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Transformation acoustics (TA) has emerged as a powerful tool for designing several intriguing conceptual devices,
which can manipulate acoustic waves in a flexible manner, yet their applications are limited in Hermitian materials. In
this work, we propose the theory of complex-coordinate transformation acoustics (CCTA) and verify the effectiveness
in realizing acoustic non-Hermitian metamaterials. Especially, we apply this theory for the first time to the design of
acoustic parity—time (P7) and antisymmetric parity—time (AP7") metamaterials and demonstrate two distinctive examples.
First, we use this method to obtain the exceptional points (EPs) of the P7T /APT system and observe the spontaneous
phase transition of the scattering matrix in the transformation parameter space. Second, by selecting the Jacobian matrix’s
constitutive parameters, the P7 / APT -symmetric system can also be configured to approach the zero and pole of the
scattering matrix, behaving as an acoustic coherent perfect absorber and equivalent laser. We envision our proposed CCTA-
based paradigm to open the way for exploring the non-Hermitian physics and finding application in the design of acoustic
functional devices such as absorbers and amplifiers whose material parameters are hard to realize by using the conventional

transformation method.

Keywords: complex-coordinate transformation acoustics, acoustic non-Hermitian metamaterials, exceptional
points, acoustic coherent perfect absorber and equivalent laser

PACS: 43.20.+g, 43.28.+h, 43.35.+d, 43.38.+n

1. Introduction

Transformation acoustics, which is developed from
transformation optics!' and direct current conductivity
equations,® has been studied extensively in the past decade.
By establishing a correspondence between material param-
eters and coordinate transformations, transformation acous-
tics provides an effective method for designing new acoustic
devices.!”""! One of the most famous and intriguing devices
is the invisibility cloak,!'"'8 which is able to eliminate re-
flected sound waves but inevitably results in inhomogeneous
and anisotropic parameters inside the cloaking shell. In order
to solve the problem that the signals from the outside environ-
ment cannot reach the interior of the cloaked domain, a cloak-
ing mechanism has been proposed, which maps the cloaked
object to main body of the host material and the cloaking shell
only consists of complementary medium made of a single-
negative material, so that the parameters are independent of
the host material and communication with the outside world
is allowed.!'”) Despite the fact that transformation acoustics
with real mapping functions has proven effective in steering
the trajectory of acoustic waves, it still cannot manipulate the
field amplitude in prescribed ways, limiting its applications
for designing non-Hermitian devices with complex material
parameters in nonconservative systems.

Non-Hermitian physics can be verified by using acous-
tics and electromagnetics, which not only provide a bet-
ter understanding?*->?! but also bring non-Hermitian physics
closer to practical applications.?>?#! Several interesting re-
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searches have shown unique features of exceptional point
and exceptional ring!>2% and the extraordinary capabili-
ties in manipulating wavefronts asymmetrically.[*?’2°1 Re-
cent explorations of loss and gain within the framework of
non-Hermitian systems play important roles in controlling
acoustic transport, especially amplitude modulation. [8-30-33]
In non-Hermitian physics, P7T -symmetric system with com-
plex refractive index profile n(—r) = n*(r) is an intriguing
branch, whose Hamiltonian commutes with the P7 opera-
tor, demonstrating remarkable physical properties.>*#0! Re-
cently, as another striking property of non-Hermitian systems,
APT symmetry has been proved, defined by {PT,H} = 0,
which may facilitate the experiments since it requires either
gain or loss.[*7*°1 With the help of the positive and nega-
tive refractive index materials, many intriguing effects can
beachieved, such as chiral mode transfer, ! quantum squeez-
ing and sensing,°!! and shift of EPs.’?! However, the ar-
tificial modulation of the imaginary part of wave vector in
non-conservative systems, which is crucial for the amplifica-
tion and attenuation of acoustic waves and the design of non-
Hermitian acoustic metamaterials, would require the transfor-
mation acoustic method to adapt to complex spatial coordinate
space and map complex coordinates.

Here we show that the theoretical framework of trans-
formation acoustics can be extended through the use of com-
plex mapping functions. We derive the theory of complex-
coordinate transformation acoustics, and demonstrate how the
transformation acoustics is directly related to engineering of
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non-Hermitian medium, which provides additional degree of
freedom to modulate the amplitude and propagation direction
of sound waves simultaneously. To the best of our knowledge,
no complex-coordinate transformation has been explored in
acoustic systems. Specifically, by artificially designing the
constitutive parameters of the transfer matrix, we derive the
relation between the transmitted and reflected waves and re-
alize the flexible control of EPs in the one-dimensional lay-
ered PT / APT -symmetric structure and investigate the phase
transition process in the parameter space. We can also ob-
serve the coherent perfect absorber (CPA) and lasing mode
in the PT /APT metamaterials when modulating the consti-
tutive parameters of the Jacobian matrix. A non-Hermitian
material can be constructed by using our theory, extending
the scope of application for transformation acoustics. Fur-
thermore, it can reduce the complexity of material parameters
in comparison with traditional realcoordinate transformation,
which may inspire the experimental implementation of a per-
fect cloak which has not been realized before. 333!

2. Jacobian matrix for P7 and AP7T symme-
tries

Now, we start from the acoustic wave equation with

Cartesian coordinates r = (x,y,z) in the time harmonic form
—1

V- p(r) V()| = =), ()

where p is the density tensor, x is the bulk modulus, and @

is the angular frequency. Analogously to the invariance of

the conductivity equation, we map each point in the original

space to another space based on a coordinate transformation

with p[r’(r)] = p(r). The acoustic equation in the new space
becomes

V/ X [p:/(r/)flvlp/(r/) - _ K,(r,)pl(r/)’ (2)

where

InEq. (3),J =d(x',y,7')/d(x,y,7) indicates the Jacobian ma-
trix of the transformation, and the symbol det and the super-
scripts —1 and T denote the determinant, the inverse, and the
transpose, respectively. It is worth mentioning that in con-
trast to the traditional coordinate transformation, the coordi-
nates of the original real space can be mapped into complex
values, which provides an effective strategy to manipulate the
amplitude of acoustic waves. As an important example of non-
Hermitian physics, here we focus on the acoustic systems un-
der PT7 and AP7T symmetries.

In order to make the refractive index satisfy the P7T-
symmetry conditions n(r) = n*(—r), the material parameters
need to satisfy p(—r) = p*(r), k(—r) = x*(r) (see Eq. (B3)
in Appendix B for the commutation of the 7 and pseudo-
Hamiltonian operators). Such conditions are automatically
met if the Jacobian matrix is chosen as

I(=r)=1"(r), “

where the transformed material in the complex coordinate sys-
tem is assumed to be homogeneous and anisotropic. As for
the APT-symmetry conditions p(—7) = —p*(r), k(—7r) =

—k*(r),153] the Jacobian matrix needs to satisfy
I(=r)=—I"(r), ©)

which has been proved theoretically in Appendix C. As a result
of our proposed theoretical framework of CCTA, by combin-
ing Egs. (3)—(5), we can generate systematic P7 and APT
metamaterials and explain their acoustic properties in terms
of analytically continued complex coordinates in the auxil-
iary free space. For simplicity but without loss of generality,
here we consider a one-dimensional (1D) scenario illustrated
in Fig. 1, which features a slab-type configuration placed in air
(po = 1.21 kg/m3, xy = 1.42 x 10° Pa), corresponding to the
coordinate transformation

/ /

X =xux), y =), =), [x|<d,  (6)

p/(r') = = , with the identity transformation implicitly assumed for |x| > d
= detJ(r) (i.e. outside the slab region), d is the thickness of the loss and
K (r') =x(r)detJ(r), (3)  gain medium, which is set to 2.
y’ ! | 1 | Yy
(a) (b) : : (c) I T
p(r)=po Po Po : Po
k() =Ko Ko Ko | Ko
L
x' —d

I
I
|
|
|
|
d =z —d| :d x
|
|
|
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1

Fig. 1. Schematic diagram of (a) free space, (b) 1D acoustic P77 -symmetric structure, and (c) 1D acoustic APT -symmetric structure of

thickness 2d.
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3. Derivation of scattering matrix

We first use the CCTA method to derive the scattering
matrix S of the 1D PT-symmetric structure in Fig. 1(b). The

corresponding Jacobian matrix can be written as

[ox ox ox

dx dy 0dz
o a}/ ayl ay/

i(r) — | 9x 9y Iz

97 97 97

L dx dy OJz

[u(x)+ua(x)x 0 0

= vx)y  v(x) 0 |, @)
w(x)z 0 wx)

with the overdot denoting differentiation with respect to the
argument. The P7T -symmetry condition requires

u(=x) =u*(x), v(=x) =v(x), w(=x)=w(x), (®)

which has been proved theoretically in Appendix C. For sim-
plicity, here we consider a coordinate transformation of dis-
continuous functions

wy, —d <x<0,
u(x) =up, v(x)=vo, w(x)=wo, 0<x<d, (9)

<
—
=
=
I
<
O *
<
—
=
(N
Il
<
O %
=
—~
=
N~—
I

which yields a P7 -metamaterial slab. As plane harmonic
acoustic waves propagate upon P77 -symmetric structures, the

1

background pressure field (p) can be expressed as

Aefiko(x+d) _|_Beik0(x+d)7 x < _d7
px) = { 1o

Ce*iko(x*d)+Deik0(x7d), _x>d,

where ko is the wave number for the background medium, A,
B, C, and D are the amplitudes of the forward and backward
propagating waves in the left and the right background medi-
ums, respectively. The time-harmonic [exp(i@t)] is omitted
here for convenience. According to it, we use a transfer ma-
trix to describe the relation between the acoustic waves in the
left background medium and right background medium as

Gl

By enforcing

up=o+1if, vowo = up, (12)

the transfer matrix Mp7 can be deduced, which is shown in
Appendix D. When D = 0 or A = 0 is imposed on the bound-
ary condition for single left or right incidence, the complex
transmission (¢ or 7r) and reflection (r or rr) coefficients of
the P77 -symmetric structure can be expressed in terms of the
components of the transfer matrix Mp as follows:

2(a*+B?)

h=mR=t

" My,  2B2coshd + al2acosy+i(1+ o2+ B2)siny] — iB(—1+ o2+ B2)sinh 5’
My i[2aB(—cosy+coshd)+o(—1+a?+ B2)siny— B(1+ a*+ B2)sinh §]

My 2B2coshd +a2acosy+i(1+ a2+ B2)siny] —if(—1+ o+ B2)sinh S’

e Miy  i{—a[2Bcosy—2Bcoshd + (—1+ a+ B?)siny]+ B (1 +a®+ B?)sinh 5}
R 2B2%coshd+ a2accos y+i(1+a?+B2?)siny] —if(—1+ o>+ B2)sinh§

= Mrs =

where ¥ = 2akod and 6 = 2Bkod. And the scattering matrix
can be written as

AR ARSI

It is not difficult to find that the transmission coefficient and
reflection coefficient satisfy the relation (see Appendix D for
the derivation of transfer matrix)

g =1-tf, (15)

which is the generalized energy-conservation relation in the
PT -symmetric structure. %)

13)

Furthermore, by changing the form of the Jacobian matrix

as follows:

u(—x) = —u(x), v(=x) = —v"(x), w(=x)=-w"(x),(16)

we can achieve the requirement in Eq. (5) and realize the APT
metamaterials. The transmission coefficient and reflection co-
efficient of the AP 7T symmetric structure can be deduced and
expressed as (see Appendix D for the derivation of transfer
matrix M ap7)

1 4(a+p?)
My 4B%cosy—2B(a2+B2—1)siny+a(—a2—B2+2a—1)ed +a(a?+B2+2a+1)e 9’
My 4diaBcosy—2B(a>+ B2+ 1)siny+a(—a? — B2 —2if+1)ed + a(a’+ 2 —2if —1)e
My 4B%cosy—2B(a2+B2—1)siny+o(—a? — B2 +20—1)ed + a(a? + B2 +2a+1)e?
My 4iaBcosy—2B(—a?—B2—1)siny+a(a?+ B2 —2if —1)e® + a(—a? — B2 —2if+1)e™°
 Myy  4B%cosy—2B(a2+ B2 —1)siny+a(—a? —B2+2a—1)ed +a(a?+ B2+ 20+ 1)ed
094301-3
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where v = 2akod and 6 = 2fkod. It is not difficult to find the
relation between the elementary components Im(z) = 0, and
rL = rg demonstrating that our proposed method can be uti-
lized to realize the acoustic AP7 metamaterials, whose con-
cept has been extended to acoustics recently.>>!

0.2 (a) Exceptional line
0.1
0 O i e i |
Symmetric-
—0.1 broken phase
—0.2 ymmetric phase
0.8 0.9 1.0 1.1 1.2
«
0.15

(b)

Symmetric phase

Symmetric-broken phase

/4

Exceptional line

Symmetric phase

—0.15

0 0.1 0.2 0.3
«a

Fig. 2. Phase diagram of scattering matrix of (a) 1D P7T -symmetric
structure and (b) 1D APT-symmetric structure, with yellow (blue)
region corresponding to the symmetric scattering phase (symmetry-
broken phase), and boundaries between the two regions indicating phase
transition marked by white dashed line.

In order to describe the relation between the scattering
phase and transformation parameters, we further investigate
the phase transition process of the scattering matrix of the 1D
PT /| APT -symmetric structures in the —f3 parameter space,
as shown in Figs. 2(a) and 2(b). The yellow region corre-
sponds to the symmetric scattering phase, while the blue re-
gion corresponds to the symmetry-broken phase. The bound-
aries between the two regions indicate the phase transition.
By changing the value of a and f3, the constitutive param-
eters of Jacobian matrix can be further modulated, showing
the phase transition point (EP), at which some unique scatter-
ing characteristics such as asymmetric reflection can be ob-
served. Furthermore, we can find that the phase diagram of
the scattering matrix in the P7 -symmetric structure is sym-
metric with respect to 8 = 0, which originates from the con-
jugate symmetric relation between the loss and gain. While in

the APT -symmetric structure, the symmetric-broken phase is
sandwiched between two symmetric phases, which means that
the scattering matrix can undergo two phase transmissions if
we increase the value of § with a fixed a.

4. Applications

4.1. Modulation of EPs in metamaterial slab via CCTA
method

Here we demonstrate theoretically that EPs in the PT
and AP7T symmetric systems, which result in a spontaneous
phase transition from symmetric phase to symmetry-broken
phase, both can be formed at an arbitrary frequency in our de-
signed slab via the CCTA method. To demonstrate the unidi-
rectional reflection at the EPs, we first consider an isotropic
PT -metamaterial slab with a thickness of d = 24, excited
by a plane wave. As an example, we set the operation fre-
quency fo = 3430 Hz, and enforce up = vowp = o + iff =
0.951+0.1151 and wp = 1. Hence the density tensor and bulk
modulus can be written as

po O 0
p(—d<x<0)= |0 po 0
= 0 0 (1.06+0.26i)p
= B( <x<d),
Ko Ko *
K(-d=x<0) = 535021 (0.89+0.22i>
— K (0<x<d). (18)

Figures 3(a) and 3(b) show the pressure amplitude distri-
bution of the P7T -symmetric structure for incidence from the
left and the right, showing the total transmission (|¢| ~ 1) and
notable difference between the responses to incidence from the
left (reflection |rp| is almost 0) and the right (|rg| = 2.071).
We also depict the absolute value of eigenvalues |A1| and

the eigenvectors ¥, given by (1 ++/(r/ m))T , as shown
in Figs. 3(c) and 3(d). As f > 3430 Hz, the eigenvalues are
unimodular and the eigenvectors are real, indicating that the
system is in the P7T -symmetric phase. While f < 3430 Hz
the P77 operation transforms one eigenvector into the other,
ie., PTYW: o< ¥4, suggesting that the system is in the P7T-
broken phase. The spontaneous phase transition occurs at EP
f =3430 Hz, when the absolute values of the eigenvalues meet
and bifurcate, as shown by dark dot.

The observation of EPs in the AP7T -symmetric medium
is also plotted in Figs. 4(a)-4(d). The two eigenvalues and
eigenvectors can be written as>*

Ar =Re(r) £

¥ 1
"o [‘Pﬂ - [(—ilmmi fz—lmz(m))/t] S

2 —Im?(rp),

094301-4



Chin. Phys. B 32, 094301 (2023)

When ¢ > Im(ry), the two eigenvalues A, are both real and
the absolute value of the second component of the eigenvectors

1.0 (a)
=
p (Pa
S o5 —1II()_1
B LI ——— Theory
L II[II | - - - Simulation
—0.4 —0.2 0 0.2 0.4
5 P
4 p (Pa) 4 — Theory
7 31 - - - Simulation
£ s 1IN
& by
A
1
—0.4 —0.2 0 0.2 0.4
z (m)
() (d)
4 3480
12 EP N 3460 |
] ’/ > 3440 |
= 2
Y 9 3420
g
(= 3400 |
0.8 J
338 s

3390 3410 3430 3450 3470

Frequency (Hz) Imaginary 015915 Real

Fig. 3. EPs in P7 -symmetric structure, showing simulated pressure am-
plitude distributions of the P7T -symmetric structure under (a) the left inci-
dence and (b) the right incidence with constitutive parameters uy = vowp =
o+ if =0.95140.115i and wo = 1, with inset showing pressure field dis-
tributions, and absolute values of (c) eigenvalues and (d) the second compo-
nent of eigenvector of corresponding scattering matrix /r./rg for this acous-
tic PT -symmetric medium, with eigenvectors normalized such that the first
component is always unity.

4 @) p (Pa)

-3

7 T

Ip| (Pa)

— Theory

- - - Simulation

0
—0.4 —0.2 0 0.2 0.4
4
p (Pa)
— 3 . 3 (b)
[}
< o (TR
= NT
& —— Theory
- - —= Simulation
001 —0.2 0 0.2 0.4
z (m)
(c) (d)
0.10 1.4
__0.05 EP 1.2
m
] N .
o0 0 s 1.0
s = /
~ —0.05 0.8 EP
—0.10 0.6
3390 3430 3470 3390 3430 3470

Frequency (Hz) Frequency (Hz)

Fig. 4. EPs in AP7T -symmetric structure, showing simulated pressure am-
plitude distributions of the APT -symmetric structure under (a) the left and
(b) the right incidence with constitutive parameters uy = vowg = o + i =
0.458 4-0.095i and wo = 1, with insets showing pressure field distributions,
and (c) imaginary part of the eigenvalues and (d) absolute value of the sec-
ond component of the eigenvectors for this AP 7T -symmetric medium, with
eigenvectors normalized such that the first component is always unity.

|¥| is 1, which corresponds to the APT -symmetric phase.
The other phase, where the two eigenvalues are conjugated, is
referred to as the APT -broken phase. In the simulation, by se-
lecting appropriate constitutive parameters one has r = Im(r),
which is referred to as an EP, and a spontaneous phase transi-
tion occurs, for both the eigenvalues and eigenvectors of the
scattering matrix can be observed at 3430 Hz (see Appendix E
for the asymmetric reflection in the AP7T -symmetric struc-
ture).

4.2. CPA and laser effect via CCTA method

A 1D PT -symmetric structure can act as a CPA and
threshold laser simultaneously. In the following, we use the
CCTA approach to realize this distinctive property by select-
ing the u, v, and w values in Eq. (9).

In an acoustic CPA-lasing mode, the elementary compo-

nents of the transfer matrix need to satisfy

M1 =M, =0, (20

which means a zero and a pole of the S matrix coincide at a real
frequency simultaneously.[*®33-%1 Considering t = 1 /Ms o>
1, the system is in the 77 -broken phase,**! whose eigenval-
ues s, and s, are nonunimodular and s,s; = 1. When two
counter propagating coherent waves are incident in the form of
two eigenstates, one with an eigenvalue (s, = 0) will be fully
absorbed, indicating a CPA, while the other (s, = 1/s, = o)
will make the acoustic system emit outgoing amplified waves,
indicating threshold lasing. "]

We simulate an example to achieve CPA-lasing mode
by setting d =24 = 0.2 m, fy = 3430 Hz, oo = 1.328, and
B =0.159 (i.e., vowp = up = 1.328 — 0.1591 and wy = 1),
which enables a zero and a pole of the S matrix to coincide
at 3430 Hz, as shown in Fig. 5(c). Here we use the output co-
efficient as a key parameter (®) for defining the ratio of total
outgoing acoustic intensity to the total incoming intensity >8]

(0]
®:< L+0R>’
I +1r

where I, Ir, Or, and OR represent the input intensity and

2

the output intensity on each side of the structure, respectively.
By adjusting the phase offset between two incident waves to
—m/2, a sharp absorption dip of ® down to —37 dB can be
observed near the operation frequency 3430 Hz (blue dotted
line), which corresponds to the perfect absorption of sound
waves (Fig. 5(a)). Meanwhile, with the phase offset switched
to /2, it is the lasing mode that the power flows are com-
pletely reversed and the amplitudes of the outgoing waves
are found to be nearly 180 times that of the incident waves
(Fig. 5(b)), with a maximum amplified ® of 45 dB near the

094301-5
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same wavelength (red dotted line). We search for the condi-
tions that ® reaches minimum and maximum, which indicates
that the output signal is completely absorbed and significantly
amplified, corresponding to the CPA and lasing mode. The

contrast ratio Q between the ® under two incident conditions

can be expressed as>”)

@max
=—_, (22)
Q ®min

which shows that the highest intensity contrast peak appears at
3430 Hz (black solid line) in Fig. 5(c).

(@ SEX ©
gl e °
E -6 m——— 6
5 3 40
= —— Theory
0 - - - Simulation
-0.4 -0.2 0 0.2 04 ~20
m
x (m) i)
(b) 1200 Lasing ® 0
5 e 1110
& -10° e—  0* 20
= 400 —— Theory
0 - = = Simulation 40
-0.4 -0.2 0 0.2 0.4 3420 3425 3430 3435 3440

x (m)

Frequency (Hz)

Fig. 5. Acoustic CPA-lasing mode achieved in P 7T -symmetric structure via CCTA method, showing pressure amplitude distribution of structure
in (a) CPA mode, (b) lasing mode under incidence of two-port coherent waves with the relation D = (F6.3521)A, with inserts showing simulated
pressure field distributions, with parameters being d = 0.2 m, fy = 3430 Hz, o = 1.328, and 8 = 0.159, and (c) spectrum output coefficient
O = (OL+OR)/(I, + Ir) of the CPA-laser at frequency ranging from 3420 Hz to 3440 Hz, with blue, red, and black lines representing the
output coefficient of CPA, laser, and the contrast ratio between maximum value and minimum value, respectively.
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Fig. 6. (a) Acoustic CPA mode and (b) lasing mode achieved in APT-
symmetric structure via our proposed CCTA method, with simulated pres-
sure field distributions (upper panels) and pressure amplitude distributions
(lower panels) of the structure, under the incidence of two-port coherent
waves with the constitutive parameters: uy = 1.328 —0.0751 and up = vowo =
1.296 +0.0781, demonstrating the CPA and lasing effect where two incident
waves are significantly absorbed and amplified, and vertical dashed lines re-
ferring to the boundaries between the NIM, PIM, and background medium.

Moreover, the CCTA method we proposed in this work
can also realize the CPA and laser mode in the AP7T metama-
terials. In an acoustic CPA mode, the two outgoing waves will

disappear, i.e., A = D = 0. Based on Eq. (11), the condition of
achieving CPA can be written as

M1 =0, D=»M,A. (23)

We demonstrate a typical example of the CPA effect and plot
With d =02 m, f =
3430 Hz, the condition M7 ; = 0 can be achieved by choosing

the simulated results in Fig. 6(a).

the constitutive parameters as ug = vowg = 1.328 —0.0751 and
wo = 1. Therefore, in the simulation, the two incident waves
will be completely absorbed if they conform to the relation:
D = (0.983+0.2111)A. Meanwhile, we find that the spatial
derivation of the pressure field changes abruptly at the bound-
aries of the positive index material (PIM) and negative index
material (NIM) despite the pressure field being still continu-
ous at the boundaries, owing to the opposite sign of the mass
densities of the PIM and NIM. In addition, if

M, =0, 24)

the transmission coefficient approaches infinity, correspond-
ing to the lasing mode. In the simulation, we set uy = 1.296 +
0.078i to satisfy the relation in Eq. (24). Figure 6(b) reveals
that sound waves are amplified 1000 times under two incident
waves with amplitudes A = D.

5. Conclusions

In this work, we drive the theory of the complex-
coordinate transformation acoustics and show that such a
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method can be used to design non-Hermitian acoustic mate-
rials, such as P7T -metamaterials, modulating both the phase
and amplitude of the acoustic field. Moreover, we demonstrate
this idea in the one-dimensional AP7T -symmetric structure
and observe the spontaneous phase transition of the scattering
matrix in the transformation parameter space, which has not
been discussed before. The first example demonstrates that
the EPs can be modulated in the AP7 -symmetric structure by
modulating the Jacobian matrix’s constitutive parameters. In
addition, the poles and the zeros of the scattering matrix can
also be obtained for AP7T -symmetric system to act as both a
coherent perfect absorber and a laser. This transformation the-
ory provides another aspect for us to design acoustic functional
devices, which is expected to explore more fascinating non-

Hermitian phenomena such as asymmetric absorbing,[60-61]

amplifying,[%%! and sensing.[®3

Appendix A: Pseudo-Hamiltonian formulation

In order to derive the general relation of material parame-
ters in the P7 /APT metamaterials, we refer to the optical
systems and consider the time-harmonic, sourceless acous-
tic equation pertaining to an anisotropic and inhomogeneous
background described by the density tensor p(7), bulk modu-
lus k(7) and time variation [exp(i®?)] -

Vp(r) = —iwp(r) -v(r),

_iwp(r)
k(r)

Al
V.o(r) = (A1

Using a method similar to that in Ref. [45] we can convert
Eq. (A1) into an eigenproblem in a compact operator form,

specifically,
]
B Y
with
P Vx
P={P|s 2=|w]; (A3)
P Vz
0 ik(r)-V(r)
£ = [ip_l(T)-Q(T) Q ] 5 (A4)

0
5. 00
Qr)= oaayo (A5)
0
0 0 -

Appendix B: Commutation of P7/APT and
pseudo-Hamiltonian operators

Since the system satisfies the P77 symmetry condition
and the operator £ plays a role of a pseudo-Hamiltonian, i.e.,

LPT =PTL. (B1)
We can achieve [recalling that (P7)? = 1]
PTLPT =L. (B2)

Substituting Eq. (A4) into Eq. (B2) and considering the re-
straint condition: P7 (i) = iQ and PT(iV) = iV, the ma-
terial parameters should satisfy

()=

(1), K(=r)=x"(r), (B3)

=
=

which is the distribution condition of the refractive index un-
der PT symmetry. (64

And if the acoustic system is under the APT -symmetry
condition, i.e.,

LPT =-PTL, (B4)

using the method similar to that for Eqs. (B2) and (B3), we
can find the antisymmetric refractive index and mass density
as follows:

(BS)

Referring to the literature related to acoustic APT
symmetry,[®4 we obtain the more generalized distribu-
tion characteristics of material parameters.

Appendix C: Relation among constitutive pa-
rameters for P7 /APT symmetry

We first derive the relation among constitutive parameters
for the 1D PT metamaterial in Fig. 1(b). Substituting Eq. (7)
into Eq. (3), we obtain the transformed material density and
bulk modulus of elasticity, which are given below:
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r 1 B () B 2w (x) T
po (u(x) +xu(x))* pov(x) (u(x) +xi(x))* Pow(x) (u(x) +oxi(x))*
4l () (u(x) +2x1(x))* +y*V2 (x) yzv () w(x)v ()W (x)
Pov(x) (u(x) +xii(x))> pov? (x) (u(x) +xii(x))? Po (u(x)v(x)w(x) +xv(x)w(x)it(x))>
B 2w (x) _ yzv()w(x)v (x)w (x) 222 (x) + (u(x) +xi(x))*
L pow(x) (u(x) +axii(x))  po(ulx)v(x)w(x) +xv(x)w(x)u(x))? pow? (x) (u(x) +xit(x))? i
Ko
K(r)=— Cl
(=", )
\
where And the relations of the Jacobian matrix and material parame-
ters can be given by
a=det(J) = v(x)w(x)(u(x) 4 u(x)x). (C2)
—uy 0 0
Considering that the material parameters in the P77 -symmetric J(-d<x<0)=] 0 —v 0
structure should satisfy the relation in Eq. (B3), the constitu- 0 0 —w
tive parameters are required to meet the following condition: up 0 017
=—10v 0| =-J(0<x<4d),
u(—x) =u*(x), v(—x)=v*(x), w(—x)=w*(x). (C3) 0 0 wo
AL R
As reported in the main text, if the constitutive parameters sat- VEw,
%sfy Eq. (C3), the cor.res;.)onding J acobiar.1 matrix will .automat- p(—d <x<0)= 0 pfv(’i 0
ically fulfill the relation in Eq. (4). And since we consider a co- = uswy
ordinate transformation of discontinuous functions expressed 0 0o - PoWo
in Eq. (9), the Jacobian matrix and material parameters should oVo
satisfy the relation Potto 0 0
Vowo v
Cug 00 ] ——| o 500 0
J(-d<x<0)=]0v 0 0 ogVo Powo
L 00 wp | Uovo
[up 0 07" =-p*(0<x<d),
=]10vw 0| =J(0<x<d), a *
0 0 wo K(_d§x<o):_*’f?*:_< ul )
- P ut - - UgVoWwy UgVowo
0
—2 0 0 = K"(0<x<d). (C6)
Yoo
Povy
—-d<x<0)= 0 0 } .. .
pl-d= ) ugw Appendix D: Derivation of transfer matrix M
Powp
0 0 0y As shown in Fig. D1, a 1D acoustic P -symmetric struc-
- Poto . ture consisting of two layers of media, is immersed in a back-
VoWo 0 0 ground medium with a density of py and a velocity of cy. The
= 0 Povo 0 =p*(0<x<d), total field within each medium be regarded as a superposition
0 MO(;VO Powo - of forward and backward propagating wave. At the boundary
L upvo x = —d, the pressure fields (p), which are on both sides of the
K(—d<x<0 i KS _ ( Ko )* boundary, can be written as
MOVOWO upvowo . .
N Ae—iko(x+d) 1 geiko(x+d) < —d
— " (0<x<d). (C4) plr)= A€ T BT, s md o gy
E e~ iko(x+ugd) +Felk0<x+"‘0d>7 x> —d,

which clearly shows that the transformed material parameters
satisfy the PT -symmetry condition.

As for the APT -symmetric structure in Fig. 1(c), we con-
sider a coordinate transformation of discontinuous functions

where kg is the wave number for the background medium, A,
B, E, and F are the amplitudes of the forward and backward
propagating waves in the background and the loss medium,
respectively.

u(x) = —ug, v(x) =

*
_VO’

w(x) =

—wg, —d <x <0,

u(x) = ug,

v(x) = vy,

w(x) =wp, 0<x<0.

(C5)

Consider that the transformation relation between the
sound pressure and vibration velocity at the boundary

094301-8
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satisfies!”)

V(') det(A)
A

where A is the Jacobian matrix of the transformation. We de-

plx)=p'(x'), v(x)= , (25)

rive the transfer matrix at the boundary x = —d as given below:
E A
7] 5]

1 1 1 1
<1+H> (1—**>
2 vowy /) 2 vowp

1 1 1 1
(-5i) 102
2 vowg ) 2 vowh

According to the Refs. [53,54,65], the transfer matrix on the
left-hand side can be expressed as

, e—ikoupd
1= 0 eikoupd |

M, = (D3)

(D4)

1
M| =5
N 2(e 4 57

1
Mig=——5—s
MEICER )

i
My = —5—F%
21722+ p2)

1
Mrr = ————5
REREICERY D

where vy = 2akod and & = 2PBkod.
formula above, we can find that the elementary compo-

By simplifying the

nents of the transfer matrix satisfy the relation M>» = My |,
My = —Mj,, M = —Mj |, which has been verified in the
literature. [44:45:66]

As for the APT -symmetric structure, the transfer ma-
trix can be calculated in a similar way as the above-mentioned
PT -symmetric structure, while the difference is that consider-
ing the AP T -symmetry relationship (Eq. (C6)), a pair of pos-

{2B%cosh & + a[2cccos y+i(1+ o + B?)siny] — i (—1+ &> + B?)sinh §},

My M,

The transfer matrix M =
|:M2,1 M,

} finally reads

M= 1 _I—I—V()W() 1 —vowp [ e ikouod 0
8 i 1 —vowo 14+ vowg 0 e tkouod
vowo Vowo 7
I VEWE T viwe —ikoupd
"o oWo | | e 0T 0
X B VoWo 14 Vowo 0 eikouz‘)d
oo VoW -
_ | 1 -
1+ —
oWo  YoWo
X | | . (D5)
— 1+
ok k%
YoWo YoWo

Let up = a+ i3, and vowg = ug, then the four elementary
components (M1 1, M1, M> 1, and M5 ») of the transfer matrix
Mpy will be able to be simplified into the explicit expressions

{2B?cosh & + a[2acosy—i(1+a*+ B?)siny] +iB(—1+ o’ + B?)sinh 5},
{—af2Bcosy—2Bcoshd + (—1+ o+ B?)siny] + B(1 + o>+ B2)sinh 5},

[2aB(—cosy+coshd) + a(—1+a? + B*)siny— B(1 4 a*+B?)sinh §],

(D6)

written as
M= L (T4+vowo) (1 —vowo) e tkouod
8 (1 7V0W0) (1 +VOW()) 0 e tkouod
YoWo VoW
1+ 1 ikoutd
v VoWo Vowo e 0% 0
vewh vewh 0 e ikougd

V*W* *
itive index material (PIM) and negative index material (NIM) x 01 0 00 D7)
needs immersing in air. The transfer matrix M 4p7 can be = viwp I+ VW

|
By setting uy = o + 13, vowo = up, the four elementary components (My,1, My, M> 1, and M3 ) can be simplified into
1
My, = Wﬁﬁzcos}/fﬂﬂfoﬂ —B%+1)siny+ a(a® + B>+ 2a+1)e? + a(—a® — B>+ 20— 1)e~?],
1
M, = W[«aﬁ cosy—2B(—a® — B> —1)siny+a(a®+ B> —2ip —1)e’ + a(—a® — B> —2if + 1)e 9],
_ 1 . _ 2 2 . 2 p2 A 5 2 2 hip -§
M, = W2 B [diofBcosy—2B(a"+ B~ + 1)siny+a(—o”—f~—2if+1)e’ +o(a”+ B~ —2if —1)e™°],
_ 1 2 _ 2 2 1\ 2 2 . 5 2 2 -8
My, = o1 B [4B7cosy—2B(a"+ B~ —1)siny+o(—a”— B +2a—1)e’ +ala”+p"+2a+1)e™°], (D8)
from which we can figure out the relation of the elementary components Im(M; ;) = Im(M»2) =0 and M, = _M;,l in the

APT-symmetric structures.
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Gain

Loss

x=0 -d

Fig. D1. Schematic diagram of 1D acoustic P77 -symmetric structure,
consisting of a pair of loss and gain medium with the same width d
immersed in a passive background medium (the leftmost and rightmost
regions), with black lines indicating hard walls of structure.

Appendix E: Asymmetric reflection in APT-
symmetric structure

In the APT -symmetric optical structure, the reflection
coefficient and transmission coefficient satisfy the relation[>3!

rL=rg, Im(r)=0. (El)

According to Ref. [54], at the phase transition point, no
particular property is found for the reflection coefficient
and transmission coefficient, which makes it hard to judge
whether the system is at the exact EP from Figs. 4(a)
and 4(b). In order to further demonstrate this prop-
erty, we depict the phase distribution at the upper bound-
ary of the APT-symmetric structure in Figs. El(a) and
E1(b), which shows a notable difference when the acous-
tic wave is incident from the left side and the right side,

(a) 3
y =
T}
—
4
3
0
-04 202 0 02 0.4
3
=
i}
o
<
3

0.4

x (m)

Fig. E1. Asymmetric reflection in APT -symmetric structure. Sim-
ulated pressure field distributions (upper panels) and pressure ampli-
tude distributions (lower panels) at the upper boundary of the APT -
symmetric structure under (a) left incidence and (b) right incidence,
respectively, with constitutive parameters being ug = vowg = ot + 18 =
0.458+4-0.0951, and vertical dashed lines indicating boundaries between
the NIM, PIM, and background medium.

respectively. Furthermore, we calculate the reflection coef-
ficient and transmission coefficient in Figs. 4(a) and 4(b) as
given below:

t=—057, rn=2.65—0.57i, (E2)

which satisfy the relation + = +Im(ry,) at EPs, demonstrating
that the AP7T -symmetric structure can be modulated at the
phase transition point by our complex-coordinate transforma-
tion method.
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