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The optical rotational Doppler effect associated with orbital angular momentum provides a new means for rotational
velocity detection. In this paper, we investigate the influence of atmospheric turbulence on the rotational Doppler effect.
First, we deduce the generalized formula of the rotational Doppler shift in atmospheric turbulence by mode decomposition.
It is found that the rotational Doppler signal frequency spectrum will be broadened, and the bandwidth is related to the
turbulence intensity. In addition, as the propagation distance increases, the bandwidth also increases. And when C2

n ≤
5×10−15 m−2/3 and 2z ≤ 2 km, the rotational Doppler signal frequency spectrum width d and the spiral spectrum width
d0 satisfy the relationship d = 2d0−1. Finally, we analyze the influence of mode crosstalk on the rotational Doppler effect,
and the results show that it destroys the symmetrical distribution of the rotational Doppler spectrum about 2l ·Ω/2π . This
theoretical model enables us to better understand the generation of the rotational Doppler frequency and may help us better
analyze the influence of the complex atmospheric environment on the rotational Doppler frequency.

Keywords: optical rotational Doppler effect, atmospheric turbulence, vortex beam, mode decomposition,
mode crosstalk

PACS: 42.68.Bz, 92.10.Lq, 42.79.Qx DOI: 10.1088/1674-1056/acc1d0

1. Introduction
The well-known Doppler frequency shift can be ex-

pressed as ∆ f = 2v f c−1, which shows that when there is a
linear relative motion between the source and the observer, a
frequency shift will be generated, and this phenomenon is also
called the linear Doppler effect (LDE). The frequency shift
varies with the relative velocity between the source and the
observer, and it is extensively used in Doppler velocity de-
tection along the line of sight.[1,2] When a beam with a he-
lical phase structure (such as a vortex beam) illuminates a
rotating object with an optically rough surface, another type
of Doppler frequency shift will occur, namely the rotational
Doppler effect (RDE).[3–7] In 1992, Allen et al. discovered
the vortex beam with a helical phase factor exp(ilϕ) car-
ries orbital angular momentum (OAM),[8] where ϕ is the az-
imuthal angle, l is the topological charge (TC), and l is also
called the OAM mode index. Since then, the vortex beam has
been widely researched in optical communication,[9–11] opti-
cal manipulation,[12,13] and other fields. In recent years, vortex
beams have also been widely used in rotational velocity detec-
tion, angular velocity detection, locating the center of rotating
objects based on RDE.[5,6,14,15]

In 2013, Lavery et al. designed a rotational velocity mea-
surement scheme based on RDE by collecting and analyzing
the OAM beam scattered from a spinning object with an op-
tically rough surface.[4] They discovered that the rotational

Doppler frequency shift of a rotating object illuminated by
an OAM-carrying beam can be expressed by ∆ f = lΩ/2π ,
which showed that the frequency shift is only related to the
rotational velocity of the spinning object and the OAM mode
index. Since then, many kinds of research on rotational veloc-
ity detection based on RDE have been published.[16–18] Qiu et
al. analyzed the RDE at the oblique light incidence and formu-
lated the quantitative relation between the Doppler frequency
shift and the tilt angle.[16] In the same year, they experimen-
tally analyzed the influence of lateral misalignment on RDE.
They concluded that the Doppler signal would be spectra-
broadened when the beam axis of a probe light is not coin-
cide with the rotation axis of the spinning object.[17] Based on
this research, Zhang et al. analyzed the rotation velocity de-
tection with orbital angular momentum light spot completely
deviated from the rotation center.[18] However, most existing
studies[14–18] are based on ideal conditions, and the influence
of atmospheric disturbance on a vortex beam has not been con-
sidered. In Ref. [19], Zhang et al. established a 120 m long
free-space link and experimentally analyzed the influence of
atmospheric turbulence (AT) on the RDE. But they did not ex-
plain how AT affects the rotational Doppler frequency shift. In
fact, especially for the free-space optical link, the propagation
of vortex beams will be influenced by many factors, such as
atmospheric turbulence, atmospheric scattering, aerosol, and
so on. In this paper, we mainly analyze the influence of AT
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on vortex beams. The AT will lead to random variations in
the refractive index, and the wavefront of the beam will be
inevitably distorted, which will lead to a series of influences
such as inter-symbol interference, signal power reduction, and
so on.[20] The impact of AT on optical communication systems
has been studied by many researchers.[21–23] However, the in-
fluence of AT on RDE has not been analyzed in the existing
research, which is a non-ignorable part of RDE for practical
applications.

In this paper, we theoretically analyze the influence of AT
on RDE by mode decomposition and deduce the relationship
between the rotational Doppler signal frequency spectrum and
the AT intensity. Theoretical analysis shows that AT will lead
to the expansion of the rotational Doppler signal frequency
spectrum to adjacent modes. And when C2

n ≤ 5×10−15 m−2/3

and 2z ≤ 2 km, the rotational Doppler signal frequency spec-
trum width d and the spiral spectrum width d0 satisfies the
relationship of d = 2d0−1. Finally, we analyze the influence
of mode crosstalk on RDE, and the result indicates that mode
crosstalk will lead to an asymmetric distribution of the rota-
tional Doppler signal frequency spectrum. The research in this
paper may help us better understand the mechanism of RDE
and provide theoretical guidance for rotational object detec-
tion and OAM beam measurement.

2. Theoretical analysis
When a beam with a helical phase structure, such as the

Laguerre–Gaussian (LG) beam, the Bessel beam, or the Airy–
Gaussian beam, illuminates the surface of a rotating object,
the rotational Doppler effect will occur.[16,24,25] Taking the LG
beam as an example, the light field of the LG beam propagat-
ing along the z-axis can be expressed as

E p
l (r,ϕ,z) =

√
2p!

π(p+ |l|)!
1

ω(z)

[√
2r

ω(z)

]|l|
exp
[
−r2

ω2(z)

]

×L|l|p

[
2r2

ω2(z)

]
× exp(−ilϕ)exp

[
ikr2z

2(z2 + z2
R)

]
×exp

[
−i(2p+ |l|+1)arctan(

z
zR

)

]
, (1)

where p and l are the radial index and topological charge, re-
spectively, L|l|p is the generalized Laguerre polynomial of the
order p and degree |l|, ω(z) = ω0

√
1+(z/zR)2 is the beam

waist, zR = πω2
0/λ is the Rayleigh distance, and k = 2π/λ is

the wavenumber.
In Ref. [26], Fang et al. concluded that the RDE shared

a common origin with LDE and the formula of rotational
Doppler frequency shift could be derived from the linear
Doppler frequency shift. The well-known linear Doppler fre-
quency shift can be expressed as

∆ f =
2v f0

c
cosθ , (2)

where f0 is the frequency of the source light, v is the rela-
tive velocity between the source and the observer, and θ is the
angle between the light propagation direction and the relative
velocity vector direction. When θ = π/2, i.e., the light prop-
agation direction is perpendicular to the velocity vector direc-
tion, the linear Doppler shift equals 0 according to Eq. (2),
which implies the LDE is not suitable to measure the spin-
ning velocity. As for a vortex beam with a helical wavefront,
there is an oblique angle between the Poynting vector and the
beam propagation direction, which can be used for the appli-
cation of RDE. As shown in Fig. 1(a), the angle between light
propagation direction and Poynting vector can be expressed as
sinα = lλ/(2πr).[4] Under this circumstance, α + θ = π/2
and cosθ = sinα = lλ/(2πr). Thus, Eq. (2) can be rewritten
as

∆ f =
2v f0

c
cosθ =

2v f0

c
sinα =

2v f0

c
lλ

2πr
=

lΩ
2π

, (3)

where Ω is the rotational velocity of the spinning object with
an optically rough surface. Equation (3) shows the basic form
of the rotational Doppler frequency shift. Unlike the LDE, the
frequency shift based on RDE is only related to the rotational
velocity Ω and the OAM mode index l. And it has nothing
to do with the frequency of the source, which has been exper-
imentally proved in Ref. [27]. In most existing experimental
schemes, the light scattered from a spinning object with an op-
tically rough surface is collected by a photodetector (PD), and
the frequency shift spectrum can be obtained through real-time
Fourier transform by an oscilloscope.[14–18] However, the ac-
curacy of the experimental measurements depends on many
factors. For example, when the power of the scattered light is
too small, the PD may not receive any signal,[3,16] and when
the reflectivity of the spinning object surface is not homoge-
neous, there will be both amplitude and phase modulation for
the incident beam, which will reduce the Doppler shift.[28] As
shown in Fig. 1(b), assuming that the OAM mode index of the
vortex beam scattered from a spinning object is m, then the
rotational Doppler frequency shift can be rewritten as

∆ f =
2v f0

c
(sinα− sinβ ) =

l−m
2π

Ω , (4)

where β is the scattering angle. According to Eq. (4), when
an OAM-carrying beam illuminates a spinning object with an
optically rough surface, the frequency shift is related to the dif-
ference of the mode index between the incident and scattered
beam and the rotating velocity.

On this basis, we add the influencing factor of AT. As
is shown in Fig. 2(a), the vortex beam first propagates in the
AT, and after being scattered by the rotating object, the scat-
tered beam passes through AT again and finally received by
the detector on the receiving end. Therefore, it is necessary
to analyze the three processes of “propagation–scattering–
propagation” of the vortex beam. Figure 2(b) shows the
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equivalent model of two-way propagation. When the vortex
beam passes through AT, its mode index will diffuse to ad-
jacent modes and we assume that the mode index of OAMl

will expand to L, and then the mode indexes of the scattered
vortex beam will be further diffused to L′, and L′ contains
{l1, l2, . . . , ln}. Then, the rotational Doppler frequency shift
can be expressed as

∆ f =

n
∑

i=1
li−m

2π
Ω . (5)

The superimposed LG beam with two opposite TCs is widely
used in RDE experiments. When propagating in AT, the mode
index of the OAMl,−l will expand to L′ and −L′. Then the ro-
tational Doppler frequency shift for the l part can be expressed
as

∆ fL =

n
∑

i=1
li−m

2π
Ω . (6)

Similarly, the rotational Doppler frequency shift for the −l
part can be expressed as

∆ f−L =

n
∑
j=1

l j−m

2π
Ω , (7)

where li is in L′ and l j is in −L′, representing the expanded
mode indexes of the OAMl,−l beam. Thus, the rotational
Doppler frequency shift can be expressed as

∆ f = ∆ fL−∆ f−L =

n
∑

i=1
li−

n
∑
j=1

l j

2π
Ω . (8)

At this point, the frequency shift no longer has anything to
do with the scattered beam mode index m, but only with the
extended modes L′, −L′, and the spinning velocity Ω . Com-
pared with the single LG beam, the superimposed LG beam
no longer needs to consider the scattered beam mode index,
which also avoids the experimental errors caused by the in-
accurate measurement of the scattered beam mode index m.
When the rotating velocity Ω is a constant, the frequency shift
is only related to the extended mode indexes, and how the
OAM mode index will expand is related to AT intensity.

(a) (b)

OAMl
OAMm

 

Poynting
  vector

Propagation
  direction 

α

α

β

Ω

Fig. 1. (a) Schematic diagram of the incident OAM beam Poynting vec-
tor and object rotation axis. (b) Schematic diagram of the incident and
scattered OAM beam mode index.

AT

z

z z

AT

AT

(a)

(b)

OAMl OAML

OAML′

Ω

Fig. 2. (a) The two-way propagation model of vortex beam in AT. (b) The
equivalent model of two-way transmission.

In the following, we will analyze the influence of AT on
the OAM beam mode index by mode decomposition. The opti-
cal field u(r,θ ,z) of the LG beam can be expanded by a helical
spectrum function exp(imθ) as[29]

u(r,θ ,z) =
1√
2π

∞

∑
−∞

am(r,z)exp(imθ), (9)

where m is an integer number and am(r,z) is the spiral spec-
trum coefficient, which can be expressed as

am(r,z) =
1√
2π

∫ 2π

0
u(r,θ ,z)exp(−imθ)dθ . (10)

Then the square of modulus am(r,z) can be expressed as

|am(r,z)|2

=
1

2π

∫ 2π

0

∫ 2π

0
u(r,θ1,z)exp(−imθ1)u∗(r,θ2,z)

×exp(−imθ2)dθ1 dθ2

=
1

2π

1
ω2(z)

[√
2r

ω(z)

]2|m| [
L|l|p

(
2r2

ω2(z)

)]2

exp
(
− 2r2

ω2(z)

)

×
∫ 2π

0

∫ 2π

0
〈exp [ϕ(r,θ1,z)+ϕ

∗(r,θ2,z)]〉

×exp [i(l−m)× (θ1−θ2)] dθ1 dθ2. (11)

For AT, 〈exp [ϕ(r,θ1,z)+ϕ∗(r,θ2,z)]〉 can be expressed under
the Rytov approximation as

〈exp [ϕ(r,θ1,z)+ϕ
∗(r,θ2,z)]〉

= exp [ϕ(𝑟1,z)+ϕ
∗(𝑟2,z)]

= exp
[
−1

2
Dϕ(𝑟1−𝑟2)

]
= exp

[
(𝑟1−𝑟2)

2

r2
0

]
, (12)

where Dϕ(·) is the phase structure function, 𝑟1,𝑟2 repre-
sent the vector directions of (r,θ1),(r,θ2), respectively, r0 =

(0.545C2
nk2z)−3/5 is the coherence length of AT, and C2

n is the
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refractive index structure constant, which is usually used to
measure the AT intensity.

To evaluate Eq. (11), we introduce the Bessel integral for-
mula∫ 2π

0
exp [−inθ1 +η cos(θ1−θ2)]dθ1 = 2π exp(−inθ1)In(η),

(13)

where In(·) is the modified Bessel function of integer order n.
The energy content of different mode indexes can be obtained
by radial integration of |am(r,z)|2

Cm =
∫ R

0
|am(r,z)|2 dr

=
2π

ω2(z)

∫ R

0

[√
2r

ω(z)

]2|m| [
L|l|p

(
2r2

ω2(z)

)]2

×exp
(
− 2r2

ω2(z)
− 2r2

r2
0

)
× Im−l

(
2r2

r2
0

)
rdr, (14)

where R is the radius of the receiver aperture. Then the mth
spiral spectrum components can be determined by the expres-
sion

Pm =Cm/
∞

∑
q=−∞

Cq. (15)

In the absence of AT, the OAM beam with the mode index
l has the normalized power Pm = 1 for m = l and Pm = 0
for m 6= l. In addition, the value of Pm remains unchanged
with the increase of the propagation distance. When the
OAM beam with mode index l propagates in AT, the value
of Pm for m = l will decrease and for m 6= l will increase
due to the random phase perturbations caused by AT. Ac-
cording to Eqs. (14) and (15), it is not difficult to find that
mode index diffusion caused by AT has a symmetrical dis-
tribution about l, that is to say, the value of Pl+∆l equals
Pl−∆l . In this case, we can reasonably assume that the mode
indexes of OAMl will expand to {l−2, l−1, l, l +1, l +2}
when propagating in AT. And the mode indexes of
OAM−l will expand to {−l−2,−l−1,−l,−l +1,−l +2}
similarly. Under this circumstance, the rotational
Doppler signal frequency shift will expand from {2l} to
{2l−4, 2l−3, 2l−2, 2l−1, 2l, 2l +1, 2l +2, 2l +3, 2l +4}
in Ω/2π units, and the power of each mode is determined by
the corresponding energy weight according to Eq. (15).

According to the above theoretical analysis, we can con-
clude that the random phase perturbations caused by AT will
lead to the expansion of the rotational Doppler signal fre-
quency spectrum. The rotational Doppler signal frequency
spectrum width d is dependent on the spiral spectrum width d0

under the influence of AT, and the relationship between them
can be expressed as d = 2d0−1.

3. Simulation results and analysis
In Eq. (15), m can take the value of any integer, that is to

say, the spiral spectrum can be expanded infinitely under the
influence of AT. When Pm takes a very small value, we can
consider there is no expansion anymore. In order to ensure the
integrity of the spiral spectrum, we should first ensure a certain
range of topological charges around l based on Eq. (14). With-
out loss of generality, we set the range of topological charges
from l−10 to l+10 in this paper.

3.1. The influence of AT intensity on RDE

We first analyze the expansion of the spiral spectrum un-
der different AT intensities. In the simulation, we set the initial
parameters of the LG beam with λ = 632.8 nm, ω0 = 0.01 m,
l = 12 and ±12. Figures 3(a) and 3(b) show the beam in-
tensity distribution and the spiral spectrum of the single LG
beam with l =12 and the superimposed LG beam with l =±12
and the propagation distance is 2z = 1 km. Without the in-
fluence of AT, the light intensity of the single LG beam with
l = 12 presents a circular distribution, and the superimposed
LG beam with l = ±12 has a petal-shaped intensity distribu-
tion, and the number of petals is 2l. Under the influence of
AT, the light intensity of the LG beam will be distorted, and
the perfect ring-shaped light intensity structure begins to be
deformed. As the intensity of AT increases, the dispersion of
the light intensity also increases. When C2

n = 1×10−14 m−2/3,
the perfect ring-shaped light intensity structure is no longer
visible. It is not difficult to find that the superimposed LG
beam with l = ±12 will not affect the accuracy of the spiral
spectrum, and the superimposed LG beam shows exactly the
same spiral spectrum symmetrical about 0. When there is no
AT, the spiral spectrum of the single LG beam with l = 12 is
only distributed at l = 12, and the superimposed LG beam with
l = ±12 shows a symmetrical distribution about 0 at l = 12
and l = −12. When C2

n = 1× 10−16 m−2/3, the spiral spec-
trum gradually expands to l =±11 and ±13. However, as the
values of Pl=±11 and Pl=±13 are very small, we can ignore the
expansion. With the increase of AT intensity, the spiral spec-
trum gradually expands to the adjacent modes. When C2

n =

1×10−15 m−2/3, it expands to l =±11 and l =±13 and when
C2

n = 1×10−14 m−2/3, the spiral spectrum contains 18 modes
{±8,±9,±10,±11,±12,±13,±14,±15,±16}. Meanwhile,
the normalized power of l = ±12 decreases rapidly, and its
value is less than 0.4. Under this circumstance, the expansion
of the spiral spectrum is very serious.

The rotational Doppler signal frequency spectrum un-
der different AT intensities is shown in Fig. 4. When
C2

n = 1× 10−15 m−2/3, the spiral spectrum consists of six
modes, including {±11,±12,±13}. According to Eq. (8),
two modes of l = 12 and l = −12 will generate the fre-
quency shift ∆ f = 24Ω/2π and l = 12 and l = −13 will
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Fig. 3. Distribution of beam intensity and spiral spectrum under AT when propagation distance 2z = 1 km. (a) The single LG beam with l = 12
and (b) the superimposed LG beam with l =±12.
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Fig. 4. Distribution of rotational Doppler signal frequency spectrum un-
der different AT intensity.

generate the frequency shift ∆ f = 25Ω/2π . Similarly,
the rotational Doppler signal frequency spectrum will in-
clude {22,23,24,25,26} in Ω/2π units. When C2

n = 1×

10−14 m−2/3, the spiral spectrum consists of 18 modes, includ-
ing {±8,±9,±10,±11,±12,±13,±14,±15,±16} and the
Doppler signal frequency shift spectrum should theoretically
contain 17 modes {16,17, . . . ,32} in Ω/2π units. However,
the width of the rotational Doppler signal frequency spectrum
is less than the theoretical width in fact. As shown in Fig. 4(d),
there are only 11 modes {19,20, . . . ,29} in Ω/2π units. The
reason may be that when spiral spectrum mode diffusion oc-
curs, the modes adjacent to l have greater normalized power,
and the normalized power of the remote modes will be fur-
ther reduced or even be neglected in the calculation of the
rotational Doppler frequency shift spectrum. Under this cir-
cumstance, the relationship between the rotational Doppler
signal frequency spectrum width d and the spiral spectrum
width d0 no longer satisfies the relationship of d = 2d0 − 1
but d < 2d0−1.

The relationship curves of d and d0 under different AT in-
tensities are shown in Fig. 5. When C2

n ≤ 5×10−15 m−2/3, the
values of d0 are 1, 1, 1, 3, and 5, and the corresponding val-
ues of d are 1, 1, 1, 5, and 9, respectively, and the values of d
and d0 satisfy the relationship d = 2d0−1. When the value of
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C2
n increases to 1×10−14 m−2/3, d = 10 and d0 = 9 and they

no longer satisfy the relationship d = 2d0−1 but d < 2d0−1.
Therefore, we can conclude that when C2

n takes a small value,
i.e., under weak AT, the spiral spectrum expansion caused by
AT will lead to the expansion of the rotational Doppler sig-
nal frequency spectrum, and the rotational Doppler signal fre-
quency spectrum width d satisfies the relationship d = 2d0−1.
When C2

n takes a large value, the relationship between them
changes to d < 2d0−1.
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Fig. 5. Spectrum width of the spiral spectrum and rotational Doppler
signal frequency spectrum under different AT intensities.

3.2. The influence of propagation distance on RDE

In addition, we set C2
n = 1×10−15 m−2/3 as a fixed value

to analyze the influence of the propagation distance (2z) on
the rotational Doppler signal frequency spectrum. Figure 6(a)
shows the normalized power at l = 12 of the single LG beam
and l = ±12 of the superimposed LG beam at different prop-
agation distances. The normalized power of the single LG
beam and the superimposed LG beam are 1 and 0.5 at the

initial position, respectively. When the propagation distance
increases to 2z = 6 km, the normalized power of the single
LG beam and the superimposed LG beam reduces to 0.536
and 0.268, respectively. And under the same propagation dis-
tance, the normalized power of the superimposed LG beam is
always half of the single LG beam, which is consistent with
theoretical analysis. Figures 6(b) and 6(c) show the distribu-
tion of the spiral spectrum and the Doppler signal frequency
spectrum under different propagation distances. When the
propagation distance of the LG beam is less than 2z = 2 km,
the spiral spectrum only spreads from l = ±12 to l = ±11
and ±13. And the corresponding rotational Doppler sig-
nal frequency spectrum includes 5 modes {22,23,24,25,26}
in Ω/2π units. When 2z = 3 km and 4 km, the spiral
spectrum is further expanded to {±10,±11,±12,±13,±14},
and the rotational Doppler signal frequency spectrum con-
tains 7 modes {21,22,23,24,25,26,27} in Ω/2π units.
When z = 6 km, the spiral spectrum extends to 14 modes
{±9,±10,±11,±12,±13,±14,±15}, and the corresponding
rotational Doppler signal frequency spectrum also contains 9
modes {20,21,22,23,24,25,26,27,28} in Ω/2π units.

According to the above analysis, when the AT intensity
remains unchanged, the increase of propagation distance will
also lead to rotational Doppler signal frequency spectrum ex-
pansion. It is not difficult to find that in the case of a short
distance propagation (2z < 2 km), the rotational Doppler sig-
nal frequency spectrum width d and the spiral spectrum width
d0 also satisfy the relationship d = 2d0−1, and d < 2d0−1 in
the case of a long distance propagation.

Propagation 

distance (2z)

(a)

(b)

(c)

Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units

1 km 2 km 3 km 4 km 5 km 6 km0

Topological charge Topological charge Topological charge Topological charge Topological charge Topological charge

Fig. 6. (a) The normalized power at l = 12 of the single LG beam with and l =±12 of the superimposed LG beam under different propagation
distances; (b) and (c) are the spiral spectrum and rotational Doppler signal frequency spectrum, respectively.
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3.3. The influence of mode crosstalk on RDE

In the above analysis, we set the value of TC to l = 12
of the single LG beam and l = ±12 of the superimposed LG
beam. The reason why we choose a large value of TC is to
avoid the crosstalk between different mode indexes caused by
AT.[30] The crosstalk will ultimately lead to an increased bit
error in the receiving end and a decreased capacity for the op-
tical communication system.[31] Finally, we will analyze the
influence of mode crosstalk on RDE. According to the spiral
spectrum in Fig. 3(b), even when C2

n = 1× 10−14 m−2/3, we

can still clearly see two peaks of the superimposed LG beam at
l = 12 and l =−12. The minimum diffusion mode of l = 12 is
l = 8, and the maximum diffusion mode of l =−12 is l =−8,
so there is no intersection in the spiral spectrum, and the ro-
tational Doppler signal frequency spectrum also presents one
peak spectrum at 2l in Ω/2π units. If the TC of the superim-
posed LG beam takes a small value, crosstalk between differ-
ent modes is likely to occur. Figure 7(a) shows the spiral spec-
trum with different values of l and C2

n . In order to better verify
this conjecture, we let C2

n take some large values: 5× 10−15,

(a)

Topological charge Topological charge Topological charge Topological charge

Topological charge Topological charge Topological charge Topological charge

Topological charge Topological charge Topological charge Topological charge

(b)

Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units

Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units

Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units Frequency shift in Ω/2π units
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Fig. 7. (a) Spiral spectrum with different mode indexes and AT intensities. (b) Rotational Doppler signal frequency spectrum corresponding to
panel (a).
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Table 1. Normalized power of different modes with and without crosstalk.

Normalized power of different modes in Ω/2π units
2l−3 2l−2 2l−1 2l 2l +1 2l +2 2l +3

C2
n = 1×10−14 m−2/3, l =±4 0.037 0.102 0.201 0.279 0.201 0.102 0.037

Without crosstalk C2
n = 1×10−14 m−2/3, l =±8 0.013 0.042 0.107 0.203 0.107 0.042 0.013

C2
n = 1×10−14 m−2/3, l =±12 0.045 0.110 0.200 0.253 0.200 0.110 0.045

C2
n= 5×10−14 m−2/3, l =±4 0.080 0.100 0.107 0.109 0.104 0.093 0.078

With crosstalk C2
n = 1×10−13 m−2/3, l =±4 0.056 0.067 0.076 0.084 0.083 0.079 0.073

C2
n= 1×10−13 m−2/3, l =±8 0.060 0.063 0.065 0.065 0.064 0.061 0.057

1× 10−14, 5× 10−14, 1× 10−13 m−2/3. For l = ±12, mode
crosstalk only occurs when C2

n = 1×10−13 m−2/3. However,
the mode crosstalk does not have a significant influence on
the rotational Doppler signal frequency spectrum, and the two
peak spectrums at l = 12 and l =−12 can still be clearly iden-
tified. For l =±8, mode crosstalk begins to appear when C2

n =

5×10−14 m−2/3 and the normalized power at l =0 is close to
half of the maximum value when C2

n = 1×10−13 m−2/3, which
has a certain influence on the whole signal spiral spectrum. For
l =±4, when C2

n = 5×10−14 m−2/3, the normalized power at
l = 0 is 0.05, which is close to the normalized peak power.
When C2

n = 1×10−13 m−2/3, the normalized power at l = 0 is
already bigger than that at l = ±4. What is worse, the origi-
nal two peaks spectrum degenerated into one peak spectrum at
l = 0. At this time, the crosstalk between different modes was
very serious, and the value of l could not even be intuitively
determined by the spiral spectrum. According to the above
analysis, mode crosstalk may change the structure of the spi-
ral spectrum of the superimposed LG beam with±l, especially
for l with a small value, and the normalized power adjacent to
l = 0 will increase, which will even cause the original two
peaks spectrum to degenerate into a one peak spectrum.

The corresponding rotational Doppler signal frequency
spectra are shown in Fig. 7(b). When there is no mode
crosstalk, the rotational Doppler signal frequency spectrum is
symmetrically distributed about 2l in Ω/2π units. And when
mode crosstalk occurs, the symmetrical distribution of the ro-
tational Doppler signal frequency spectrum about 2l in Ω/2π

units is destroyed. Table 1 shows the normalized power of
six modes adjacent to 2l in Ω/2π units under different con-
ditions. When there is no crosstalk, the normalized power of
2l− 1 is the same as 2l + 1 in Ω/2π units and the rotational
Doppler signal frequency spectrum is still symmetrically dis-
tributed about 2l in Ω/2π units. When C2

n = 1×10−14 m−2/3,
l = ±4, crosstalk occurs, and the normalized powers of
{2l−1,2l−2,2l−3} in Ω/2π units are 0.107,0.100,0.080
and the normalized powers of {2l +1,2l +2,2l +3} in Ω/2π

units are 0.104,0.093,0.078, respectively. On this occasion,
they are no longer symmetrically distributed about 2l in Ω/2π

units. And the same phenomenon also occurs when C2
n =

1×10−13 m−2/3, l = ±4 and C2
n = 1×10−13 m−2/3, l = ±8.

The reason for this may be that when mode crosstalk occurs,

the normalized power of the modes adjacent to l = 0 is in-
creased, and the spiral spectrum is no longer symmetric about
±l. Consequently, the rotational Doppler signal frequency
spectrum shows an asymmetric distribution about 2l in Ω/2π

units.

4. Conclusion and perspectives
In conclusion, we theoretically investigate the influence

of AT on the rotational Doppler effect by modal expansion and
deduce the formula of rotational Doppler frequency shift under
the influence of AT. We find that AT will lead to the expansion
of the rotational Doppler signal frequency shift spectrum from
2l in Ω/2π units to adjacent modes, and the diffusion will in-
crease as the AT intensity and propagation distance increase.
Moreover, under strong turbulence, mode crosstalk of differ-
ent modes will occur, which will lead to an asymmetric dis-
tribution of the rotational Doppler signal frequency spectrum.
Our theoretical analysis provides a new supplement for RDE
and may promote the development of atmospheric detection
for practical applications.
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