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The control of dissipation and amplification of solitary waves in an electrical model of a microtubule is demonstrated.
This model consists of a shunt nonlinear resistance—capacitance (J(V)-C(V)) circuit and a series resistance-inductance
(R-L) circuit. Through linear dispersion analysis, two features of the network are found, that is, low bandpass and bandpass
filter characteristics. The effects of the conductance’s parameter A on the linear dispersion curve are also analyzed. It
appears that an increase of A induces a decrease (an increase) of the width of the bandpass filter for positive (negative) values
of A. By applying the reductive perturbation method, we derive the equation governing the dynamics of the modulated
waves in the system. This equation is the well-known nonlinear Schrodinger equation extended by a linear term proportional
to a hybrid parameter o, i.e., a dissipation or amplification coefficient. Based on this parameter, we successfully demonstrate
the hybrid behavior (dissipation and amplification) of the system. The exact and approximate solitary wave solutions of
the obtained equation are derived, and the effects of the coefficient o on the characteristic parameters of these waves are
investigated. Using the analytical solutions found, we show numerically that the waves that are propagated throughout the
system can be dissipated, amplified, or remain stable depending on the network parameters. These results are not only in

agreement with the analytical predictions, but also with the existing experimental results in the literature.

Keywords: microtubule, dissipation and amplification, hybrid behavior, solitary wave solutions
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1. Introduction

Due to its great importance in various biological pro-
cesses, protein dynamics has been widely studied in recent
years.!!?] Microtubules (MTs) are a typical example of such
structures. They represent the main components of the cy-
toskeleton and play a crucial role in electrical activities within
eukaryotic cells, including, for example, cellular division, in-
tracellular information processing, regulation of synaptic in-
puts, modulation of neural firing, regulation of developmen-
tal plasticity, and mediation during transport of electrical
signals. %!

MTs are hollow cylinders formed by protofilaments
aligned in directions parallel to their axis. The approximate
values of their outer and inner radii are 25 nm and 15 nm,
respectively. (40! Their lengths are of the order of microme-
ters or millimeters. Many theoretical and experimental studies
have been envisaged to analyze their properties and dynamics.
For instance, Priel et al. studied experimentally the electro-
dynamic properties of MTs.[”] The obtained results demon-
strated that MTs are excellent conductors of electrical sig-
nals. They can also amplify an electric current stimulated by
an applied voltage pulse. Through electroorientation experi-

ments, Minoura and Muto found that the conductivity of the
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MT was 1500 mS/m, which was 15 times higher than that of
the surrounding buffer.l®! Freedman et al. investigated ionic
currents through microtubule nanopores.®! The obtained re-
sults showed that the nanopores have asymmetric inner and
outer conductances. Havelka et al. investigated multi-mode
electro-mechanical vibrations of an MT.!!%! They showed that
electrically polar collective vibration modes of MTs lead to a
quasi-periodic electric oscillating potential. Based on the kink
solitons and breathers, Zdravkovic et al. explained the nonlin-
ear dynamics of MTs.[11:12]

To better understand the dynamics of MTs and to elu-
cidate their role in the electrical activities of cells, sev-
eral electrical models of these biological systems have been
proposed in the literature. In fact, since the pioneering
work by Tuszynski et al. on nonlinear electrical transmission
lines (NLTLs) modeling ionic wave propagation along actin
filaments,[!3) growing interest has been devoted to the use
of NLTLs to mimic the behavior of MTs. For instance, the
ionic-conduction properties of an MT have been investigated
through a model of NLTL.[ Tlic ef al. used the same model to
show that the localized ionic wave could be used to explain the
behavior of MTs as biomolecular transistors capable of am-

plifying electrical information in neurons.!!3! This model was

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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also exploited to describe the electrostatic potential coupled to

6] Similar stud-

the propagating localized waves along MTs.
ies have also been conducted by Freedman et al. and Sataric
et al. considering a two-dimensional electrical model!® and

7] respectively.

an NLTL with negative resistive components,
Based on another model, these authors and other cowork-
ers investigated the polyelectrolyte character of MTs.l'81 A
new NLTL model has also been introduced to investigate the
creation and propagation of localized pulses of positive ions

(191 Recently, Ndjomatchoua et al.

flowing along cellular MTs.
demonstrated that the electrical wave propagation in an MT
could be modeled by a discrete NLTL including a cubic nega-
tive nonlinear resistance. >’ More recently, using an electrical
model with strongly nonlinear resistive elements, Ghomsi et
al. studied the capability of the inner part of an MT.!?!] Other
models of NLTLs mimicking the dynamics of MTs have also
been realized.[?>%]

Analyzing the above cited works, we note that existing
models to mimic the electrical behavior of MTs in the band-
pass domain have only focused on the dissipative character
of these systems. However, experimental evidence suggests
that MTs act as biological electrical wires that can amplify
electrical signals via the flow of condensed ion clouds. For
instance, Priel et al. have shown that taxol-stabilized MTs be-
have as biomolecular transistors capable of amplifying electri-
cal information.!”! In addition, this author and other coworkers
obtained similar results by studying the effect of calcium on

(241 Hence, these works sug-

electrical energy transfer by MTs.
gest that a complete description of the dynamics of the elec-
trical bio-signals’ propagation along MTs via a model of an
NLTL can be made by taking into account both dissipation
and amplification characteristics of MTs. To the best of our
knowledge, such a study has not yet been considered.

In this paper, we aim to broaden the understanding of
models of MTs as nonlinear electrical transmission lines with
nonlinear resistive elements. Specifically, we undertake simul-
taneously herein the investigation of the amplification and the
dissipation of electrical signals in an electrical model of MTs
which is presented along with its exact dynamical equation in
the next section. In Section 3, we first show that the dynamics
of modulated waves in the network is governed by the stan-
dard nonlinear Schrodinger equation extended by a dissipa-
tion/amplification term. Next, the signs of various coefficients
of this equation are studied. Finally, the baseband modula-
tional instability of the amplitude equation is investigated. In
Section 4, we investigate the exact and approximate solitary
wave solutions of the governing equation. Analytical investi-
gations of these obtained solutions are performed in Section 5.

We conclude our paper in Section 6.

2. Model description and dynamic equation
2.1. Model presentation

The physical electrical model of a microtubule considered
in the current paper is depicted in Fig. 1. It was described in
some detail in Ref. [20] and consists of several identical blocks
connected in sequence one to the other. Each block includes a
shunt nonlinear conductance—capacitance (J(V,)-C(V,)) cir-
cuit and a series resistance—inductance (R—L) circuit. The first
nonlinear element is a varicap diode whose differential capac-
itance C(V, +V,) = dQ,/dV, is a nonlinear function of the
voltage V,,. For low voltages around the dc bias voltage V4,
Q.(V;,) at the (n)th node can be defined by?-26]

00 =Co (Vo — Vi +BV3), (1

where Cj is the characteristic capacitance. a and 8 are posi-
tive real parameters. The second nonlinear element is negative

nonlinear resistance satisfying the following expansion: >’}

J(V,)) =BV, (Vo —dy) (Vo — da) . )

In this relation, B is an amplitude factor determined by the
slope at V. =0 V. d; and d, are voltages which determine the
zeros of J. For the active behavior of J, d; and d, have the

opposite signs, while they are positive for the passive behavior
of J.[27:28]

Vit C(Vy) ;_ JV)| Vi

O

Fig. 1. Schematic representation of the electrical analogy of the MT model.

Considering B, = B(d; +d») and By = —Bd,d,, rela-
tion (2) can be rewritten as

‘,(Vn) = BVn3 - Ban2 - BIVn

Here, B, and B; represent the quadratic nonlinear and lin-
ear coefficients, respectively. The physical dimensions of By,
By and B are [Q7'], [@7!'-V~!] and [Q'- V2], respec-
tively. Note that for d; = —d,, we obtain the expression of
the negative nonlinear resistance effects of ionic flow through
nanopores used in Refs. [20,21].

Applying Kirchhoff laws to the circuit of Fig. 1, the fol-
lowing differential equations governing the dynamics of signal
voltage (V,,(¢)) in the network are obtained:

a2
ar?
+“(2)% (nVa+nVi + 1Y)

(Va— aViZ + BV, ) + 1§ (2Vi — Vit — V1)
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+ui (BiV;} — V2 —4AV,) =0, (3)

with u§ = 1/(LCo), i = RB, o4y = RBy, A = RB, /4, 1 =
(RC() —LBl), v = —(RCQ(X+LB2), Y = (LB—‘,—RC()ﬁ) and
n=1,2,...,N. N represents the total number of blocks. In
this study, numerical investigations are made for the following

values of the network parameters: [!6-27]

L=08fH, Cy=132fF, d»,=05V, dy=-05V,
=013Vl B=00197V2 B=0.125mA/V>. (4)

2.2. Linear dispersion law

The linear dispersion law of the model of Fig. 1 is derived
and examined in this subsection. To this end, we consider the
solution of Eq. (3) as V,, = Vpexp(i(kn — t)) with Vp, k and
o representing the small wave amplitude, the wave number,
and the angular frequency, respectively. Putting this solution
into Eq. (3), and neglecting the terms of power greater than V;
we obtain the angular frequency and group velocity associated
with the wave packet as

0% = 4ud {Sin2 (l;) —4 ,

Equation (5) shows that our system is a band-pass filter.

do  ulsin(k)
p=g = O
Nevertheless, we note that its allowed frequency band consid-
erably depends on the sign of parameter A which represents
the nonlinear conductance’s contribution to the angular fre-
quency. Indeed, two cases can be distinguished.

For A > 0 (didy < 0), Eq. (5) is valid if and only if
the wave number k verifies the relation k > k. = 2arcsin V.
In this condition, the system is a low band-pass filter with
lower cutoff frequency and upper cutoff frequency defined by
fo=o0(k:)/(2n) =0 and f. = o(x)/(2%) = 2up/1 — A, re-
spectively. We note that the parameter A can be used to de-
crease the bandwidth of allowed frequencies. Indeed, as we
can see in Fig. 2(a) the dispersion curve changes consider-
ably for different values of A. We can also remark that the
gap zone increases with A. This result is more clearly seen in
Fig. 3(a) where the bandwidth (f. — fo) of allowed frequencies
as a function of the parameter is plotted as a function of A.

For A < 0 (d1d> > 0), Eq. (5) describes the band-pass
filter character of the network. The corresponding upper
cut-off and lower cut-off frequencies are defined by fy =
®(0)/(2m) = 2upv/—A and f. = o(x)/(27) = 2upv/1— A,
respectively. As we can clearly see in Fig. 2(b), the band-
width of allowed frequencies also depends on the parameter
A. Figure 3(b) shows that cutoff frequencies fy and f. de-
crease simultaneously with the growth of A. In particular, a
growth of A increases the upper gap zone and decreases the
lower gap zone. These results mean that the nonlinear con-
ductance’s contribution to the angular frequency can be used
not only to change the bandwidth of allowed frequencies but

also to facilitate the analysis of wave propagation in one for-
bidden band compared to the other.

300
~0--A=0.08; ke=0.187
osol = * A =0-23; ke=0.32r +
. —X=0.39; kczO.437r°O 2
N o
£ 200 i“*
< o°° *X
& 150} &
Q (3] *
: g J
g 100} £ 4
[€X o /,‘
50} s ¥
; *
0 ; - : :
0.2 0.4 0.6 0.8 1.0
Wave number k/m
400
350
N
& 300
g
= 250
o
% 200
9} o]
& 1503M o° 0o A= —0.08
o -%-A=-0.23
100§ oo —A=-0.39
50
0 0.2 0.4 0.6 0.8 1.0

Wave number k/m

Fig. 2. Effect of the parameter A on the linear dispersion curve of the
network showing evolution of the frequency f = @/(27) as a func-
tion of the wave number k (rad/cell) with network parameters (4): (a)
dy =—d; (A >0); (b)dr =d; (A <0).

350 @
—_— a
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Fig. 3. Variation of the bandwidth of allowed frequencies as a func-
tion of the parameter A with the network parameters (4): (a) d, = —d,
(A >0);(b)dr =d; (A <0).
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3. Extended nonlinear Schrodinger equation
and baseband modulational instability

3.1. Extended nonlinear Schrodinger equation

This section is devoted to the derivation of the nonlinear
equation describing the motion of nonlinear modulated waves
in the MT electrical model of Fig. 1. Thus, we consider the
reductive perturbation approach in the semidiscrete approxi-
mation. In this method, the carrier is treated with its discrete
character and the envelope is described in the continuum ap-
proximation. Let us consider the voltage signal solution of
Eq. (3) to be of the form[?®!
i26

Va(t) = eA(x,7)e'® + £2A50(x, 7) + €240 (x,7) e 2% +-cc, (6)

where 0 = kn — ot is the phase and cc stands for the complex
conjugate of the preceding expression. € is a small parameter.
Solution (6) includes the fast local oscillation through the de-
pendence of the phase 0, and then preserves the discrete char-
acter of the network, while the dependence of the envelope
part described by A(x,T) on the slow variables T = €%t and
x = g(n— ut) takes care of the slow variation in amplitude.
We then order the damping coefficient in Eq. (3) so that the
damping and nonlinearity effects appear in the same perturba-
tion equations. In particular, we assume that the dissipation
effect of the network is weak. Thus, we consider that y; is a
perturbed parameter of order £2. Inserting Eq. (6) into Eq. (3),
we obtain different equations as power series of €.

First, the terms proportional to £exp(i6) and €*exp(i0)
give us, respectively, the angular frequency and group velocity
obtained and investigated in the previous section.

Next, from the terms of order [e?exp(0if)] and
[€?exp(2i8)], we obtain, respectively, the continuous compo-
nents Ayo(x, 7) and the second harmonic Ay (x, T) defined by

o
A (x,7) =~ | AL 1) [,

—daw? +ujoy
4ud(sin? (k) — 1) — 4?

Ax(x,7) = Alx, 02 (D)
Finally, keeping terms of order &3, proportional to
exp(i0), we obtain the following nonlinear partial differential
for A(x, 7):
0A 0°A

. 2 . o

This equation is a standard nonlinear Schrodinger equation
(NLS) extended by a linear term. Its various coefficients are

displayed below:
_ 3(Bo? - Biug) | (ugon — @*a)(Qo+ Q1)
0= + ;
2m @
P p? —u cos(k)
20

01— —4ow* + ujoy
YT 42 (sin2(k) — A) — 402’
2
__ % _ on
Q=-7y: O=-3- ©)

Equation (8) includes the dissipation/amplification ef-
fect beside the linear group velocity dispersion (GVD) and
the self phase modulation (SPM) represented, respectively,
by the parameters P and Q. For instance, o is the dissipa-
tion/amplification coefficient. It is due to the nonlinear and
linear resistances respectively, in shunt and series branches of
the network. From its expression, it is clearly observed that
this coefficient is an explicit function of the nonlinear resis-
tance parameters (B, di and d;) and can take any value and
any sign depending on the considered values of these param-
eters and also of the magnitude of the resistance R. Hence, it
becomes important to study its sign.

Specifically, since u% > 0, the nature (amplification or dis-
sipation coefficient) of o only depends on the sign of coeffi-
cient y;, which is an explicit function of the network’s parame-
ters. By definition, the coefficients L, Cy, R, and B are positive.
Therefore, the sign and the nature of coefficient ¢ only depend
on the sign of the parameters d; and d>. Various combinations
of these parameters have been used in the literature. ")
For did, < 0, let

_ B|L _ BLdd»

R, = — =
cr Co Co

(10)

1. For did, > 0, we have ¢ > 0: in this case, ¢ is a
dissipation coefficient.

2. Fordid, < 0 and R > R.;, we have ¢ > 0: in this case,
o is also a dissipation coefficient.

3. Fordjd, < 0 and R < R, we have ¢ < 0: in this case,
o is an amplification coefficient.

4. For didy < 0 and R = R, we have o = 0: in this case,
the amplitude equation (8) leads to the well-known nonlinear
Schrodinger equation. This result is in perfect agreement with
existing results on the dissipative NLTL in which the dissipa-
tive terms of the NLS equation disappear when the dissipation

130-321 However, in

elements (resistances) are not considered.
contrast to these previous results, the dissipation is not ne-
glected in the model studied in this paper. In other words,
the resistance (R) always exists in our system but its effect is
counterbalanced by the effect of the nonlinear conductance J.
This new result shows clearly that the nonlinear resistance can
be exploited to control the dissipation in the network of Fig. 1.

Although Eq. (8) has been derived in the context of NLTL
mimicking the behavior of MTs, the well-known versatility of
NLS type equations makes it legitimate to expect that its appli-
cations can extend beyond the NLTL. For instance, Okaly ef al.
derived a similar equation when studying the solitary wavelike

solutions in nonlinear dynamics of damped DNA systems. [*3]
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Likewise, it has been used by Giannini et al., Marquie et al.,
and Demiray to analyze the propagation of bright and dark
solitons in lossy optical fibers,[**! to study the modulational
instability in a real electrical lattice,*> and to investigate the
modulation of nonlinear waves in a thin elastic tube filled with
a viscous fluid, 3% respectively.
In the particular case o = 0, the discrete version of the
eigenvalue problem of Eq. (8), namely,
. aAn
L
+0 ‘ Ay |2 (An+1 +An—1) =0

+P(Ap1 +A,-1 —24,)

has also been studied by Wen et al. in order to further under-
stand the discrete rogue waves phenomena in nonlinear optics
and relevant fields.[?”) In addition, an extended discrete ver-
sion of Eq. (8) including the quintic nonlinearity has been used
in Ref. [38].

Before ending this subsection, we present in Fig. 4 the
behaviors of the dispersion and nonlinear coefficients (P and
Q) for values of the wavenumber k chosen in the first Brillouin
zone (0 < k < m). These plots show that these coefficients
can be positive, null or negative depending on the values of k
and the sign of A. These results are useful for understanding
the dynamics and the kind of localized waves that can prop-
agate in the electrical model of MTs considered in this work.
Indeed, it is well known that the kind of solutions the NLS
equation has strongly depends on the sign of the product of
these parameters. 30321

2.0
1.5
1.0
0.5
0
—-0.5
—-1.0
—-1.5

Plots of P and Q (10'%)

[
N
o

0 0.2 0.4 0.6 0.8 1.0
Wave number k/m

I
= |
= ot

Plots of P and Q (10)
L
o

|
)
(=]

0.2 0.4 0.6 0.8 1.0
Wave number k/m

Fig. 4. Nonlinear coefficients and linear dispersive curves as a function
of the wavenumber k with the network parameters (4) for the same net-
work parameters as Fig. 2: (a) A = 4.66 x 10~* (k. = 0.043 rad), (b)
A =—4.66x107%.

3.2. Baseband modulational instability

In this section, we focus our attention on the investigation
of baseband modulational instability of the amplitude equa-
tion (8). To this end, we first consider the plane wave solutions
characterized by the time-dependent angular frequency Q(7),
the wavenumber k and the time-varying unperturbed ampli-
tude Ag = Ao(7) in the form[*%:40]

A(x,7) = Agexp[i(kx — Q2(7))]. (11)

Substituting Eq. (11) into Eq. (8), one easily finds that the
characteristics of the carrier wave, namely, Ag and Q satisfy
the following relations:

0

20
Q(7) = Pk*7 — QAo(7)?,

Q(1) = P>t + —=Ao(1)?, if o #0,

if 0=0, (12)

with Ap(7) = Agoexp[—07] and Ap(T) = Agp for o # 0 and
o = 0, respectively.

Now, consider a small real phase perturbation of the am-
plitude (a(x, 7)) and phase (b(x, 7)) as follows:

A(x,7) =Ao(7)[1 +a(x, 7)]expli(kx — Q(7) + b(x, 7))]. (13)

Substituting Eq. (13) into the extended NLS Eq. (8), the
linearizing terms give the system

da da 2%b
T 2P PSS =

b ob  d%a )
5 H2Pke— =P —2aA0*0 = 0. (14)

We assume that the solutions of Eq. (14) can be written in the
form

0,

a(x,7) = agexp[i(Ksx — Vs7),
b(x,T) = bpexp|i(Ksx — vsT)], (15)

where K and v, represent, respectively, the wavenumber and
the angular frequency of the perturbation; and ag and bg are
complex constant amplitudes. Substitution of Eq. (15) into
Eq. (14) leads to a system of two linear algebraic homoge-
neous equations for ag and by. After some algebraic manipu-
lations, the dispersion relation gives

(Vs —2gKP)* = P’K? <K§ - 2PQA3) . (16)

The plane wave will be unstable against small modula-
tion if the perturbation diverges with time, that is, the right
hand side of Eq. (16) is negative. In this condition, the angular
frequency Vg of the perturbation is complex and its imaginary
part is considered as a measure of the growth rate of the per-
turbation defined as

1/2
G = {PZKZ <2PQA(2)—KSZH , 17)

110505-5
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with PQ > 0 and K2 < K2 = 22A2 .

Equation (17) shows that the baseband modulational in-
stability of the plane wave (11) occurs if and only if PQ > 0
and K? < K2.
hybrid parameter ¢ through Ao(7). Hence, this parameter can

We note that K, is an implicit function of the

be used to modify the modulational instability region. For in-
stance, for o > 0, the modulational instability region decreases
when the time (7) increases. On the other hand, for o < 0, the
modulational instability region increases with time 7. Note
that, in the particular case o = 0, the same condition of the
modulational instability is obtained but with a constant am-
plitude (Ao(T) = Ago). These analyses suggest that the ENLS
Eq. (8) can admit various solutions including bright solitons
(PQ > 0) and dark solitons (PQ < 0) to name a few. These
solutions will be constructed in the next section.

4. Exact and approximate modulated solitary
waves in the network of Fig. 2

In the present section, we focus our attention on the
derivation of the exact and approximate representations of the
solitary wave solutions of Eq. (8) which correspond to local-
ized wave solutions of Eq. (3). We first note that in the par-
ticular case o = 0, Eq. (8) becomes a standard integrable NLS
equation and admits both bright and dark as solitary wave so-
lutions. However, for ¢ # 0, Eq. (8) becomes no longer inte-
grable. Thus, to proceed with the integration of this equation,
we introduce the following ansatz:

Alx,7) = 2(7)U () exp[i(Kx — ¢(7))],

2= (1) (x— V1), (18)

where v and K are real constants; ¢(7) and ¢@(7) are the real
functions of variable T to be determined; U(z) is a real enve-
lope function. Substituting Eq. (18) into Eq. (8), we expand
and factor out the exponential factor. Then, using a prime to
denote a differentiation with respect to z, we obtain the follow-
ing equations from the imaginary and real parts, respectively:

dx
dt

PO*U" 4+ Qx*U3 + (jlf - PK2> U=0.

do

U'=0 19
ac e , (19)

+xo)U —(v=2PK)xU' +
(20)
Now, let dp/dz = 0, and Eq. (19) is satisfied for any U(z) by

asking that the coefficients of U and U’ in this equation van-
ish, i.e., dT +xc7 0 and v —2PK = 0. This gives rise to the

following expressions for y and v:

x(t) =

where Yo and ¢ are the real constants, and Vv is envelope ve-
locity. Considering Eq. (18), the solution of Eq. (8) can be

Xoexp[—o1], v=2PK, ¢(1)=¢y, (2D

rewritten as

A(x,7) = yoexp[—0o7]U(z) expli(Kx — ¢(7))],
z= @o(x—2PK7), (22)
in which U(z) verifies
Po?U" +Qx*U3 + (3"; — PKZ) U=0. (23)

Hence, the initial partial differential equation in the complex
variable A(x, 7) is now reduced to a single second order or-
dinary differential equation in the real amplitude U(z) given
by Eq. (23). In the literature, many powerful techniques have
been used to solve such an equation, and several types of so-
lutions have been constructed. #1959 Here, with the aid of the
direct method, our attention is focused on the derivation of
the solitary wave solutions of this equation. The kind of these
solutions strongly depends on the sign of the product PQ as
discussed below.

4.1. Bright-like solitary wave

Here, we are concerned with the investigation of the
bright-like soliton solution of Eq. (8). This type of solution
exists when PQ > 0. For this purpose, we introduce the soliton
solution of Eq. (23) in the form U (z) = 1/cosh(pz). Substitut-
ing this ansatz into Eq. (23) and setting the coefficients of the
obtained polynomial (in the cosh term) equal to zero, we get
the following results:

p=2,/2

o V 2P’
2
¢(r)<PK2QX°>r, if 6=0,

QXO 7207:

PK*t+ =20 (24)

o(t) = if o +#£0.

+ ¢o,

By means of these results, the solution of Eq. (20) can be

; X
written as U(z) = cosh( \/2P )

sion with the regularity condition (7 =0) =0, i.e., @y =
—(0x3)/ (40

Using this expres-

), the soliton solution (22)) can be rewritten as

s i (e S))] 5o
cosh (x()\/>(x ZPK‘L'))
A7) = Xoe STexp [ (Kx PK’7 — %{5 (e’zm — 1))} £ 640, o5b)

cosh (xoe—‘”\/g(x72PKT)) 7
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Fig. 5. Effects of the dissipative parameter on the shape of bright soliton (25)
at T =1, k = 0.57 and for the same network parameters as in Fig. 3(a).

Equation (25) shows clearly that for o = 0, the analytical ex-
pression of the bright-like soliton width is inversely propor-
tional to the soliton amplitude )y which is an independent
function of time. It is the most crucial property of the bright
soliton. On the other hand, when & # 0, the soliton amplitude
is proportional to function exp[—o7], while its width is in-
versely proportional to function exp[—o7]. This result means
that both the amplitude and width of a solitary wave can be

A(x,T) = xotanh <xm/2%(x2PKT)> exp [i (Kxf(PKzfQX(%) 7)], if 6=0,

0

A — —GTt h —07T
(x,7) = z0e *tan <Xoe :

Equation (27) represents the dark soliton solution of the am-
plitude equation (8) governing the dynamics of modulation in
our studied system. It should be noted that, as in the previous
case, the characteristic parameters (amplitude and width) of
this solution are also the function of exp[—o7]. Consequently,
it has similar behavior when the sign or value of the parame-
ter o changes. Thus, the width and the amplitude of the dark
solitary wave can be controlled by reducing or increasing the
value of the parameter o. This effect is more clearly seen in
Fig. 6, where the shape of the dark soliton (27) is portrayed for

different values of ©.

— = (x—2PK i Kx— PK?
(x 7:)) exp [1( X Ly

manipulated by controlling the parameter ¢ through resistance
elements of the network, as can be seen in Fig. 5. Specifically,
for o > 0, function exp[— 07| decreases when o increases, the
soliton width increases, and the soliton amplitude decreases
(see Fig. 5(a)).
When o < 0, function exp[—o'7] increases when o decreases,

In this case, o is a dissipation parameter.

the soliton width decreases and the soliton amplitude increases
(see Fig. 5(b)). Hence, in contrast with the preceding case, o is
an amplification parameter. These observations show that the
parameter o is a hybrid parameter and can be used to control
the shape of the bright solitary wave solution.

4.2. Dark solitary wave

When PQ < 0, the equation (20) admits a modulated
dark solitary wave as a solution. To derive the exact ex-
pression of this solution, we consider the following ansatz
U(z) = tanh(pz). Substitution of this solution into Eq. (23)
and setting the coefficients of the obtained polynomial equal to
zero leads to a system of algebraic equations for p and ¢ (7).

Solving this system of algebraic equations yields the following

results:
_x ] 2
p_ (P() 2P7
¢(t)= (PK*—Qx3)t, if =0,
o, O o .
0(7) =PK° T+ ="e%" ¢y, if o#0. (26)

20

Based on the above equation, we have U(z) =
tanh (% Wz) Using the condition ¢(7) =0, i.e.,
@ = —(0Qx3)/(20), the expression of A(x,T) can be easily
written as

(27a)

2
on(e_ml))], it 6£0. @7b)

Before ending this subsection, it is important to make
some remarks concerning the above obtained solutions. In
fact, in the particular case of ¢ # 0, the obtained solu-
tions Egs. (27b) and (25b) are the approximate solutions of
Eq. (8). They show how the amplitude of solitary waves in-
creases/decreases in time parameter 7 as they progress. In the
particular case where the hybrid coefficient ¢ is vanishingly
small, one can approximate Y () = xo and e 2°% = 1 —20T.
Thus, these approximate solutions (27b) and (25b) degenerate

to exact solutions (27a) and (25a), respectively.
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erning the dynamics of the electrical model of microtubules
have been obtained. In order to check these analytical calcu-
lations, we analyze in the current section the behavior of these
waves through the network of Fig. 2 for the wave numbers
chosen in the first Brillouin zone. More precisely, we investi-
gate the effects of the parameter ¢ on the shape of the solitary

|A(z,7)|

and rogue wave signals through the system, respectively. To
this end, we first express the obtained solutions of the ENLS

equation in terms of the network coordinates » and ¢. In fact,

—100 0 2 o0 100 considering dc and second-harmonic terms given by Eq. (7),
3.5 . . . the voltage signal solution (6) can easily be written as
3.0t _ _
ol V(1) = 2eRe [A(x, T)ei® + £01A(x, r)zelw} . (28)
T 2.0f L 2
g in which 0 = kn— of, x = €(n— ur) and T = €. ® and
< 1.5}

u are defined by Eq. (5) and represent the angular frequency
1.0t and group velocity, respectively. A(x,T) corresponds to one
of the above profiles, namely, the bright solitary solution (25)

or the dark solitary solution (27). Next, for the effectiveness

0.5¢

0

—100 —50 0 50 100 of these simulations, the network parameters (4) are exploited

L . together with € = 0.1 and yo = 1. For given wave number
Fig. 6. Effects of the dissipative parameter on the shape of dark soliton (27) g %0 g

at 7= 0.5, k = 0.617 and for the same network parameters as in Fig. 3(a). k, we evaluate the frequency (f = @ / (27r )) and the group ve-
locity of the wave using Eq. (5), the dispersion and nonlinear
5. Behavior of modulated waves through the net- coefficients using Eq. (9), and the threshold linear resistance

work of Fig. 2. R¢; using Eq. (10). The number of cells in the system is taken
In the previous sections, the bright and dark solitary wave  as equal to N = 2500. Thus, we present in Figs. 7 and 8 the
solutions of the extended nonlinear Schrodinger equation gov-  evolution of the obtained solitary wave voltage signals.
0.2 0.2 0.3
C
0.2 ()
0.1 0.1 0.1
— — ) O
E/ 0 \>/ 0 a
N N E 0.1
_ _ —0.2
0.1 w_, 0.1 —t—0
——t=1342 —0.3 *iféggg
—0.2 ——t=2684 —0.2 —04l——
0 500 1000 1500 0 500 1000 1500 0 500 1000 1500
Cell number n Cell number n Cell number n

Fig. 7. Signal voltage obtained with the exact bright soliton solution (25) of the dissipative NLS Eq. (8) at different times (in units of @)
with network parameters (4) and for k = 0.57: (a) R =3R¢ (¢ > 0); (b) R=R¢; (0 =0); (¢) R=0.1R; (0 <0).

(2) 0-2 — () 02 — @02

-0 2 500 1000 1500 2000 1000 1500 2000 1000 1500 2000
g 0.2 ’>\ 0.2 ’; 0.2
< = 0 z %9
S 0. 2 S 2 A5 —0.2
1000 1500 2000 1000 1500 2000 0 500 1000 1500 2000
0.2
———
0.
_0'20 500 1000 1500 2000 1000 1500 2000 0 500 1000 1500 2000
Cell number n Cell number n Cell number n

Fig. 8. Signal voltage obtained with the exact dark soliton solution (27) of the dissipative NLS Eq. (8) at different times (in units of @) with
network parameters (4) and for k = 0.617: (a) R = 3R (0 > 0); (b) R=R¢r (6 =0); (¢) R=0.1R;; (0 < 0).
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Figure 7 displays the shapes of the bright solitary wave
voltages at different times given in units of @~'. Tt appears
from these figures that the wave amplitude decreases while
its width increases when the hybrid parameter ¢ is positive
(Fig. 7(a)). For o = 0, that is, the effect of linear resistance
is counterbalanced by the effect of the nonlinear resistance,
the bright signal voltage propagates in the system with con-
stant amplitude, with constant width, and without distortion
of shape (Fig. 7(b)). For 0 < 0, one can see that the ampli-
tude of the wave increases progressively during propagation
(Fig. 7(c)). The results are in full agreement with the theoret-
ical prediction, and also corroborate the experimental results
obtained in Refs. [7,24]. In addition, as we see in Fig. 8, simi-
lar results are obtained with dark solitary waves.

6. Conclusion

In this paper, we have studied the dynamics of modulated
waves in an electrical model of a microtubule with linear and
nonlinear dissipative elements. Based on the linear dispersion
relation, we have shown that the system can behave like a low
bandpass filter or a bandpass filter depending on the sign of
the conductance’s contribution parameter A to the angular fre-
quency. We have also shown that the allowed bandwidth fre-
quencies of the network strongly depend on the parameter A.

Applying the reductive perturbation method, we have
shown that the well-known nonlinear Schrodinger equation
extended by a linear term proportional to a hybrid parameter
governs the motion of modulated waves in the network. The
sign of this hybrid coefficient o strongly influences the dis-
sipation/amplification nature of the ENLS equation. We have
also shown that the sign of the linear group velocity dispersion
and the self-phase modulation coefficients depends on A.

Likewise, we have derived the exact and approximate
solitary wave solutions of the obtained ENLS equation and
their dynamics through the network that has been investigated.
Our result has revealed that the amplitude and the width of the
obtained solitary waves can be controlled based on the param-
eter 6. In other words, o can be used to dissipate, stabilize, or
amplify the solitary signals propagating through the network.

Finally, the interesting results obtained in this work
clearly reveal the significant role of the nonlinear resistance in
the electrical model of MTs. In fact, this element can be used
to obtain different behaviors (dissipation or amplification) and
different characteristics (low bandpass filter or bandpass filter)
of the system. In the existing works, each one of these charac-
ters or behaviors has been examined in a specific model. Since
the electrical model of MTs investigated in the present work
adopts alternately the above cited characters or behaviors, we
named it the "hybrid” electrical model of MTs. Another in-
teresting aspect of this work is the fact that it can be useful
in making a better choice of network parameters and in better
understanding the results of experiments of the propagating
electrical signal in MTs.
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