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Effect of magnetic field on expansion of
ferrofluid-encapsulated microbubble

Zhiwei Du(杜芷玮), Fan Li(李凡), Ruiqi Pan(潘瑞琪), Runyang Mo(莫润阳)†, and Chenghui Wang(王成会)

Shaanxi Key Laboratory of Ultrasonics, Shaanxi Normal University, Xi’an 710119, China

(Received 16 November 2022; revised manuscript received 19 February 2023; accepted manuscript online 7 March 2023)

Magnetic microbubbles (MMBs) have great potential applications in drug delivery and target therapy because they can
be controlled by magnetic fields. In this paper, dynamic equations are derived by Lagrangian formalism and the behavior
of MMBs subject to a combination field of magnetic and ultrasound field in an incompressible infinite fluid is analyzed
numerically. The results show that the magnetic field can promote bubble expansion and hinder its translational motion,
and both the enhancement and obstruction effects will weaken with the decrease of bubble size. The initial translational
velocity has almost no effect on bubbles motion. Besides, the maximum expansion radius of MMBs increases with the
ferrofluid shell thickness, while that of the common MBs is just the opposite. In addition, the periodic change of Levich
viscous drag caused by the rebound leads to the step-like translational motion. Finally, the ferrofluid-shell model can be
replaced by the model of non-magnetic microbubbles in magnetic liquid at high driving frequency.

Keywords: magnetic microbubbles, ultrasound, magnetic field, translational motion

PACS: 43.25.+y, 43.35.+d, 47.55.dd DOI: 10.1088/1674-1056/acc1d2

1. Introduction
Microbubbles (MBs) were initially developed as contrast

agents (UCAs) to enhance imaging of the vasculature. Re-
cently, MBs have been functionalised by attachment of anti-
bodies, drugs or other nanoparticles and used as drug delivery
platform or sonodynamic therapy.[1,2] Magnetic MBs consist
of gas cavities 1 µm–10 µm in diameter stabilized by a sur-
factant, lipid and/or polymer coating, and magnetic iron oxide
nanoparticles (IONPs) were incorporated into MBs. In fact,
numerous formulations have been proposed to facilitate the
loading of IONPs within the MB coating and/or on its surface
and lead to different structures. Three main types of MMBs
are:[3] IONPs in the oil phase under the shell (OilMBs), em-
bedded in the phospholipid layer (LipMBs), and bound to the
outer surface (SurfMBs). Experimental results show that the
Surf-MBs have the strongest response to external magnetic
field, followed by OilMBs but with improved stability.[3,4]

Vlaskou[5] believes that LipMBs have stronger ultrasonic con-
trast than other structures.

MMBs can be guided or controlled by an external
magnetic field, it also undergoes volumetric oscillations
when exposed to a US field. For its versatility, MMBs
have been applied or experimentally studied in various di-
agnostic, therapeutic, and genetic aspects, such as anti-
cancer drug delivery,[6–8] dual-mode angiography,[9–11] and
thrombolysis,[12–15] which have achieved good results. How-
ever, there are few studies on its mechanism, which is related
to the vibration and movement in blood vessel. Yang[16] con-
firmed that the steady cavitation threshold and inertial cavita-
tion threshold of MMBs decreased with the increase of IONPs
concentration and drive acoustic pulse length. In whole blood,

Owen[17] found that the number of retained MMBs would de-
crease under a given combination of vessel diameter, flow rate
and shear rate. A higher magnetic field and magnetic field gra-
dient or a greater quantity of bubbles were needed to compen-
sate for this effect. Stride et al.[18] experimentally studied the
effects of ultrasound and magnetic field on gene delivery and
they showed that the combination of IONPs could accelerate
the transfection.

With respect to the great potential as a minimally inva-
sive drug, it is urgent to deeply understand its dynamic mech-
anism, not only more applied experimental studies but also
better theoretical models are needed. In the early stages, the
shell was assumed to be a continuous incompressible elas-
tic solid material. Church[19] gave an oscillation equation of
the encapsulated microbubble. Doinikov[20] developed cou-
pling equations to describe the coupled motion of vibration
and translational motion by Lagrange equation. He also pro-
posed a model describing bubble encapsulation using linear
Maxwell constitutive equations.[21] For the MBs with IONPs,
one way to study the dynamic is to treat it as a non-magnetic
bubble in ferrofluid.[22,23] This alternative provides a conve-
nient experimental scheme for MMBs, and Steven[22] tried to
derive the generalized Bernoulli equation including the effects
of surface tension and the applied magnetic field to investigate
the dynamics of non-spherical MBs in ferrofluid. However, it
remains to be seen whether this indirect method can demon-
strate the response of MMBs realistically. Zhao[24] attempted
to build a direct theoretical model for a MMBs based on the
multilayer membranes structural properties and studied its os-
cillation in magnetic field and ultrasound field. Mulvana et
al.[25] conducted a preliminary vibration model of MMBs by
considering the influence of nanoparticles on membrane den-
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sity. Unfortunately, translational motion and coupling effects
with oscillation were not considered in these works.

As a continuation and development, in this study, OilMBs
mentioned in the literature[3] is take as an example of MMBs,
the dynamic equations of translation and oscillation in mag-
netic and ultrasound field are deduced by Lagrange method,
the influence of magnetic field on MMBs’ motion is investi-
gated.

2. Theoretical model
When the bubble diameter is very small, the non-

sphericity becomes negligible because the surface tension on
the bubble is greater than the other forces. Suppose a multi-
layer spherical MMBs with inner radius R10 and outer radius
R20 in an infinite and incompressible liquid (see Fig. 1). The
inner part 1 is filled with air, layer 2 is ferrofluid and the vis-
cosity and permeability are ηs and µ , respectively. The den-
sity of superparamagnetic iron oxide (SPIOs) nanoparticles is
ρs. Layer 3 is a hydrophobic phospholipid layer with viscos-
ity ηs0, and its thickness is negligible compared with layer 2.
The thickness of the non-dimensional shell is n = R20/R10. In
addition, the bubble is assumed to be translated with velocity
vx along x axis in the positive direction and spherical coor-
dinates (r, θ , φ ) with the origin at the center of the bubble
are used to describe the motion of MMBs. A single MMBs
is subjected to a combined field including a sine wave sound
field Pd = Pa sin(2π f t) and an applied magnetic field 𝐻 . The
strength of the applied magnetic field should be H0 at infinity.
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Fig. 1. Schematic diagram of a single MMB.

The bubble and its surrounding liquid form a system
whose kinetic energy T is the sum of liquid kinetic energy

TL and bubble kinetic energy TS. Considering that the air mass
inside the bubble is much smaller than that of the shell, the
kinetic energy of the bubble can be replaced by the kinetic en-
ergy of the shell:[20]

T = TL +TS = 2πρLR3
2

(
Ṙ2

2 +
1
6

ẋ2
)

+2πρsR3
1Ṙ2

1

(
1− R1

R2

)
, (1)

where x is the position coordinate of bubble center in an iner-
tial frame, and ẋ is the translation velocity (or denoted as vx).
Total potential energy U of the system can be written as

U =−PscVb − xFex +Um, (2)

where Um is the magnetic potential energy, Vb is the bubble
volume, Fex is the external force acting on the bubble, and Psc

is the scattered pressure on the bubble surface. The pressure
Psc can be taken in the following form:[24,25]

Psc =

(
P0 +

2σ1

R10
+

2σ2

R20

)(
R10

R1

)3γ

− 2σ1

R1
− 2σ2

R2
−4ηL

Ṙ1R2
1

R3
2

−4ηs
Ṙ1
(
R3

20 −R3
10
)

R3
2R1

−4ηs0
Ṙ2

R2
2

− 2K
R2

[
1−
(

R20

R2

)2
]
−P0 −Pd, (3)

where P is static pressure, σ1 and σ2 are tension coefficients
of the inner and outer surfaces respectively, γ is the polytropic
exponent of the gas within the bubble, K is a constant related
to the phospholipid layer, and ηL is viscosity of the liquid out-
side the bubble.

For a single bubble, the interaction between bubbles is ig-
nored, Fex is mainly Levich viscous drag and it was defined
as[23]

Fex =−12πηR2(ẋ− vex), (4)

with vex denoting the liquid velocity in x direction.
The magnetic potential energy Um is expressed as Um =∫

Vall
1
2𝐻 ·𝐵dV . The magnetic field satisfies the following for-

mulas: ∇2φ = 0, 𝐻 = −∇φ . Solving the Laplace equation
of the magnetic scalar potential, the 𝐻 in each region can be
obtained as[24]

𝐻 =



−a(cosθ𝑒r − sinθ𝑒θ ) , (r ≤ R1),(
2c
r3 −b

)
cosθ𝑒r +

(
b+

c
r3

)
sinθ𝑒θ , (R1 < r < R2),

−
(
−H0 −

2d
r3

)
cosθ𝑒r +

(
−H0 +

d
r3

)
sinθ𝑒θ , (r ≥ R2).

(5)
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It is assumed that 𝐻 is continuous through the bubble inter-
face, the coefficients a, b, c, and d can be given by

a =−
9µµ0H0R3

2

(2µ +µ0)(2µ0 +µ)R3
2 −2(µ −µ0)R3

1
,

b =−
3µ0 (µ0 +2µ)H0R3

2

(2µ +µ0)(2µ0 +µ)R3
2 −2(µ −µ0)R3

1
,

c =−
3µ0 (µ −µ0)H0R3

1R3
2

(2µ +µ0)(2µ0 +µ)R3
2 −2(µ −µ0)R3

1
,

d =
(2µ +µ0)(µ −µ0)

(
R3

2 −R3
1
)

H0R3
2

(2µ +µ0)(2µ0 +µ)R3
2 −2(µ −µ0)R3

1
. (6)

where µ is the vacuum permeability.
If the ferrofluid in layer 2 is isotropic, the magnetization

𝑀 of a ferrofluid is a function of 𝐻 in Langevin formula.
The magnetic induction intensity 𝐵 can be written as B =

µ0 (H +M) = µ0 (1+χ)H, here χ is the magnetic suscepti-
bility of ferrofluid and taken to χ = Ms

H

[
coth(γmH)− 1

γmH

]
,

where Ms is saturation magnetization and γm is the initial value
of magnetic susceptibility.[26] Then, the magnetic potential en-
ergy Um can be expanded as

Um =
1
2

µ0a2V1 +
1
2
(1+χ)µ0

×
[
(Vb −V1)b2 +

8π

3
c2
(

1
R3

1
− 1

R3
2

)]
+

1
2

µ0

[
H2

0 (Vall −V1)+
8πd2

3R3
2

]
, (7)

where V1 is the volume of air and Vall is the whole space of the
system. The relationship between ηs and H can be approxi-
mated as[27]

η (H) = η0 +
3
2

Φhydη0
ξ − tanh(ξ )
ξ + tanh(ξ )

, (8)

where ξ = µ0mH/kTf represents the ratio of magnetic en-
ergy to heat energy of a single magnetic nanoparticle, k is the
Boltzmann constant, m is the magnetization denoted by m =

MsπD3/6, Tf is the ferrofluid temperature, η is the viscosity of
ferrofluid in the absence of magnetic field, Φhyd =Φ0

(D+2ε

D

)3

is the hydrodynamic volume fraction, ε is the thickness of
magnetic particle surfactant and Φ0 is the volume fraction of
magnetic particles, and D is the diameter of the IONPs.

The Lagrangian equation is expressed as

d
dt

∂L
∂ q̇

− ∂L
∂q

= 0, (9)

where L is defined as L = T −U . Substituting Eqs. (1) and (8)
into Eq. (10), the dynamic equations can be written as

R1R̈1

[
1+
(

ρL −ρS

ρS

)
R1

R2

]
+ Ṙ2

1

[
3
2
+

(
ρL −ρS

ρS

)(
4R3

2 −R3
1

2R3
2

)
R1

R2

]

=
1

ρS

(
ρL

ẋ2

4
+Psc −G

)
, (10)

ẍ+
3Ṙ2ẋ
R2

=
3Fex

2πρLR3
2
. (11)

Equation (11) governs oscillation and equation (12) controls
translational motion. G is the correlation term affected by the
magnetic field, which can be expressed as

G =
µ0

6

{
4cċ(1+χ)

R5
1

− 6c2 (1+χ)

R6
1

+2
[
aȧ−bḃ(1+χ)

]
R1

+
3
[
−2d2 +2c2 (1+χ)+a2R6

2
]

R6
1

+
4dḋ −4cċ(1+χ)+2bḃ(1+χ)R6

2 −3H2
0 R3

2R2
1

R3
2R2

1

}
,

(12)

where ȧ, ḃ, ċ, and ḋ are the first order derivatives with a, b, c,
and d, respectively.

Obviously, both magnetic and ultrasound fields affect the
behavior of MMBs. Numerical methods play an important role
in insight into physical processes, it can provide detailed and
non-destructive information on mechanical processes that are
difficult to observe biomedical application experiments in vitro
or in vivo. Therefore, the influence of magnetic field on the
motion of MMBs and its mechanism is studied numerically.

3. Numerical analysis
Based on the model expressed by Eqs. (10) and (11), the

radial vibration, translational motion and their coupling move-
ment are analyzed under magneto-acoustic combined field.
SPIOs diameter D = 10 nm, Ms = 300 kA/m, Φ = 10 %, and
Tf = 300 K. Other parameters used in numerical analysis are
summarized in Table 1.

Table 1. Physical parameters used in numerical analysis.

Parameter Symbol Unit Value

Density of liquid ρL kg/m3 1000
Density of magnetofluid ρS kg/m3 1140
Viscosity of liquid ηL Pa·s 10−3

Viscosity of magnetofluid (H0 = 0) η0 Pa·s 0.01
Viscosity of phospholipid layer ηs0 Pa·s 4.5×10−9

Constant of the phospholipid layer K N/m 0.3
Internal surface tension coefficient σ1 N/m 0.04
External surface tension coefficient σ2 N/m 0.005
Ratio of specific heats γ 1 4/3
Static pressure P0 Pa 1.01×105

3.1. Basic motion

As a carrier of drug transport, MMBs urgently need to
overcome fluid flow, be magnetically guided and accumulate
in the target to achieve therapeutic concentration. To investi-
gate the performance of magnetic field control and retain mo-
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tion MMBs in target, bubble’s initial translation velocity is as-
sumed to be vx0 = 5 m/s. R20 is set as 5 µm, 10 µm, 20 µm
and n = 1.2, respectively and drive sound field parameters are
20 kHz and Pa = −1.2× 105 Pa. Figures 2(a) and 2(b) show
the behavior of MMBs in magnetic field of H0 = 400 kA/m
(solid line), and H0 = 0 (dashed line) is used as control group.
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Fig. 2. Magnetic response of a moving MMB. Dashed lines are H0 = 0
and solid lines are H0 = 400 kA/m.

The vibration curves were shown in Fig. 2(a), the maxi-
mum expansion radius in H0 = 400 kA/m is bigger than that
in H0 = 0, and their difference decreases with R20 reducing.
It indicates that the magnetic field can promote the bubble ex-

pansion and the smaller bubble size, the weaker blowing ef-
fect. Besides, it is found from x–t curves in Fig. 2(b), the
position coordinate x at the same time is larger in the pres-
ence of a magnetic field than H0 = 0. It means the translation
is blocked and the displacement is shortened by the applied
magnetic field. Although the magnetic field has opposite ef-
fects on translation and oscillation, both effects decrease as the
bubble size decreases. It suggests that MMBs with larger size
are more sensitive to magnetic field and easier be manipulated.
In addition, the strength H0 and the initial translation speed vx0

are also relevant.

3.2. Regulation of vx0

In Subsection 3.1, the basic motion of MMBs in H0 =

400 kA/m are discussed when vx0 is fixed. When vx0 changes
to 0 m/s, 3 m/s, and 5 m/s, their motion are analyzed nu-
merically. The phase diagram of bubble and vx–x translation
curves when R20 = 10 µm and n = 1.2 are shown in Figs. 3(a)
and 3(b) at H0 = 400 kA/m, and Figs. 3(c) and 3(d) are at
H0 = 0 kA/m.

In Fig. 3(a), three trajectories do not change significantly
when vx0 increases from 0 m/s to 3 m/s and then to 5 m/s, and
the morphology remains as a distorted elliptical closed trajec-
tory. It indicated that vx0 has almost no effect on oscillation in
H0 = 400 kA/m. Compared with Fig. 3(c), the range of phase
diagrams in H0 = 0 kA/m is smaller but their phase trajecto-
ries still coincide in different vx0. The result implies that the
magnetic field can be used to blow MMBs and enhance their
expansion, the degree may be related to vx0.
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Fig. 3. MMBs response to translational initial velocity vx0. R20 = 10 µm, n = 1.2.
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In Fig. 3(b), vx decreases nonlinearly in H0 = 400 kA/m
and vx–x curves are almost parallel when vx0 = 3 m/s and
vx0 = 5 m/s, the vx decreasing trend is hardly affected by vx0.
External magnetic field shortened translational displacement
and enhanced the fluctuation of vx–x curves by compared with
H0 = 0 kA/m in Fig. 3(d). This result can be interpreted as:
MMBs translation is mainly affected by liquid viscous resis-
tance related to vx. The magnetic field enhances the wall vi-
bration speed, intensifies the surrounding liquid flow and in-
creases viscous resistance, and finally leads to the reduction of
translational displacement. However, it should be noted that
when vx0 = 0, the bubble translational motion does not change
with external magnetic field, which means that magnetic field
has no effect on static bubbles.

3.3. Blowing mechanics of magnetic field

To explore the mechanism of bubble motion under mag-
netic field control, the additional forces due to the magnetic
field were analyzed and compared with the common encap-
sulated MBs in absence of magnetic field. The additional
forces mainly include magnetic pressure G and viscous drag
force Fηs.[28] For a bubble with R20 = 10 µm and n = 1.02
at Pa = 1.2× 105 Pa, the curves of G–t and Fηs–t were show
in Figs. 4(a) and 4(b) when H0 = 100 kA/m, 400 kA/m, and
500 kA/m. G and Fηs increase with H0, but the two forces
have different effects on bubble motion due to their oppo-
site directions. In Fig. 4(a), G is always negative and it can
enhance the vibration from Eq. (11). Compared with the
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Fig. 4. Time evolution of additional forces in magnetic field: R20 =
10 µm, n = 1.02.

curve of Fηs–t in Fig. 4(b), the Fηs may be either positive or
negative and may promote or hinder the oscillation. In this
way, G and Fηs compete and restrict each other during bubble
vibration. Additionally, G is much larger than Fηs in a strong
magnetic field, which leads to vibration enhancement. This is
also illustrated in Fig. 2(a), the amplitude in H0 = 400 kA/m
is higher than in H0 = 0 kA/mm.

3.4. The influence of shell thickness

The expansion of the MMBs can be enhanced by mag-
netic field, the magnetic sensitivity is an important property
and it is related to the membrane thickness n and the volume
fraction of SPIOs Φ . If Φ = 0.1, the thickness response to ap-
plied magnetic field is discussed. The blue stars in Fig. 5 are
the maximum of R2/R20 at H0 = 450 kA/m when n is 1.02,
1.05, 1.08, 1.15, and 1.2. As a comparison, the red dots are
used as a common UCA at H0 = 0 and the maximum of R2/R20

reduces as n increases, because the surface tension increases
with the larger thickness. Conversely, the maximum enlarges
with n in the strong magnetic field H0 = 450 kA/m. This re-
sponse of thickness is easy to understand. The more magnetic
particles the thicker n contains, the stronger response to the
applied magnetic field.
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Fig. 5. Oscillation responses to the ferrofluid shell thickness: R20 =
10 µm, Pa = 1.2×105 Pa.

3.5. Coupling of oscillation and translation

The red lines of x–t curves in Fig. 2(b) are step-like
shape. Compared with Fig. 2(a), the step period is the same
as the vibration. Does this imply a possible coupling be-
tween oscillations and translations? Zhang[29] has showed that
the pulsation sound affects the resultant force in x-axis direc-
tion and eventually causes the bubble to translate. Combined
Eqs. (10) and (11), it is obvious that both oscillation and trans-
lation are related to the horizontal viscous drag Fex. Figure 6
gives the relationships of Fex–t (blue lines) to x–t (red lines)
at H0 = 400 kA/m and H0 = 0 for R20 = 20 µm. Fex un-
dergoes several mutations during the first acoustic period, the
rapid contraction causes it to reach a minimum and vx is max-
imized. With bubbles rapid translation, it begins to expand,
causing Fex to increase and the translation speed to slow down
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and enter the next cycle. Moreover, the time of bubble’s re-
bound is very short which makes Fex change periodically, and
then the translational displacement has the character of step-
like change. Compared with H0 = 0 (dashed line), the mag-
netic field increases the amplitude of Fex, indicating that the
reduction of translational displacement in Figs. 3(b) and 3(d)
is because of the increase of magnetic field.
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Fig. 6. The Fex–t and x–t in different magnetic fields.

3.6. Comparison with the model of non-magnetic bubble
in ferrofluid

Bubble dynamics in magnetic field was often treated as
a non-magnetic bubble in a ferrofluid. Inspired by this idea,
Chen et al.[23] transformed MMBs into non-magnetic bubbles
in ferrofluid and established a mathematical dynamic model
by Lagrange method. Although it is an indirect way to un-
derstand MMBs’ response to the magnetic field, it can still be
applied for experimental purposes. If our model is compara-
ble to Chen’s model, the latter can be used as an alternative
experimental protocol for MMBs.

The acoustic frequency and magnetic field intensity re-
sponses are numerically analyzed. Ferrofluid is the same in
two models and Φ = 0.1, radius of encapsulated microbubble
R20 are 1 µm, 5 µm, 10 µm, respectively, and shell thickness
n = 1.2 with the driving sound pressure Pa = 1.2 × 105 Pa.
If all bubbles are non-magnetic, their resonant frequencies f
are 5 MHz, 817 kHz, and 392 kHz, respectively.[21] Sweep
around f and the maximum expansion rate (R2/R20)max at
H0 = 400 kA/m are shown in Figs. 7(a)–7(c) and the cases
of H0 = 0 kA/m serves as controls (dotted-lines). The fre-
quency response of three sizes of bubbles in two models are
similar, the difference is only the location and value of the
peaks. (R2/R20)max in Chen’s model decreases faster than
present model, but they are close and less affected by the mag-
netic field when the driving frequency above their resonant fre-
quencies. Compared R20 = 1 µm (Fig. 7(a)) to R20 = 5 µm and
R20 = 10 µm in Figs. 7(b) and 7(c), vibration stability of larger
bubbles in low frequency is worse than smaller one.

The responses to the magnetic field of bubble with R20 =

10 µm in two models are also investigated in Fig. 8. Fig-

ure 8(a) is the bifurcation diagram of the pulsation versus
magnetic field intensity from Chen’s model. The pulsa-
tion is period-one and period-double, and the curve is bi-
furcated at H0 = 785 kA/m and closed at H0 = 905 kA/m.
For comparison, present model in this work as shown in
Fig. 8(b), only period-one pulsation occurs and the expansion
radius decreases in low intensity, which is consistent with the
experiment.[30] However, our model does not exhibit pulsation
disorder in a strong magnetic field, which is different from his
model. Anyway, the two models are comparable in the low
intensity magnetic field.
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Fig. 7. Frequency responses in two models. Dashed lines are H0 =
0 kA/m and solid lines are H0 = 400 kA/m.
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4. Conclusion
Dynamic equations describing oscillation and translation

of MMBs in magnetic-acoustic field are derived by Lagrange
method and the behaviors are analyzed numerically. The mag-
netic field expands the bubble and shortens its translation dis-
tance, those effects diminishing as the bubble size. The ini-
tial translational velocity has almost no effect on its motion.
Magnetic pressure and layer viscous force are both competi-
tive for oscillation in the magnetic field. The magnetic pres-
sure is stronger in a higher intensity magnetic field and makes
bubble expand. The maximum expansion radius is larger than
that of the ordinary encapsulated UCA and increases with the
membrane thickness. In addition, the change of Levich vis-
cous drag caused by rebound makes bubble translate in a step-
like manner. Furthermore, compared with Chen’s model of
non-magnetic microbubbles in ferrofluid, two models are al-
most consistent at high driving frequency, and the relationship
between the driving frequency and the resonant frequency can
be judged as an alternative basis. This study is an exploration
of magnetic field guiding and controlling the movement and
behavior of MMBs, and may provide some suggestions for the
experimental scheme for MMBs research.
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