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Noise and time delay are inevitable in real-world networks. In this article, the framework of master stability function
is generalized to stochastic complex networks with time-delayed coupling. The focus is on the effects of noise, time delay,
and their inner interactions on the network synchronization. It is found that when there exists time-delayed coupling in the
network and noise diffuses through all state variables of nodes, appropriately increasing the noise intensity can effectively
improve the network synchronizability; otherwise, noise can be either beneficial or harmful. For stochastic networks, large
time delays will lead to desynchronization. These findings provide valuable references for designing optimal complex
networks in practical applications.
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1. Introduction
Research on synchronization of complex networks has

rapidly developed in recent years and has led to prac-
tical applications in many areas such as gene regulatory
networks,[1,2] social networks,[3,4] neuronal networks,[5,6]

transportation networks,[7–9] and power networks.[10,11] There
are many methods to analyze synchronization in complex
networks,[12–16] among which, the approach of master stabil-
ity function (MSF) proposed by Pecora and Carroll in 1998 has
attracted much attention.[12] In the MSF analysis, the stability
of networks is separated into two independent tasks:[17,18] one
is to analyze the synchronized regions determined by the os-
cillator dynamics and the inner-coupling function; the other
is to analyze the eigenvalues of the network Laplacian matrix
and the coupling strength. According to the MSF principle,
if the product of the coupling strength and the eigenvalues of
the network Laplacian matrix fall within the synchronized re-
gion, the network is asymptotically synchronized.[12,19] There-
fore, existing works on improving the synchronizability of
complex networks mainly focus on two aspects. One is to
change the network structure, i.e., to change the eigenvalues
of the network Laplacian matrix.[20–23] The other is to change
the synchronized region, which has been well explored in re-
cent years.[17,24–27] For instance, it was discovered that a net-
work could have different synchronized regions by altering
the inner-coupling matrix.[24] It was also found that intro-
ducing dual-channel couplings can enlarge the synchronized
region.[17] It was moreover reported that synchronized region
can be adjusted by introducing noise into the network.[26]

For real networks, due to the physical limitation of trans-
mission speed, time delay is often non-negligible in the pro-
cess of signal transmission. Applying the method of MSF
to analyze the synchronization of networks with time-delayed
coupling reveals that synchronizability of networks can be
improved by increasing time delays.[28,29] Meanwhile, ran-
dom factors were taken into account when analyzing network
synchronization.[30–37] It was discovered that increasing noise
intensity may be beneficial to synchronization when noise
passes through all state variables.[26] Nevertheless, there is
no systematic study on the influence of both random noise
and time delay on network synchronization by using the MSF
method.

Motivated by the above discussions, the issue of synchro-
nization for stochastic complex network with time-delayed
coupling is investigated in this paper. Based on the MSF
framework, an extended master stability equation is derived
and consequently a new MSF is formulated. This extended
MSF is related to both noise and time delay, different from
commonly used network models. Further, the effects of noise
and time delay on network synchronization are examined
through extensive numerical simulations. The main contribu-
tions of this article are summarized as follows.

First, it is discovered that network synchronizability can
be enhanced by tuning time delay and noise intensity simulta-
neously. This is different from existing works which change
the network structure or altering the coupling strength. Sec-
ond, it is found that when there exists time-delayed coupling
and noise diffusion through all state variables, network syn-
chronizability can be enhanced by appropriately increasing
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the noise intensity. It is also revealed that when there exists
noise in the network, too large time delay might be harmful
to network synchronizability. These findings help deepen our
understanding of synchronization in stochastic complex net-
works with time-delayed coupling. Since noise and time delay
are common in the real world, the new theoretical results can
be useful for practical networks such as smart grids and UAV
formations.

The rest of the paper is organized as follows. In Section 2,
the research problem is formulated. In Section 3, the effects of
noise and time delay on network synchronizability are studied
under different inner-coupling functions and diffusion func-
tions. Finally, the paper is concluded in Section 4.

2. Problem formulation
2.1. Model description

Consider the following stochastic oscillator complex net-
work with time-delayed coupling:

dxi(t) =

(
f (xi(t))− c

N

∑
j=1

li jh(x j(t− τ))

)
dt

+σg(xi(t− τ)) db(t), i = 1,2, . . . ,N, (1)

where N is the number of nodes, xi ∈ Rn the state of node i,
f (·) : Rn×R+ → Rn a nonlinear and continuously differen-
tiable function representing self-dynamics of each node, c > 0
the coupling strength, h(·) : Rn×R+→Rn the inner-coupling
function, and τ the time delay. Here, we assume that the
network is undirected and connected. The Laplacian matrix
L = (li j) ∈ RN×N determines the topology of the network,
where li j is defined as follows: if there is an edge between
node i and node j, then li j = l ji =−1; otherwise, li j = l ji = 0
( j 6= i); and the diagonal elements are defined as

lii =−
N

∑
j=1, j 6=i

li j, i = 1,2, . . . ,N. (2)

The stochastic term σg(xi(t− τ)) db(t) describes modeling
uncertainties for each node, where b(t) is a standard Brownian
motion, g(·) : Rn×R+→Rn is the diffusion function describ-
ing how the Brownian motion propagates on each node, and σ

is the noise intensity.

2.2. Extended MSF analysis

The objective is to synchronize network (1) onto a de-
sired state s(t), which satisfies ds(t) = f (s(t))dt +σg(s(t −
τ))db(t). Define ei(t) = xi(t)− s(t). The error dynamics is
given by

dei(t) = dxi(t)− ds(t)

=
[

f (s(t)+ ei(t))− f (s(t))
]
dt

−c
N

∑
j=1

li jh(s(t− τ)+ e j(t− τ)) dt

+σ [g(s(t− τ)+ ei(t− τ))−g(s(t− τ))] db(t),

i = 1,2, . . . ,N. (3)

Let e(t) =
[
eT

1 (t),e
T
2 (t), . . . ,e

T
N(t)

]T ∈ RnN . The error dynam-
ics (3) can be linearized and rewritten in a compact form as

de(t) =
([
IN⊗ J f (s(t))

]
e(t)−[cL⊗ Jh(s(t− τ))] · e(t− τ)

)
dt

+σ [IN⊗ Jg(s(t− τ))]e(t− τ)db(t), (4)

where ⊗ is the Kronecker product, IN is the N ×N identity
martix, and J f (s(t)), Jh(s(t− τ)), and Jg(s(t− τ)) are the Ja-
cobian matrices of f , h, and g evaluated at s(t) and s(t− τ),
respectively.

Because the network is undirected and connected, the
Laplacian matrix L is symmetric and diagonalizable, leading
to PLP−1 = M, where M is a diagonal matrix consisting of the
eigenvalues of L and the columns of P are the set of the corre-
sponding eigenvectors. Define ξ (t) := (P⊗ In)e(t). Then

dξ (t) =
([
IN⊗ J f (s(t))

]
ξ (t)−[cM⊗ Jh(s(t−τ))]·ξ (t−τ)

)
dt

+σ [IN⊗ Jg(s(t− τ))]ξ (t− τ)db(t). (5)

The dynamics matrix of system (5) consists of N diagonal
blocks of size n×n, where each block is related to one of the
eigenvalues of the Laplacian matrix L. Note that the Lapla-
cian matrix L has one zero eigenvalue and N−1 positive real
eigenvalues satisfying 0 = λ1 < λ2 ≤ ·· · ≤ λN .

Each block of the dynamics matrix of system (5) can be
described as

dξi(t) =
[
J f (s(t))ξi(t)− cλiJh(s(t− τ))ξi(t− τ)

]
dt

+σJg(s(t− τ))ξi(t− τ)db(t), i = 1,2, . . . ,N, (6)

where ξi(t) is the i-th eigenmode related to λi.
Let η = cλi. An extended master stability equation of the

stochastic complex network with time-delayed coupling (1) is
given as follows:

dy(t) =
[
J f (s(t))y(t)−ηJh(s(t− τ))y(t− τ)

]
dt

+σJg(s(t− τ))y(t− τ)db(t). (7)

According to the MSF method,[12] the criterion that the
largest Lyapunov exponent Λ calculated by Eq. (7) is strictly
negative guarantees the stability of the synchronous state. The
synchronized region S is thus defined by the range of η for
which Λ < 0. The boundary curve of the synchronized region
is determined by the largest Lyapunov exponent. Here, Λ is
called the master stability function of Eq. (7).

From the above analyses, the stability of Eq.(1) can be de-
composed into two sub-problems. One is to identify the syn-
chronized regions of Eq. (7), which depend on the inherent
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dynamics of the isolated node f (·), inner-coupling function
h(·), diffusion function g(·), time delay τ , and noise intensity
σ . The other one is to analyze the eigenvalue distribution of
the Laplacian matrix L.

3. Main results
Now, the objective is to analyze the effects of noise

and time delay on the synchronization of stochastic complex
networks with time-delayed coupling under different inner-
coupling functions and diffusion functions. Without loss of
generality, consider the Rössler system and Lorenz system as
the self-dynamics of the nodes, respectively. The Rössler sys-
tem is given as follows:[38] ẋ1 =−x2− x3,

ẋ2 = x1 + px2,
ẋ3 = q+(x1− r)x3,

(8)

which has a chaotic attractor when p = q = 0.2 and r = 9. The
Lorenz system is given as follows:[39] ẋ1 = ρ (x2− x1) ,

ẋ2 = γx1− x2− x1x3,
ẋ3 = x1x2−βx3,

(9)

which has a chaotic attractor when ρ = 10, β = 1, and γ = 28.
In the simulation, the master stability equation (7) is dis-
cretized with time step 0.01. The noise is described by a
Brownian motion with correspondingly-defined mean 0 and
variance 0.01. The system averages the largest Lyapunov ex-
ponent in the exponential separation caused by each iteration
in multiple iterations, denoted as Λ .

Next, the synchronized regions under different noises and
time delays are simulated for inner-coupling functions and dif-
fusion functions under different conditions. From the extended
master stability equation (7), when the time delay τ is fixed,
the largest Lyapunov exponent Λ can be obtained from (σ , η).
Similarly, when the noise intensity σ is fixed, Λ can also be
obtained from (τ , η). According to the MSF principle, when
the largest Lyapunov exponent is negative, the synchronous
state of the network is stable. Therefore, the task is to calcu-
late Λ under different conditions and the region with Λ < 0 is
called as the synchronized region.

3.1. Effect of the noise

First, the impact of noise on the synchronization of the
stochastic oscillator complex network of Rössler systems is
discussed. In this network, the time delay τ is set as 0.1. Then,
the synchronized region of the network with noise is analyzed
under different inner-coupling functions and diffusion func-
tions.

In the first scenario, figure 1 shows the largest Lyapunov
exponents Λ(σ ,η) of the network with different η and noise

intensity σ . Figure 1(a) is drawn when the inner-coupling
function h(xi(t − τ)) = xi(t − τ) and the diffusion function
g(xi(t − τ)) = xi(t − τ). This means that the connection be-
tween nodes passes through all state variables and noise dif-
fuses to all state variables of the nodes. In Figs. 1, 3, 5, and 7
below, the region of Λ < 0 is denoted in green color and that
of Λ > 0 is denoted in red color. It can be observed that with
the increase of the noise intensity, the synchronized region first
emerges and then disappears. In particular, when σ = 0.6, the
Lyapunov exponents corresponding to η are all less than zero,
but when σ = 2.7, the largest Lyapunov exponent starts to be-
come greater than 0, but there is no synchronized region when
σ = 3.2. It can be seen that when noise diffuses and nodes are
linked through all the state variables, appropriately increasing
noise is beneficial to the synchronization of the network.

0

3

2

1

0 5 10 15
η

0 5 10 15
η

0 5 10 15
η

0

40

80

120

160
(a) (b) (c)

σ

Fig. 1. The largest Lyapunov exponents Λ(σ ,η) for the stochastic com-
plex network of Rössler systems with time delay τ = 0.1: (a) h(xi(t− τ)) =

g(xi(t− τ)) = xi(t− τ); (b) h(xi(t− τ)) = [xi1(t− τ),0,0]T, g(xi(t− τ)) =

xi(t− τ); (c) h(xi(t− τ)) = xi(t− τ), g(xi(t− τ)) = [xi1(t− τ),0,0]T.

To illustrate this observation in more details, figure 2
demonstrates several groups of MSF curves under different
noise intensities. In the left panel of the figure, it can be ob-
served that the small noise intensity shifts down the MSF curve
at the beginning. According to the common classification,[18]

the synchronized region switches from type Ψ0 to type Ψ1.
Here, type Ψ0 means that the synchronized region is an empty
set. Type Ψ1 means that the synchronized region is a bounded
region. For the curve corresponding to σ = 1, Λ < 0 for all η ,
which means that all nodes in the network reach synchroniza-
tion. However, as the noise intensity continuously increases,
the MSF curve for σ = 3.2 is changed to be above all the other
curves and the network fails to synchronize.

Next, the situation of h(xi(t− τ)) = [xi1(t− τ),0,0]T and
g(xi(t− τ)) = xi(t − τ) is simulated, with results shown in
Fig. 1(b). It can be observed that the synchronizability of the
network is enhanced with properly increasing the noise inten-
sity. The same can also be observed from Fig. 2(b). With
the increase of the noise intensity, the MSF curves are moving
downward at first but when increased to σ = 3.2, the curve
moves to above all the others.

Through the above analysis, it can be concluded that as
long as the noise diffuses through all the variables of the nodes,
the synchronizability of the network can be improved by prop-
erly increasing the noise intensity.

An interesting phenomenon is observed from Figs. 1(a)
and 1(b): when the noise intensity σ increases to a certain
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level, the network is synchronized even if η = 0, implying that
the network is disconnected, which is called noise-induced
synchronization.[41–46] This phenomenon has been confirmed
in the biological research literature.[46]

0 5 10 15
η

0 5 10 15
η

0 5 10 15
η

↩5

0

5

10

15

20

25
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20

50

30

40

Λ

↩

0
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Λ
Λ

σ/0.2
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σ/.6

σ/0.1 σ/.0

σ/.7σ/0.3

σ/.2

σ/0.1

σ/0.3

σ/.0

σ/.7

σ/.2

0 5 10 15
↩1.5

↩1.0

↩.5

↩.5
↩.

↩.
0 5 10 15

(a)

(b)

(c)

Fig. 2. The MSF curves for the stochastic complex network of Rössler
systems with time delay τ = 0.1 and different noise intensities σ . (a)
h(xi(t− τ)) = g(xi(t− τ)) = xi(t− τ); (b) h(xi(t− τ)) = [xi1(t− τ),0,0]T,
g(xi(t− τ)) = xi(t − τ); (c) h(xi(t− τ)) = xi(t − τ), g(xi(t− τ)) =

[xi1(t− τ),0,0]T.

Lastly, consider the case that the inner-coupling function
h(xi(t− τ)) is xi(t− τ) and the diffusion function g(xi(t− τ))

is [xi1(t− τ),0,0]T. Diffusion function in this form means that
the noise only affects the first state variable of the node. Dif-
ferent from Figs. 1(a) and 1(b), it can be seen from Fig. 1(c)
that only when η is large enough, the synchronized region
emerges, but when the noise intensity is too large, the synchro-
nized region disappears. Figure 2(c) also confirms this result.
As illustrated in the figure, the MSF curve of σ = 0.2 is above
the curve with σ = 1.5, but from the curve corresponding to
σ = 2.6, it can be seen that it is above all curves and there is
no synchronized region. Therefore, it can be concluded that
when noise affects a subset of the state variables, noise can
be beneficial or harmful to the synchronizability of stochastic

oscillator complex networks with time-delayed coupling.

0 5 10 15
η

0 5 10 15
η

0 5 10 15
η

0

50

100

150

200

0

3
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1

σ

4 (a) (b) (c)

Fig. 3. The largest Lyapunov exponents Λ(σ ,η) for the stochastic complex
network of Lorenz systems with time delay τ = 0.05: (a) h(xi(t− τ)) =

g(xi(t− τ)) = xi(t − τ); (b) h(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T,
g(xi(t− τ)) = xi(t − τ); (c) h(xi(t− τ)) = xi(t − τ), g(xi(t− τ)) =

[xi1(t− τ),xi2(t− τ),0]T.
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Fig. 4. The master stability function curves for the stochastic com-
plex network of Lorenz systems with time delay τ = 0.05 and dif-
ferent noise intensities σ . (a) h(xi(t− τ)) = g(xi(t− τ)) = xi(t − τ);
(b) h(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T, g(xi(t− τ)) = xi(t−τ); (c)
h(xi(t− τ)) = xi(t− τ), g(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T.

To verify and confirm the above observation of the re-
lationship between noise and network synchronization, the
Lorenz system is used for simulation with the time delay τ

set as 0.05. From Figs. 3(a) and 4(a), the same conclusion can
be drawn: when noise diffuses and nodes are linked through
all the state variables, the network synchronizability firstly in-
creases with the increase of the noise intensity, but when it
increases to σ = 4.3, the synchronizability begins to reduce.
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To proceed, consider the case that the network nodes are
connected by the first two state variables (see Figs. 3(b) and
4(b)), which leads to the same conclusion as before: increas-
ing the noise intensity properly can improve the synchroniz-
ability of the network. Finally, consider the case when the
inner-coupling function h(xi(t − τ)) is xi(t − τ) and the dif-
fusion function g(xi(t − τ)) is [xi1(t− τ),xi2(t− τ),0]T. It is
found that the synchronized region first expands and then nar-
rows down with the increase of the noise intensity. Therefore,
this simulation further proves that the effect of noise on syn-
chronization can be beneficial or harmful when noise propa-
gates through a subset of the state variables.

3.2. Effect of the time delay

This section analyzes the influence of time delay on the
synchronization of the network with different inner-coupling
functions and diffusion functions. First, consider the situation
that the nonlinear function of the node is Rössler system and
the noise intensity σ is set as 1. As in the above analyses,
we first consider the case when h(xi(t− τ)) = g(xi(t− τ)) =

xi(t− τ). As illustrated in Fig. 5(a), the synchronized region
disappears with the increase of the time delay. From the MSF
curves, one can see that the time delay causes the curves to
move up. From Figs. 5(a) and 6(a), one can observe that when
the noise diffuses are across all state variables of every node
and the nodes are linked through all variables, larger time de-
lay may reduce the synchronizability of the network.

The same conclusion can be drawn when h(xi(t− τ)) =

[xi1(t− τ),0,0]T and g(xi(t− τ)) = xi(t− τ). From Fig. 5(b),
as the time delay increases, the synchronized region disap-
pears. From Fig. 6(b), the MSF curves move upward as the
time delay increases. This implies that large time delay may
be harmful to network synchronization when connections be-
tween nodes pass through a subset of state variables.
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Fig. 5. The largest Lyapunov exponents Λ(τ,η) for the stochastic complex
network of Rössler systems with noise intensity σ = 1. (a) h(xi(t− τ)) =

g(xi(t− τ)) = xi(t − τ); (b) h(xi(t− τ)) = [xi1(t− τ),0,0]T, g(xi(t− τ)) =

xi(t− τ); (c) h(xi(t− τ)) = xi(t− τ), g(xi(t− τ)) = [xi1(t− τ),0,0]T.

Finally, we consider the situation that the diffusion func-
tion is [xi1(t− τ),0,0]T. From the color block diagram
(Fig. 5(c)), one can also see that the synchronizability de-
creases with the increase of time delay, and when τ = 0.6, the
synchronized region disappears. In Fig. 6(c), the MSF curves
change from type Ψ1 to type Ψ0 and keep rising with the in-
crease of the time delay.
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Fig. 6. The MSF curves for the stochastic complex network of Rössler sys-
tems with noise intensity σ = 1 and different time delay τ . (a) h(xi(t− τ))=

g(xi(t− τ)) = xi(t− τ); (b) h(xi(t− τ)) = [xi1(t− τ),0,0]T, g(xi(t− τ)) =

xi(t− τ); (c) h(xi(t− τ)) = xi(t− τ), g(xi(t− τ)) = [xi1(t− τ),0,0]T.
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Fig. 7. The largest Lyapunov exponents Λ(τ,η) for the stochas-
tic complex network of Lorenz systems with noise intensity σ =
0.8. (a) h(xi(t− τ)) = g(xi(t− τ)) = xi(t − τ); (b) h(xi(t− τ)) =

[xi1(t− τ),xi2(t− τ),0]T, g(xi(t− τ)) = xi(t − τ); (c) h(xi(t− τ)) = xi(t −
τ), g(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T.

In summary, no matter what forms the linear inner-
coupling function and diffusion function adopt, too large time
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delay is harmful to the synchronization of stochastic oscillator
complex networks with time-delayed coupling.

Similarly, simulations are carried out on the network of
Lorenz systems and also the special cases that nodes are con-
nected by and noise propagates through the first two state vari-
ables of every node. It can be seen from Fig. 7 that regardless
of the form of the inner-coupling function and the diffusion

function, the synchronized region decreases with the increase
of the time delay, and the MSF curves (Fig. 8) also show an
upward trend with the increase of the time delay. These obser-
vations lead to the same conclusion as in the Rössler system
setting: if there is noise in a network, the synchronizability
of the network will be reduced with the increase of the time
delay.
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Fig. 8. The MSF curves for the stochastic complex network of Lorenz systems with noise intensity σ = 0.8 and different time delay
τ . (a) h(xi(t− τ)) = g(xi(t− τ)) = xi(t − τ); (b) h(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T, g(xi(t− τ)) = xi(t − τ); (c) h(xi(t− τ)) = xi(t − τ),
g(xi(t− τ)) = [xi1(t− τ),xi2(t− τ),0]T.

4. Conclusion

In this article, the MSF framework has been extended to

stochastic oscillator complex networks with time-delayed cou-

pling. The effects of noise and time delay on network synchro-

nization have been analyzed under different inner-coupling

functions and different diffusion functions. In simulations, the

chaotic Rössler system and Lorenz system have been adopted

as the self-dynamics of the nodes. It is found that the influence

of noise on network synchronization is related to the diffusion

function when there exists time-delayed coupling. Only when

noise diffuses through all state variables of the node, may ap-

propriately increasing noise be beneficial to synchronization.

In other cases, noise can be beneficial or harmful depending on

the network parameter settings. When there is a certain noise

in the network, no matter how the connection between nodes

and the form of noise diffuses, large time delay is harmful to

network synchronization.

It is worthwhile to mention that, although numerical sim-

ulations are performed with two chaotic systems, the ex-

tension to other general systems, such as Chen system[47]

and Lü system,[48] is straightforward. In the future, it will

be interesting to consider introducing pinning control[49–52]

to stochastic complex networks with time-delayed coupling.

Moreover, other types of noise [34,35,53] can be considered to

investigate their effects on the network synchronizability. The

synchronization of stochastic complex networks with parame-

ter mismatches[54,55] or heterogeneous node dynamics[56] are

challenging but also worthy of future investigations.
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