potential,[19,23] orbital dynamics,[24]

and Landau–Zener–Stückelberg (LZS) dynamics.[18,25] Mag-
netic misalignment and Rashba spin–orbit coupling are also
probable mechanisms[26] that lead to nonlinearity in QD.

Aside from the above mechanisms, nonlinearity can also
be introduced when the system is driven in the vicinity of
the anticrossing, and the nonlinearity can be significant when
the system is close to the anticrossing. As we would show
later, this kind of nonlinearity is caused by the curving en-
ergy levels near the anticrossings in essence, and thus is not
limited to the QD system. More importantly, the resulting
driving-dependent energy shift is crucial for high-fidelity qubit
control.[27] Meanwhile, subharmonic transitions can be em-
ployed to simplify microwave engineering in qubit control.[19]

In this work, we study the nonlinearity by focusing on the

regime where the system experiences a longitudinal drive near
the anticrossings, while keeping the driving amplitude small
enough to avoid the system passing through the anticrossings.
We demonstrate our results based on the ST system in a DQD,
which is one of the most studied quantum systems consist-
ing of two spins.[28–33] Based on the ST system, we observe
the driving-dependent Bloch–Siegert shift[34] and the subhar-
monic transitions in its spectrum. We find that the resonant
frequency shifts with both energy detuning and driving ampli-
tude, which can be of great importance in high-fidelity qubit
control.[27] Moreover, we study the non-linear dependency of
the Rabi frequencies on driving amplitude in both principal
and subharmonics, which suggests the potential application of
the subharmonics in qubit control.[19] The mechanism of non-
linearity we study here can coexist with other mechanisms and
is not limited to QDs; thus, it is versatile and of unignorable
significance to other systems.

2. Results
The ST systems have attracted much attention in recent

years due to their intriguing energy structure, enriched phe-
nomena, convenient readout, and most importantly, demon-
stration of spin-based two-qubit gates.[28–33] The ST system
consists of two spins in a coupled DQD system, and the low-
est five energy levels are relatively isolated from other excited
states. The basis of the five-level subspace can be given by
{| ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩, |S20⟩}, in which the arrows represent
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the spin states and S represents the singlet state. The charge
configurations of the first four states are the same, given by
|(1,1)⟩, which means one spin in each dot, while the configu-
ration of |S20⟩ is |(2,0)⟩, which means both spins are located
in the left dot.

Supposing the g-factors are scalars, i.e., g1 and g2, the
dynamics of the ST system can be described by the following
Hamiltonian:[28,29,35,36]

𝐻5 =


Ēz 0 0 0 tso

0 δEz 0 0 t/
√

2
0 0 −δEz 0 −t/

√
2

0 0 0 −Ēz tso

tso t/
√

2 −t/
√

2 tso ε

 , (1)

where Ēz = (g1 + g2)µBB/2, δEz = (g1 − g2)µBB/2, with B
being the magnetic field strength, µB being the Bohr magne-
ton, and ε being the energy detuning between two QDs. The
off-diagonal elements t and tso are the tunnel coupling and
spin–orbit coupling strengths, respectively. In the following
discussion, we set g1 = 4.0, g2 = 3.0, and tso = 5 µeV, t =
16 µeV, which is accessible in the experiment.[35–37] In prac-
tice, detuning ε can be relevant to gate geometry though,[10]

it is often tuned by gate voltages. Anticrossings can be found
when ε ≈ 0 in the ST system, which plays an important role
in state manipulation.[12,13] The energy levels as a function of
detuning ε with B = 0.25 T is presented in Fig. 1 by solid
lines. From the spectrum, we see the energy levels bend in the
neighbor of anticrossings, which implies the existence of non-
linearity and leads to higher harmonics of the driving field.
Obviously, the closer the system is to the anticrossings, the
more significant the nonlinearity is.

100

100

0

0

-100

-100 200

E
 (
m
e
V

)

ε (meV)

Fig. 1. Energy levels versus detuning ε . The energy levels given by Eq. (1)
are presented as solid lines, while the results of Eq. (2) are given by black
dashed lines. The energy levels are calculated with g1 = 4.0, g2 = 3.0,
tso = 5 µeV, t = 16 µeV, and B = 0.25 T. In the vicinity of anticrossing,
we can see a non-linear dependency of the energies on detuning ε .

In the matrix form of the Hamiltonian given in Eq. (1),
the nonlinearity is not obvious. The curving energy levels
suggest that the mechanism of nonlinearity originates from
the couplings, in other words, perturbation from |S20⟩. In
addition, in the context of spin two-qubit gates, we are in-
terested in the transitions between two-qubit product states,

i.e., | ↑↑⟩, | ↑↓⟩, | ↓↑⟩, | ↓↓⟩. Hence, we suppose the detuning
ε is large enough (ε ≫ t(so)) and treat |S20⟩ perturbatively by
a Schrieffer–Wolff (SW) method.[38,39] After SW transforma-
tion, we obtain a 4×4 Hamiltonian as follows:

𝐻4 =


Ēz + Jso ∆ −∆ Jso

∆ δEz + Jt −Jt ∆

−∆ −Jt −δEz + Jt −∆

Jso ∆ −∆ −Ēz + Jso

 , (2)

where

Jso ≈
t2
so

ε
, Jt ≈

t2

2ε
, ∆ ≈ t × tso√

2ε
. (3)

Notice that in Eq. (3), we neglect the contribution of ±Ēz and
±δEz in Jt , Jso, ∆ by assuming ε ≫ Ēz, δEz, and make an
approximation 1/(±Ēz + ε) ≈ 1/(±δEz + ε) ≈ 1/ε . The en-
ergy levels calculated by H4 are also presented in Fig. 1 by
the dashed lines, and we find good agreement between the
two results from the comparison, which illustrates the accu-
racy of the perturbation. In Eq. (2), we see that perturbation-
induced terms Jt , Jso, and ∆ all depend on ε non-linearly,
and the curving energy levels can be well described. In ad-
dition, the nonlinear dependency on ε reminds us that by ap-
plying a drive to ε , i.e., ε = ε0 + ε1 sin(2π f t) (ε1 represents
the driving amplitude and ε0 determines the working point),
we would obtain higher-harmonics of driving frequency f and
observe subharmonic transitions between either two product
states. However, SW transformation cannot be simply applied
since the Hamiltonian matrix is now time-dependent. Fortu-
nately, the influence of the time-dependent term is on the or-
der of 𝒪(h f ε1/ε2

0 ), where h is the Plank constant. To elim-
inate this problem, we restrict ourselves to the condition that
ε1 and f are small enough compared to ε0, i.e., h f ε1 ≪ ε2

0 ,
which is reasonable in practice, so that Eq. (2) is still valid
when ε is time dependent. In general, the nonlinearity is sig-
nificant when close to the anticrossings, but we shall avoid the
system passing through the anticrossings, where the SW trans-
formation fails. For problems beyond our discussion, e.g.,
ε1 ≥ ε0, one can turn to a more versatile but sophisticated
approach.[25,40–42]

When a driving field is applied, according to Eq. (3), we
have ∆ = t×tso/(

√
2(ε0+ε1 sin(2π f t))). For ε1 is small com-

pared to ε0, ∆ can be expanded as follows:

∆(t) =
1√
2ε0

∑
n=0

(−1)n
(

ε1

ε0
sin(2π f t)

)n

. (4)

This equation indicates the existence of higher harmonics of f
in ∆ . We perform a Fourier transformation of ∆ in the condi-
tion of ε0 = 200 µeV, ε1 = 100 µeV, and the resulting ℱ(∆)

is presented in Fig. 2(a). From ℱ(∆) we clearly see the higher
harmonics of ∆ labeled by ∆ (n), n = 1, . . . ,4. Furthermore,
we track the value of ∆ (n) as the driving amplitude varies, and
the results are presented in Fig. 2(b) by the solid lines. When
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the amplitude ramps up, the subharmonics become more sig-
nificant. To observe the nonlinearity induced by the curving
energy levels, we calculate the time-averaged transition prob-
ability between | ↑↑⟩↔ | ↑↓⟩ (labeled by T12) and | ↓↑⟩↔ | ↓↓⟩
(labeled by T34), which is defined by

Ti j = lim
t→∞

1
t

∫ t

0
|⟨i|U(τ,0)| j⟩|2 dτ, (5)

where U(τ,0) is the time-evolution operator from time t = 0
to t = τ . The numerical simulation is carried out based on
the Floquet method[43] by substituting ε = ε0 + ε1 sin(2π f t)
to Eq. (1). From Fig. 2(b) we see that when ε1 = 100 µeV, the
subharmonics are considerable; thus, the subharmonic transi-
tions are supposed to be obvious. In Fig. 2(c), we present the
transition probability T12 + T13 as a function of driving fre-
quency f and external magnetic field strength B when ε1 =

100 µeV. From this result we clearly see two principal transi-
tions, which represent manipulation of spin on the right (T12)
and left (T13) dots, respectively. In addition, subharmonics are
also observed as expected, which is generated by the nonlin-
earity included in the energy levels. With respect to the ap-
pearance of subharmonics induced by the nonlinearity, there
are two subsequent problems we are interested in, i.e., (i) how
are the resonant frequencies and (ii) Rabi frequency influenced
by the driving field? In what follows, we study these two ques-
tions both numerically and theoretically.

0.2

0F
(∆

) 
(m

e
V

)
∆
↼n
↽

1

0
0 100 200

ε1 (meV)

ε1=100 meV

f (GHz)

∆(1)

∆(2)

∆(3)
∆(4)

n/
1 2
3 4







f
 (

G
H

z
)

 .

B (T)

T12⇁T13

(a)

(b)

(c)
0.5 0

Fig. 2. Higher harmonics of driving frequency included in ∆ . (a) Fourier
transformation of ∆(t), in which higher harmonics ∆ (n), n = 1, . . . ,4
are obvious. (b) ∆ (n) versus driving amplitude ε1. When ε1 increases,
the subharmonics become more significant. (c) Transition probabil-
ity T12 + T13 as a function of driving frequency f and magnetic field
strength B. The simulation is carried out by setting ε0 = 200 µeV and
ε1 = 100 µeV, as indicated by the vertical dashed line in panel (b). Both
principal and subharmonics are observed, which is in good agreement
with the theoretical prediction.

First, we investigate how the resonant frequency depends
on the ε0 and ε1. According to Eq. (3), we learn that Jt,so ∝

(ε0 + ε1 sin(2π f t))−1. Note that in the condition of ε0 > ε1,
we have

1
T

∫ T

0

1
ε0 + ε1 sin( 2π

T t)
dt =

1√
ε2

0 − ε2
1

, (6)

which indicates that the mean values of Jt,so are not zero. We
denote the net contributions as Jt,so, which are dependent on
both ε0 and ε1, and determine the resonant frequency. This

kind of frequency shift generated by the longitudinal drive is
called the Bloch–Siegert shift,[34] which can be well described
by the Floquet method,[43] whereas we can interpret it in a
more straightforward way in the language of nonlinearity here.

To illustrate the energy shift induced by the nonlinearity,
we calculate the averaged transition probability | ↑↑⟩ ↔ | ↓↑⟩
(T13) and | ↑↓⟩↔ | ↓↓⟩ (T24). These two transitions are closely
watched in the experiment since they are relevant to the two-
qubit controlled-NOT gate.[29,33,44] The simulation is carried
out with B = 0.1 T, and the joint probability T13 +T24 is pre-
sented in Figs. 3(a) and 3(b). To be specific, simulation in
Fig. 3(a) is carried out with ε1 = 50 µeV, while in Fig. 3(b)
we set ε0 = 800 µeV. As we can see, the resonant frequencies
shift along with ε0 and ε1 in Figs. 3(a) and 3(b), respectively.
To quantitatively study the energy shift, we extract the dis-
tance between two transition peaks from Figs. 3(a) and 3(b),
and the results are presented by the scatters in Figs. 3(c) and
3(d). From Eq. (2), this energy difference can be described by
δ f = 2× Jt − Jso. We present the result of δ f = 2× Jt − Jso

in Figs. 3(c) and 3(d) with solid lines, while the dashed lines
in yellow and purple stand for the contributions from Jt and
Jso, respectively. We find good agreement between the simu-
lation and theory from Figs. 3(c) and 3(d), which proves that
the energy shift can be explained by the nonlinearity here.
Furthermore, the ε0-dependent δ f can be directly interpreted
from the energy structure of ST in Fig. 1, nonetheless, the ε1-
dependency of δ f is non-trivial, which is relevant to the non-
linearity. Based on the fact that energy shift plays an impor-
tant role in achieving high-fidelity qubit control,[27] the non-
linearity we study here is crucial in realizing a high-fidelity
controlled-NOT gate.

Simu.

Jt↩Jso

Jt

Jso

Simu.

Jt↩Jso

Jt

Jso

Fig. 3. Bloch–Siegert shift induced by nonlinearity. (a) Transition prob-
abilities T13 + T24 as a function of driving frequency f and ε0 with
ε1 = 50 µeV. (b) T13 +T24 as a function of f and ε1 with ε0 = 800 µeV.
From the results we see that the resonant transitions shift with ε0 and
ε1. Panels (c) and (d) are frequency differences δ f between two transi-
tions versus ε0 (c) and ε1 (d). The results extracted from the simulation
are presented by the scatters, and the theoretical results are indicated by
lines. The energy shift can be well described by 2×Jt − Jso, which agrees
well with the theory.
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In addition to the energy shift, we also observe a change
in the linewidth of the resonant signal in Fig. 3. Since dissipa-
tion is not included in the simulation, the linewidth of Ti j di-
rectly indicates the Rabi frequency of the relevant resonance.
To this end, we study the Rabi frequency between different
product states as a function of driving amplitude. Higher har-
monics of the driving frequency are induced by the nonlin-
earity included in the energy levels, which can be described
by Eq. (2). As aforementioned, the net contribution of diag-
onal terms Jt,so dominates the energy shift. In the following,
we investigate the influence of off-diagonal terms on the Rabi
frequency. Before focusing on the subharmonics, we evaluate
the influence of the time-independent part of the off-diagonal
terms, i.e., the mean values of ∆ and Jt,so. As we discussed
above, Jt,so has a nonzero mean value, as does ∆ . Accord-
ing to Eq. (6), the value of the time-independent part is on the
order of ε

−1
0 , which is sufficiently small compared to the driv-

ing frequency. Hence, the influence of the time-independent
off-diagonal terms can be neglected during rotating wave ap-
proximation (RWA).

Since all the states are directly connected to each other
by matrix elements in Eq. (2), we expect resonant transitions
between either two product states. We calculate the averaged
transition probability of | ↑↑⟩↔ | ↑↓⟩ (T12), | ↑↓⟩↔ | ↓↑⟩ (T23)
and | ↑↑⟩ ↔ | ↓↓⟩ (T14) with B = 0.1 T, ε0 = 400 µeV, where
T12 represents the flip of a single spin, T12 is for the two-qubit
SWAP, and T14 is for two spins flip simultaneously. Here, we
extract the Rabi frequency frabi of each process at both prin-
cipal and second-order harmonics, and show the dependency
of frabi on driving amplitude ε1, which ranges from 50 µeV to
300 µeV. The system can be described by a two-level model
when it is on resonance; thus, we can obtain frabi from the
width of the time-averaged transition peaks. The theoretical
result can also be obtained without excessive labor, i.e., the
frabi is determined by the Fourier components of the corre-
sponding off-diagonal terms.

The Rabi frequency for each process labeled by f12, f23,
and f14 under different driving amplitudes ε1 is presented by
scatters in Fig. 4. For the principal (n = 1) and second har-
monic (n = 2), frabi depends differently on ε1, as shown in
Figs. 4(a) and 4(b). Specifically, for n = 1, frabi ∝ ε1

1 when ε1

is relatively small. When ε1 increases, the second harmonic
becomes significant, and the dependency is non-linear and is
more like frabi ∝ ε2

1 . For n= 2, the relationship is entirely non-
linear, given by frabi ∝ ε2

1 and frabi ∝ ε3
1 for small and great

driving amplitudes, respectively. The theoretical results are
also presented in Figs. 4(a) and 4(b) by solid lines, which is in
accordance with the simulation. This result shows that, when
the driving amplitude is small, we have frabi ∝ εn

1 for nth-order
harmonics, which is in accordance with the experiment.[19]

When ε1 becomes greater, the expansion in Eq. (4) is inaccu-

rate, and a higher harmonic dominates the dynamics. Even so,
the Fourier coefficient of the coupling elements is able to de-
scribe this result correctly in the whole range. This result also
indicates the potential of subharmonics in qubit control[19]

since driving a qubit at half of its Larmor frequency would
substantially lower the requirement in microwave engineering.
Regarding the decoherence rate, it has a positive correlation
with the derivative of energy levels about ε0 and may be de-
pendent on temperature.[45,46] Thus, in order to perform qubit
control based on subharmonics, the working point and driv-
ing amplitude should be carefully chosen, and the parameter
optimization is left for future experiments.

(a) n/ (b) n/

Simu. Theo.

Simu. Theo.

Fig. 4. Rabi frequencies f12, f23, and f14 (extracted from T12, T23, and
T14) versus ε1 at the principal (a) and second harmonic (b). The results
from numerical simulation are presented by scatters, while the results
from theory are displayed by lines. The gray dashed guiding lines are
also placed in panels (a) and (b), which represent frabi ∝ ε1

1 , frabi ∝ ε2
1 ,

and frabi ∝ ε3
1 .

3. Conclusion
We study the nonlinearity introduced by the bending en-

ergy levels of an ST system in a DQD, which can be found
near the anticrossings. By applying a longitudinal drive near
the anticrossings, we demonstrate the energy shift and subhar-
monic transitions induced by the nonlinearity. In the context
of quantum computing, the driving-dependent energy shift can
be important with respect to high-fidelity qubit control,[27] and
the subharmonic transitions can be potentially helpful to lower
the requirement of microwave engineering.[19] In the regime of
ε0 > ε1 ≫ tso, t, f , we provide a concise approach to quantita-
tively describe the nonlinearity and its corresponding phenom-
ena. To be specific, by applying SW transformation, we obtain
a reduced Hamiltonian, in which the matrix elements depend
on ε non-linearly. In this way, the energy shifts are well de-
scribed by the mean values of the diagonal elements, and the
higher harmonics are generated from the harmonics of the off-
diagonal elements. This understanding of the nonlinearity is
intuitive, convenient, and comprehensive and is essential to
high-fidelity qubit manipulation. Last, the mechanism of non-
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linearity we introduced here is not limited to the QD systems
and, thus, our results can be important to other quantum sys-
tems.
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[20] Forster F, Mühlbacher M, Schuh D, Wegscheider W and Ludwig S
2015 Phys. Rev. B 91 195417
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