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SPECIAL TOPIC — Plasma disruption

Drift surface solver for runaway electron current dominant equilibria
during the current quench

Lu Yuan(袁露) and Di Hu(胡地)†

School of Physics, Beihang University, Beijing 100191, China

(Received 30 December 2022; revised manuscript received 17 February 2023; accepted manuscript online 7 March 2023)

Runaway electron current generated during the current quench phase of tokamak disruptions could result in severe
damage to future high performance devices. To control and mitigate such runaway electron current, it is important to
accurately describe the runaway electron current dominated equilibrium, based on which further stability analysis could
be carried out. In this paper, we derive a Grad–Shafranov-like equation solving for the axisymmetric drift surfaces of the
runaway electrons instead of the magnetic flux surfaces for the simple case that all runaway electrons share the same parallel
momentum. This new equilibrium equation is then numerically solved with simple rectangular wall with ITER-like and
MAST-like geometry parameters. The deviation between the drift surfaces and the flux surfaces is readily obtained, and
runaway electrons are found to be well confined even in regions with open field lines. The change of the runaway electron
parallel momentum is found to result in a horizontal current center displacement without any changes in the total current or
the external field. The runaway current density profile is found to affect the susceptibility of such displacement, with flatter
profiles result in more displacement by the same momentum change. With up–down asymmetry in the external poloidal
field, such displacement is accompanied by a vertical displacement of runaway electron current. It is found that this effect is
more pronounced in smaller, compact device and weaker poloidal field cases. The above results demonstrate the dynamics
of current center displacement caused by the momentum space change in the runaway electrons, and pave a way for more
sophisticated runaway current equilibrium theory in the future with more realistic consideration on the runaway electron
momentum distribution. This new equilibrium theory also provides foundation for future stability analysis of the runaway
electron current.

Keywords: tokamak, disruption, runaway electrons, equilibrium

PACS: 52.55.Fa, 52.55.–s, 52.25.Xz, 52.65.Cc DOI: 10.1088/1674-1056/acc1d7

1. Introduction
Plasma disruptions are the result of non-linearly unstable

magneto-hydrodynamic (MHD) instabilities which destroy the
global plasma confinement and result in rapid and localized
energy deposition upon the plasma facing components (PFCs),
potentially causing irreversible damage to future high perfor-
mance devices.[1] Among the threats posed by disruptions, the
runaway electrons and their localized deposition onto the first
wall is one of the most feared consequence.[1–3] In the most
disastrous scenario, significant portion of the original plasma
current could be converted into runaway electron current, and
all of their kinetic energy as well as a large portion of the
magnetic energy it carries could be unleashed locally.[4] This
should be avoided at all costs, and there have a lot of effort
going on regarding the control and depletion of such runaway
current.[5–9]

To address the confinement and loss of runaway electrons
in the configuration space, however, one should have a firm
grasp on the equilibrium solution, upon which instability stud-
ies could be carried out. The runaway electrons, on the other
hand, will not exactly follow the magnetic field lines due to
their high momentum. Once they become the main current car-
rier, the current density stops following the magnetic surface,

and the current density (or it multiplied by the major radius in
toroidal geometry) is no longer a flux function. Instead, the
current will follow the drift surface of the runaway electrons,
which is essentially the constant canonical angular momentum
surface in the axisymmetric geometry.[10,11] Thus the conven-
tional Grad–Shafranov equation[12] for solving plasma equi-
librium needs to be revised to describe this new class of equi-
libria, and a new multi-fluid-like equilibrium equation[13–15]

needs to be derived which solves the runaway electron drift
surfaces directly.

We are satisfied with the consideration of a simplified run-
away current model in this study. We obtain the force bal-
ance equation for the strongly passing runaway electron guid-
ing center from its Lagrangian.[10] Such force balance equa-
tion is then combined with the toroidal symmetry to yield a
Grad–Shafranov-like second order derivative equation for the
effective flux (the canonical angular momentum), which can
then be solved with given boundary condition. For simplicity,
we have assumed that all runaway electrons have the same par-
allel momentum, although they can have a spatial distribution
in density. We then solve the equation numerically assuming
static magnetic flux boundary condition for a range of geomet-
ric parameters, runaway electron currents, runaway electron
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momentum and poloidal magnetic fields. Apparent deviation
could be found between the calculated drift surfaces and the
flux surfaces, depending on the runaway electron momentum,
device geometry and the poloidal field strength. It is found that
the current center will exhibit a horizontal displacement as the
runaway electron momentum changes, even with constant total
current and poloidal field, in consistent with results from pre-
vious simpler model.[16] The flattened current profile is more
susceptible to such displacement with the same momentum
change. Furthermore, in the presence of up–down asymme-
try in the poloidal field, the runaway current exhibits vertical
displacement accompanied by said horizontal displacement.
Such displacement is purely caused by their parallel momen-
tum change, and may have important implications for the sta-
bility of the current quench plasmas where runaway current is
dominant, as well as for the runaway electron scrapping-off as
a result of said displacement.

The rest of this paper is arranged as follows. In Section 2,
we derive the new Grad–Shafranov-like equation for the run-
away electrons from their guiding center Lagrangian. In Sec-
tion 3, we perform a numerical parameter scan of numerical
solutions to investigate the equilibrium evolution under differ-
ent geometric parameters, runaway electron current, parallel
momentum and poloidal field. Finally, the discussion and con-
clusion are shown in Section 4.

2. The equilibrium equation for runaway elec-
tron current

The Grad–Shafranov-like equation could be obtained
from two ingredients: the force balance equation and a sym-
metric direction. For the latter, we are considering a simple 2D
equilibrium in this paper, and the symmetric direction is only
the toroidal direction. The force balance equation for the cold
current quench (CQ) plasma should be simply as 𝐽×𝐵 = 0 in
the limit that the current carrier does not have strong parallel
momentum. However, for runaway electrons, the centrifugal
force as a result of their high momentum must be considered,
and this is balanced by the 𝐽 ×𝐵 term.

A simple way of obtaining such force balance equation is
to look at the description of the guide center trajectory from its
Lagrangian,[10] and realize that such trajectory must automat-
ically satisfy the force balance for the individual particle. In
principle, one should then construct a series of moment equa-
tions for the runaway electron Boltzmann equation to render
the runaway electron fluid equations,[17] from which the force
balance equation is obtained. However, we will only consider
a simplified case here as a first step that all runaway electrons
share the same parallel momentum (δ function distribution in
momentum space for a given configuration space coordinate).
In such case, the runaway current density could be expressed

as

𝐽 = nREq𝑢. (1)

Here nRE is the runaway electron density, q is its charge and 𝑢

is the same with the individual guiding center velocity.
The Hamiltonian equations of motion for each coordinate

of the runaway electron guiding center are[10,11]

𝑋̇ =
p‖
γm

𝐵*

B*
‖
+

𝑏

qB*
‖
×
(

∇Φ
*+

∂𝐴*

∂ t

)
, (2)

ṗ‖ =−𝐵*

B*
‖
·
(

∇Φ
*+

∂𝐴*

∂ t

)
, (3)

µ̇ = 0, (4)

θ̇ =
qB
γm

, (5)

where 𝑋 is the configuration space coordinates, p‖ is the par-
allel momentum, µ is the magnetic moment and θ is the gyro-
angle, 𝑏 is the magnetic field direction, γ is the relativistic fac-
tor, q and m are the electron charge and rest mass, respectively.
We have also defined the following effective fields:

𝐴* ≡𝐴+
p‖
q
𝑏, (6)

𝐵* ≡ ∇×𝐴*, (7)

B*
‖ ≡𝐵* ·𝑏, (8)

∇Φ
* ≡ µ∇B

γ
+q∇Φ , (9)

where 𝐴 is the vector potential and Φ is the electric potential.
It should be noted that, if we want to consider higher parallel
momentum scenario where p‖/(qBR) ∝ ε with ε ≡ a/R be-
ing the inverse aspect ratio, as is assumed in Ref. [11], then
additional curvature drift terms need to be added in the above
equations. In this study, however, we consider p‖/(qBR) ∝ ε2,
so that the higher order curvature terms in Ref. [11] are consid-
ered as next order effects in this paper and are neglected. This
ordering, although less ambitious, should already cover the
major parameter range of interest during the current quench
for strong magnetic field device such as the International Ther-
monuclear Experimental Reactor (ITER), since the radiative
and collisional drag, as well as kinetic instabilities would tend
to limit the upper bound of the runaway electrons’ parallel
momentum. For strongly passing runaway electrons in quasi-
neutral plasmas, we approximate ∇Φ* ≃ 0. In steady states,
all partial time derivative terms also vanish. So that we have

𝑋̇ =
p‖
γm

𝐵*

B*
‖
, (10)

ṗ‖ = 0. (11)

The parallel momentum is thus a constant along the trajectory
line, thus a function of the drift surface, and the runaway elec-
tron trajectory is determined by the effective magnetic field
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𝐵*. Substituting into Eq. (1), we obtain

𝐽 = nREq
p‖
γm

𝐵*

B*
‖
. (12)

Note that Eq. (12) automatically satisfies the force balance in
the cases we consider here, and the force balance equation
simply yields

𝐽 ×𝐵* = 0. (13)

This is analogous to a force free equilibrium in an ordinary
plasma[18] where we have

𝐽 ×𝐵 = 0. (14)

Substituting Eqs. (6) and (7) into (13) and compare with
Eq. (14), the only difference is the additional term 𝐽 ×[
∇×

(
(p‖/q)𝑏

)]
. We will see later on that this term will enter

the right hand side of our new equilibrium equation. In the
axisymmetric system we considered here, the magnetic field
𝐵 and effective magnetic field 𝐵* could be expressed as the
reduced form

𝐵 = ∇Ψ ×∇φ + F̄∇φ , (15)

𝐵* = ∇Ψ
*×∇φ + F̄*

∇φ . (16)

Here Ψ is the poloidal magnetic flux, the effective flux Ψ * is
related to the toroidal component of the effective vector po-
tential 𝐴* which in turn is related to the canonical angular
momentum of the runaway electrons. Meanwhile F̄ and F̄*

are related to the toroidal field and the effective toroidal field,
respectively. The constant Ψ * surfaces then define the drift
surfaces of the runaway electrons, which are the new charac-
teristic surfaces analogous to the flux surfaces in an ordinary
plasma equilibrium. Combining Eqs. (12) and (16), one could
find

𝐵* ·∇Ψ
* = 0, (17)

𝐽 ·∇Ψ
* = 0. (18)

Hence the runaway electron trajectory and thus the current
density flow along the drift surfaces. Note that this means
nRE cannot be a flux function of Ψ * in toroidal geometry
due to the demand of current conservation, although nRER is.
This must be compensated by the cold bulk electrons which
have much higher density, so that the quasi-neutrality could be
maintained.

With Eqs. (17) and (18), it is evident that the runaway cur-
rent dominant equilibrium can be defined by the drift surfaces,
just like the flux surfaces define the ordinary plasma equilib-
rium. We then proceed to solve Ψ *. In our toroidal symmetric
system, realizing that

µ0𝐽 = ∇×𝐵 =−∆
*
Ψ∇φ +∇F̄ ×∇φ , (19)

where ∆ * ≡ R ∂

∂R

(
1
R

∂

∂R

)
+ ∂ 2

∂Z2 , so that

µ0𝐽 ×𝐵* =−∇F̄F̄*

R2 −∆
*
Ψ

1
R2 ∇Ψ

* = 0. (20)

Hence we get a new (cold) Grad–Shafranov-like equation for
the runway electron current

∆
*
Ψ =− dF̄

dΨ * F̄*. (21)

Note that here we have used the fact that the toroidal magnetic
field F̄ is a function of the effective flux Ψ *. Unfortunately,
this equation could not be directly solved since the RHS is not
a function of Ψ alone, but are related to Ψ *. To solve it, one
could try to convert this equation into a second order differen-
tial equation for Ψ * instead, and make sure that the RHS only
contains the function of Ψ * and some spatial coordinates such
as R.

To do this, we realize

∆
*
Ψ = −µ0R2𝐽 ·∇φ =−µ0R2nREq

p‖
γm

𝐵*

B*
‖
·∇φ

= −µ0nREq
p‖
γm

F̄*

B*
‖
. (22)

We note that Eqs. (21) and (22) should be equivalent so that

dF̄
dΨ * = µ0nREq

p‖
γm

1
B*
‖
, (23)

which is a function of Ψ *. However, 𝐹 * is not necessarily a
function of Ψ *, and it is desirable to rewrite 𝐹 * to separate the
part which is a function of Ψ * and the part which is not.

To do this, we rewrite Eq. (16) as

𝐵* = ∇×𝐴* = ∇×
(
𝐴+

p‖
q
𝑏

)
= (∇Ψ +∇ζ )×∇φ +

(
F̄ + Ḡ

)
∇φ , (24)

where ζ and Ḡ represent the additional contribution from the
mechanical momentum. From Eqs. (15) and (24) we must
have

Ḡ = R2
(

∇×
p‖
q
𝑏

)
·∇φ . (25)

Realizing that under our current assumptions we have Eq. (11),
so that p‖ is a constant on a given drift surface. In this paper,
as a first step, we are satisfied with consideration of the sim-
plest case that p‖ is also a constant over the whole volume. We
can then further simplify and obtain

Ḡ = R2 p‖
q

[
∇×𝐵

B
·∇φ − ∇B×𝐵

B2 ·∇φ

]
= R2 p‖

q

[
−∆ *Ψ

BR2 − ∇B×𝐵

B2 ·∇φ

]
. (26)
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To the leading order, we have ∇B ≃− 1
R B∇R, so that we have

− ∇B×𝐵

B2 ·∇φ =−B
R

1
B2

BZ

R
=− BZ

BR2 . (27)

Since BZ = 1
R

∂Ψ

∂R , we have

Ḡ =
p‖
qB

[
−R

∂

∂R

(
1
R

∂Ψ

∂R

)
− 1

R
∂Ψ

∂R
− ∂ 2Ψ

∂Z2

]
= −

p‖
qB

[
R

∂BZ

∂R
+BZ +

∂ 2Ψ

∂Z2

]
. (28)

It might be tempted to directly write Ḡ = − p‖
qB

[
∂ 2Ψ

∂R2 + ∂ 2Ψ

∂Z2

]
here, but let us first compare the strength of R ∂BZ

∂R and BZ . We
notice that the variation of BZ is dominated by the contribu-
tion from the runaway current, and BZ will change sign over a
length scale on the order of the minor radius a as we go from
the high field side (HFS) to the low field side (LFS), should
close flux surfaces still exist. Thus an order-of-magnitude
analysis yields R ∂BZ

∂R ∼ R
a BZ , which is 𝒪

(
ε−1
)

compared with
BZ . Keeping the leading order, we thus obtain

Ḡ ≃−
p‖
qB

∆
*
Ψ . (29)

Hence we can express F̄* as

F̄* = F̄ (Ψ *)−
p‖
qB

∆
*
Ψ . (30)

We see that F̄* indeed is not a function of Ψ * alone, but could
be linked to F̄ and a function of the magnetic flux.

We could obtain the expression of ∇ζ in similar manner
from Eq. (24)

∇ζ = −R2
(

∇×
p‖
q
𝑏

)
×∇φ

= R2 p‖
q

[
∇φ × ∇×𝐵

B
−∇φ × ∇B×𝐵

B2

]
= R2 p‖

q

[
∇F̄
BR2 +

B
R

F̄
B2

∇R
R2

]
=

p‖
qB

[
∇F̄ +

F̄
R

∇R
]

≃
p‖
q

∇R. (31)

Here we have used the approximation F/B =

RF/
√
(∇Ψ)2 +F2 = R+𝒪

(
ε2
)

and the strong toroidal field
assumption R∇F̄ ≪ F̄ . Finally, we can get the expression of
∇Ψ

∇Ψ = ∇Ψ
*−

p‖
q

∇R. (32)

Thus we recover the relationship between the effective flux Ψ *

and the magnetic flux Ψ

Ψ =Ψ
*−

p‖
q

R, (33)

which is consistent with Eq. (6). Note here the contour of Ψ

is our flux surface solution while the contour of Ψ * is the drift
surface solution, hence for finite p‖ there will be a deviation
between the flux surfaces and the drift surfaces. Substituting
Eqs. (30) and (32) into Eq. (22), we immediately get the rela-
tionship between ∆ *Ψ * and ∆ *Ψ according to Eq. (32)

∆
*
Ψ = ∆

*
Ψ

*+
p‖
qR

, (34)

∆
*
Ψ

*+
p‖
qR

=−µ0nREq
p‖
γm

1
B*
‖

[
F̄ −

p‖
qB

(
∆
*
Ψ

*+
p‖
qR

)]
.

(35)

This then yields(
1−µ0nRE

p2
‖

γm
1

B*
‖B

)(
∆
*
Ψ

*+
p‖
qR

)
=−µ0nREq

p‖
γm

F̄
B*
‖
. (36)

We devide both sides by − µ0nRE p‖
γmB*

‖
and obtain

(
−

γmB*
‖

nREµ0 p‖
+

p‖
B

)(
∆
*
Ψ

*+
p‖
qR

)
= qF̄ . (37)

Using the following approximation:

B*
‖B =𝐵* ·𝐵 = B2 +

p‖
q

µ0𝐽 ·𝑏= B2 +µ0nRE
p2
‖

γm
, (38)

we could rewrite

−
γmB*

‖
nREµ0 p‖

+
p‖
B

=− Bγm
nREµ0 p‖

. (39)

So that we finally have

∆
*
Ψ

* =−µ0nREqR
p‖
γm

−
p‖
qR

. (40)

Compared with ordinary Grad–Shafranov equation and taking
into account of Eq. (33), it can be seen that both our drift sur-
face solution Ψ * and flux surface solution Ψ would differ from
the flux surface solution of the ordinary Grad–Shafranov equa-
tion for finite p‖, while both of the first two solutions converge
to the last in the limit of p‖ → 0. With given current density
profile, p‖ and boundary condition, the RHS of Eq. (40) is
known and we could proceed to solve the equilibrium.

3. The numerical solution of the runaway elec-
tron current dominated equilibrium
In this section, we present the numerical investigation of

the runaway electron current under different control variables
such as the parallel momentum, the current density profile and
the externally applied vertical magnetic field. Specifically, in
Subsection 3.1, we introduce our numerical setup for the run-
away electron current equilibrium solver. In Subsection 3.2,
the runaway current equilibrium with various parameters are
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calculated and plotted for both the ITER-like plasma and a
smaller MAST-like plasma with complete up–down symmet-
ric boundary condition, and found the change in the parallel
momentum would result in horizontal current center displace-
ment even with all the others parameters intact. In Subsec-
tion 3.3, we demonstrate that such horizontal displacement is
accompanied by a vertical displacement if the boundary con-
dition exhibits some up–down asymmetry.

3.1. Numerical setup

Our numerical solver bases on the open source Grad–
Shafranov solver for ordinary plasma equilibria FreeGS.[19]

The equilibrium equation is changed to that of our runaway
current equilibrium in Section 2, and the boundary condition
is modified so that we have an ideally conducting boundary
condition for the magnetic flux, plus whatever static externally
applied poloidal magnetic field. Explicitly, the boundary con-
dition for the magnetic flux in the up–down symmetric case
is

Ψb =
1
2

Bz0R2. (41)

This corresponds to the toroidal component of the magnetic
vector potential Aφ = 1

2 Bz0R, which represents a constant ver-
tical field Bz0. The corresponding boundary condition for Ψ *

is then

Ψ
*

b =
1
2

Bz0R2 +
p‖
q

R. (42)

This boundary condition represents the scenario that the cur-
rent displacement within the vacuum vessel is faster than the
resistive time of the wall, hence all magnetic flux changes will
be screened, although the external field, which penetrates on
a much longer timescale, is frozen in the wall. For simplicity,
we only consider a rectangular boundary in this study. For
the so-called MAST-like geometry, we have Rmin = 0.1 m,
Rmax = 2.0 m, Zmin = −2.0 m, and Zmax = 2.0 m, while for
the ITER-like geometry, we have Rmin = 4 m, Rmax = 8.5 m,
Zmin = −4 m, and Zmax = 5.0 m. More detailed studies with
realistic 2D first wall shape are left for future works.

In this section, we mainly scan the parallel momentum
p‖ and a constant, uniform vertical external magnetic field Bz0

under different current density profiles. Such uniform verti-
cal field of course is a simplification meant to provide a first
estimation for our equilibrium solution. The realistic poloidal
field or vertical field generated by the external coils is much
more complicated in reality,[20] and we aim to include such
realistic external coils in our future works. We choose the
monotonic current density profile to have the following shape:

J‖R = nREq
p‖
γm

R, (43)

nRER = nRE (0)R0
(
1− ψ̄*m)n

. (44)

Here ψ̄* is the normalized effective flux. Several different
parameters m and n are chosen to represent three kinds of
distributions from the peaked profile to the flattened profile.
Additionally, we consider one non-monotonic current profile
to represent the possible hollowed runaway current spatial
distribution[21–23]

nRER = nRE (0)R0

[
1− ψ̄*2 +

(
ψ̄*− ψ̄*2

)m]n
. (45)

All four kinds of current density profile are shown in Fig. 1
for comparison, with different colour representing different
choice of m and n as well as the monotonic and non-monotonic
profiles. Once the current profile shape and the total runaway
current are chosen, the RHS of Eq. (40) is known.
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Fig. 1. The shape of current density profiles according to Eqs. (44) and
(45). The blue, orange and green curves represent three different mono-
tonic current profifiles, the red one is the non-monotonic one.

Apart from the above constant, uniform Bz0 case, we also
investigate an additional case with up–down asymmetry in
the magnetic field boundary condition, to mimic the up–down
asymmetry in the poloidal field coil in real tokamaks. In this
simple study we only consider two poloidal field coils located
at Ru = 5 m, Zu = 7.5 m and Rd = 6 m, Zd = −7.5 m, re-
spectively, in addition to the uniform vertical field Bz0. In this
up–down asymmetric case, the boundary condition becomes

Ψb =
1
2

Bz0R2 +RAcoil. (46)

Here

Acoil =
1
2

µ0 ∑
i

Ii ∑
l=1,3,5,...

P1
l (0)

l (l +1)

(
ai

ri

)l+1

P1
l (cos(θi))

is the total toroidal magnetic vector potential contribution
from the external PF coils, where ai is the radius of coil i,
ri is the distance from the boundary point to the coil centre.
Here we assume ri > ai. Further, θi is the poloidal angle of the
boundary point related to the coil centre, Ii is the coil current
and P1

l is the first order associated Legendre polynomial. The
corresponding boundary condition for Ψ * is

Ψ
*

b =
1
2

Bz0R2 +RAcoil +
p‖
q

R. (47)

With those boundary conditions, we can proceed to solve the
runaway electron current dominant equilibrium.
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3.2. Numerical results for up–down symmetric boundary
condition

We demonstrate here the runaway current equilibria cal-
culated using Eq. (40) and the up–down symmetric boundary
conditions described in Subsection 3.1.

To demonstrate the difference between our new equilib-
rium solution and the ordinary Grad–Shafranov solution, as
well as their convergence in the limit of p‖ → 0, we hereby
show two benchmark cases with FreeGS results using the ideal
boundary MAST-like geometry with Bz0 = 0 and Ip = 200 kA.
The flux surface and the drift surface of our equilibrium solu-
tion as well as the flux surface solution from FreeGS are com-
pared in Fig. 2 for both the p‖ = 0 mec and the p‖ = 20 mec
cases. The black chained lines represent the Grad–Shafranov
solution, the dark blue solid lines represent the new drift sur-
face solution and the red dashed lines represent the new flux
surface solution. In Fig. 2(a) where we have p‖ = 0, exact
agreement is found between all three surfaces as the con-
tours of the three solutions overlap with each other. This
demonstrates we could recover the ordinary force free Grad–
Shafranov solution in the low electron momentum limit. As
the electron momentum increase, however, deviation between
the solutions becomes gradually more pronounced, as can be

seen in Fig. 2(b) where we have p‖ = 20 mec. Here the Grad–
Shafranov solution is unchanged, as the parallel momentum
of the current carrier does not enter the equilibrium equation
explicitly. Meanwhile, both the flux surfaces and the drift sur-
faces of our new equilibrium solution exhibit an outward dis-
placement as the electron parallel momentum increases. The
deviation between the drift surface and the flux surface solu-
tion also begins to manifest itself, as this deviation is propor-
tional to p‖ as we discussed in Section 2.
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We then look at the peaked current profile case described
by Eq. (44) with m = 1 and n = 6 and total runaway electron
current IRE = 200 kA but with varying p‖. The equilibrium so-
lution for several chosen p‖ and Bz0 =−0.045 T as is shown in
Fig. 3, where the solid contours represent the drift surfaces and
the dashed contours represent the flux surfaces. This choice of
Bz0 value is on the same order of magnitude as one would ex-
pect to maintain the horizontal position of the current centre
for an ordinary plasma,[24] although it is not exactly the same
due to the contribution from the runaway electron parallel mo-
mentum and the back reaction from the ideal wall. The orange
vertical dashed line marks the horizontal position of the cur-
rent center. The color bar for the right figure in each subplot
represents the value of J‖R which is a function of Ψ *. Note
that such a centrally peaked current profile is likely to trigger
some kink instability for the runaway current, but this is not
the concern of our 2D equilibrium study here and we leave
detailed stability studies for future works. From Figs. 3(a)
to 3(d), it can be seen that even with exactly the same verti-
cal field and the same runaway electron current, the current
center shows apparent displacement as the parallel momen-
tum changes, in agreement with previous simplified model.[16]

Such parallel momentum change could be caused by many
mechanism, such as the collision with background species,[25]

radiative drag,[26] kinetic instabilities[27] or toroidal electric
field. In the small p‖ limit, the deviation between the drift sur-
face and the flux surface is small, while such deviation con-
sistently grows as p‖ increases. In the large p‖ limit, although
there is only very little closed flux surface remains, significant
closed drift surfaces still exist, and the runaway electrons re-
main well confined even in the open field line region. This
feature cannot be captured with the ordinary Grad–Shafranov
equation since the current flows along the flux surfaces, and
there can not be closed current surfaces in open field line re-
gion. This runaway electron drift is closely associated with
the aforementioned current center displacement, as the drifted
runaway electrons are also the main current carrier, thus any
runaway electron drift would also move the current channel,
which in turn moves the magnetic flux, which causes further
runaway electron drift. Thus we see inward current displace-
ment for decreasing runaway electron momentum, and out-
ward displacement for growing momentum.

As a comparison, we show another example of runaway
current equilibrium with more flattened current profile m = 2
and n = 2, as is plotted in Fig. 4. Similar horizontal current
displacement caused by the change of the parallel momentum
alone can be seen. Consistent with the m = 1 and n = 6 case,
closed runaway electrons drift surfaces exist where field lines
are open. Compared with Fig. 3, however, Fig. 4 shows sig-
nificant shrinking of the current channel as the horizontal cur-
rent displacement occurs. This is due to the shrinking of our

last closed drift surface as the runaway electron current moves
towards the wall, which mimics the scraping-off of the edge
runaway electron current and it redistributes to the core by
the inductive electric field in real current displacement event.
Comparing the value of p‖ at similar current center position in
Figs. 3 and 4, the more flattened current profile requires less
change in p‖ for the same current displacement, suggesting
that their current center position is more sensitive to the par-
allel momentum change. This may be due to the fact that the
flattened current profile case experiences more significant cur-
rent shrinking compared with the peaked current profile case,
which results in stronger change in their internal inductance.

We now take a look at the non-monotonic current profile
case with m = 1 and n = 9 described by Eq. (45), the equilib-
rium solutions for several choices of p‖ are shown in Fig. 5.
Comparing Figs. 5 and 4, this hollowed current profile case
shows similar displacement with the m = 2 and n = 2 mono-
tonic current profile shape for the same p‖ change. A similar
scraping-off of the edge current density could be seen com-
paring Figs. 5(a) and 5(b) with Fig. 5(c). For our case studied
here, the non-monotonic feature does not seem to have sig-
nificant contribution to the susceptibility of the current center
displacement.

A more straightforward comparison of the current center
displacement as a function of p‖ and Bz0 for the four current
profiles shown in Fig. 1 is plotted in Fig. 6. All cases are with
the same constant total current IRE = 200 kA. There the colour
of the pseudo-colour map represents the major radius of the
current center, with deep blue representing the cases where
the equilibrium can not be found due to too significant current
center displacement. All figures in Fig. 6 show the same trend
that increasing the value of the vertical field (which points
downward along z direction) pushes the current center inward,
which is also expected for ordinary plasma equilibrium. Con-
trary to the ordinary equilibrium, changing the momentum of
the runaway electrons without changing the total current or
the current profile shape pushes the current center outward.
Comparing Figs. 6(a)–6(c), it is found that the current cen-
ter displacement occurs more easily for the more flattened
current profile with the same amount of p‖ change and Bz0

change, consistent with our observation above, and the bound-
ary within which the equilibrium could be found becomes nar-
rower for increasingly flattened current profile. Such trend can
be more directly seen in Fig. 7, where the different colours
represent different current profiles and Bz0 = −0.045 T. It is
apparent that the peaked profile (blue) case takes more p‖
change to achieve the same current center displacement com-
pared with the flattened profiles (orange and green). Again,
the non-monotonic current profile does not seem to have sig-
nificant impact of the displacement susceptibility.
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Furthermore, from Eq. (40), it can be deduced that the
deviation between the drift surfaces and the flux surfaces is
determined by the relative strength of the second term of the
RHS compared with that of the first term. One would thus nat-
urally expect that with stronger runaway electron current, thus
stronger poloidal magnetic field, the aforementioned deviation
would decrease; while for smaller and more compact device,
such deviation will be more pronounced.

To investigate this, we first compare two cases with the
same IRE = 200 kA and monotonic current profile with m = 2
and n = 2, one with the same ITER-like geometry we have
been using, the other with the MAST-like geomery as is de-
scribed in Subsection 3.1. The current center displacements as
a function of their respective p‖ and Bz0 are shown in Fig. 8,
noting the different range of the axes and the color bar. For the
same amount of p‖, the MAST-like case, with its smaller ma-
jor radius, experiences more significant horizontal drift com-
pared with the ITER-like case. Mathematically, this is due
to the 1/R contribution in the second term on the RHS of
Eq. (40). Physically, this is due to the stronger centrifugal
effect in the more compact device. So that we would expect
the runaway electron drift behavior we show here to be more
important for future small, compact machines.

We then move on to investigate the effect of the runaway
electron current with two ITER-like geometry cases, one with
IRE = 200 kA, the other with IRE = 1 MA. Both cases share
the same monotonic current profile shape with m = 2 and
n = 2. Examples of their respective equilibrium, as well as
the pseudo-colour plot of the current center displacement are
shown in Fig. 9. Comparing Figs. 9(a) and 9(b), both cases
using p‖ = 200 mec and Bz0 = −0.045 T, it can be seen that
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the deviation between the drift surfaces and the flux surfaces
is weaker for the IRE = 1 MA case and with less outward cur-
rent center displacement, confirming our previous argument
regarding such deviation depending on the relative strength of
the p‖/(qR) term. Nevertheless, the runaway electron drift
is still on the order of tens of centimeters for this high paral-
lel momentum case, causing the runaway current equilibrium
to deviate significantly from that of an ordinary equilibrium.

Comparing Figs. 9(c) and 9(d), note the different color bar
range, we could see that the current center displacement sus-
ceptibility is less for the IRE = 1 MA case for given amount of
p‖, consistent with our previous argument. Hence we would
expect the above discussed runaway electron drift and the as-
sociated current displacement to be a significant effect mostly
near the end of the runaway current depletion process when
the total runaway current is small.
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3.3. Displacement of the guide center under asymmetric
boundary conditions

Last, let us take a look at the interesting case of an up–
down asymmetric boundary condition, as is introduced in Sub-
section 3.1. We set the upper coil current to be Iu = 85.94 kA
and the lower coil current to be Id = 77.35 kA. The poloidal
magnetic field generated by both coils would be reflected
in the boundary condition. The equilibrium solutions under
such boundary condition for several selected p‖ and Bz0 =

−0.018 T are shown in Fig. 10. Again, the total runaway elec-
tron current is IRE = 200 kA and the current profile is mono-
tonic with m = 2 and n = 2.

From Figs. 10(a) to 10(d), one could clearly see that as p‖
decrease, there is an inward horizontal current displacement

just as in the previous cases, but there is also an accompa-
nied vertical displacement due to the asymmetry in the exter-
nal poloidal field. Since it is rather common to have some up–
down asymmetry in the poloidal field coil in real tokamaks,
one would expect that the momentum change in real runaway
current would also induce a corresponding vertical displace-
ment during the current quench, which should be considered
as an additional contribution to the vertical displacement in
the ordinary equilibrium solution. Here we are satisfied with
merely demonstrating the existence of such vertical displace-
ment as a result of the runaway electron momentum change.
The more detailed study with more realistic poloidal coil and
2D wall will be left for future works.
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4. Discussion and conclusion
A Grad–Shafranov-like equation for the simple case that

all current is carried by the runaway electrons and all runaway
electrons share the same parallel momentum being derived,
solving directly for the runaway electron drift surfaces instead
of the magnetic surfaces. A new force balance equation is ob-
tained for the runaway electrons from their guide-center equa-
tion of motion, and combined with the toroidal symmetry to

yield the aforementioned runaway current equilibrium equa-
tion, where an additional contribution from the runaway elec-
tron parallel momentum appears on the RHS. This additional
contribution would result in the relative drift between the run-
away electron drift surface and the flux surface. Since the
runaway electrons are the current carriers, such drift naturally
results in the current channel displacement and thus the flux
surfaces themselves are displaced, which in turn incurs further
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drift of the runaway electrons. With given runaway current
profile shape and given boundary condition, we are able to nu-
merically solve this new equilibrium equation.

Numerical investigations are carried out using simple
rectangular geometry with ITER-like and MAST-like geomet-
ric parameters. A number of different current profile shapes
are tested. In general, it is found that with given external ver-
tical field Bz0 and given total runaway electron current IRE, the
current center would exhibit an inward major radial displace-
ment as the runaway electron momentum decreases, and like-
wise an outward displacement as their momentum increases.
The flattened current profile shows more susceptibility on this
displacement compared with the peak profile, probably due to
the more significant current scraping-off for the former. The
hollowed current profile does not show significant impact on
such current displacement susceptibility. As discussed above,
this current displacement is caused by the relative drift be-
tween the runaway electrons and the flux surfaces, and its ef-
fect depends on both the relative strength of the parallel mo-
mentum to the poloidal field, and the major radius. Indeed,
it is found that in smaller device the runaway electron drift is
more apparent and the current center is more easily displaced
by changes in the parallel momentum. Meanwhile, if the total
current is large and the poloidal field is strong, such drift is
milder, so is the current displacement. Thus we conclude that
the above effect is more pronounced near the end of the run-
away current depletion process when the total current is small,
and so is the case in future compact devices. Furthermore, it
is found that with up–down asymmetry in the boundary con-
dition, such as those caused by asymmetric poloidal field coil
in real tokamaks, the horizontal current displacement is ac-
companied by a vertical displacement. Hence the change in
the runaway electron momentum could also additionally con-
tribute to the vertical displacement event.

Despite the result obtained above, there is still a lot of
room for future improvement of this new equilibrium theory.
For instance, one could consider the situation where the paral-
lel momentum is no longer a constant for all runaway elec-
trons, but have a distribution in the configuration space in-
stead. This would result in some additional term concern-
ing ∇p‖, and is a natural future development of our theory.
Moreover, one could also consider the scenario where the run-
away electron distribution is not a δ function in the momentum
space, but could have a distribution instead. To obtain the force
balance equation in such a scenario, one have to construct the
moment equations from the runaway electron kinetic equation
to yield the equation of motion for the runaway electron fluid.
Then one could combine such force balance equation and the
symmetry of the system to obtain the Grad–Shafranov-like
equation for the runway electron fluid just like we did in this
paper. This is also one of the future works we will pursue. An-
other possible expansion of current work is to consider a more

realistic 2D wall and the associated poloidal field reflecting
that of a real tokamak instead of the uniform vertical field we
used here. Yet another natural future expansion of the current
simplified model is to extend to the higher parallel momentum
regime of p‖/(qBR) ∝ ε instead of p‖/(qBR) ∝ ε2 in this pa-
per. The curvature terms in Ref. [11] need to be included for
this.

Nevertheless, the runaway current equilibrium theory pre-
sented in this study already provides a qualitative estimation
on some of the important runaway current dynamic such as
their relative drift to the flux surface and the current displace-
ment as a result of parallel momentum change. Based on the
equilibrium theory presented here and future works along sim-
ilar lines, further stability analysis could be carried out for
runaway electron dominated current and their consequential
runaway electron transport or termination scenarios could be
studied. These would help to achieve better runaway current
control and depletion in the current quench phase of disrup-
tion.
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