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Quantum entanglement, a key resource in quantum information processing, is reduced by interaction between the
quantum system concerned and its unavoidable noisy environment. Therefore it is of particular importance to study the
dynamical properties of entanglement in open quantum systems. In this work, we mainly focus on two qubits coupled to an
adjustable environment, namely a semi-infinite transmission line. The two qubits’ relaxations, through individual channels
or collective channel or both, can be adjusted by the qubits’ transition frequencies. We examine entanglement dynamics
in this model system with initial Werner state, and show that the phenomena of entanglement sudden death and revival
can be observed. Due to the hardness of preparing the Werner state experimentally, we introduce a new type of entangled
state called pseudo-Werner state, which preserves as much entangling property as the Werner state, and more importantly,
it is experiment friendly. Furthermore, we provide detailed procedures for generating pseudo-Werner state and studying
entanglement dynamics with it, which can be straightforwardly implemented in a superconducting waveguide quantum
electrodynamics system.
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1. Introduction
Quantum entanglement, which expresses the quantum

correlation of the subsystems in a larger quantum sys-
tem, is one of the unique phenomena in quantum physics.
Presently, quantum entanglement has been treated as a cru-
cial resource required for almost all aspects of quantum in-
formation processing,[1] e.g., quantum key distribution,[2,3]

quantum teleportation,[4,5] dense coding,[6,7] remote state
preparation,[8,9] and quantum computation.[10] However, the
presence of unavoidable interaction between a quantum sys-
tem and its environment, which results in relaxation and de-
coherence, becomes the major obstacle for manipulating en-
tangled systems in an open quantum world. In consequence,
preparation and dynamics of entangled states have drawn
much attention in the last two decades. There has a lot of
effort in studying the variation of entanglement due to deco-
herence in different systems, and some novel phenomena have
been found, e.g., entanglement sudden death (ESD) and re-
vival etc.[11–21]

A typical model for studying ESD[11] consists of two
non-interacting qubits coupling to independent environmen-
tal noises, respectively. By further replacing the two inde-
pendent environmental noises with a multimode vacuum field
and adding the interaction between the qubits, resurrection of
the disappeared entanglement can happen.[14] The ESD phe-

nomenon was experimentally verified with atom ensembles[12]

and photon pairs[13] in 2007, and revival after ESD was exper-
imentally observed with two photons in 2010.[15] After that, a
system of two superconducting qubits driven by coherent mi-
crowave fields was theoretically studied, and stationary entan-
gled states were obtained in a certain region of the parameter
space.[16] Meanwhile, entanglement transferred from the bi-
partite system to the reservoirs,[17] the scenario of interacted
qubits contacting with different environments (reservoirs) at
zero temperature,[18] as well as the influence of correlation be-
tween initial environments on entanglement evolution of two-
body systems[19] was also considered.

Previous work has already systematically studied entan-
glement dynamics under different kinds of couplings between
the qubits and the reservoirs theoretically, nevertheless, there
lacks of setup to verify these dynamics experimentally in a sin-
gle system. Very recent progress in superconducting waveg-
uide quantum electrodynamics (QED)[22–26] provides such an
opportunity to experimentally investigate ESD and revival on
chip. In this context, we mainly focus on exploring the en-
tanglement dynamics with various combinations of collective
and individual relaxation channels as well as qubit–qubit cou-
plings, which can be controlled by qubits’ frequencies, in a
waveguide QED system. We consider a class of X shape ini-
tial states (only the diagonal and anti-diagonal elements of the
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density matrix are non-zero), which are commonly used for
studying bipartite entanglement properties.

Our work is structured as follows. In Section 2, we give
the model and describe the kinematic equation of the system.
In Section 3, we detail the dependence of entanglement time
evolution on different values of collective, individual relax-
ations and coupling of the qubits. In Section 4, we show a
procedure for experimentally observing ESD and revival in a
superconducting waveguide QED system. The conclusion is
in Section 5.

2. Physical model
Here we consider a system of two small two-level atoms

(qubits) coupled to a semi-infinite transmission line, very
similar to the one studied in Ref. [22], as shown in Fig. 1.
The semi-infinite transmission line has a coplanar waveguide
(CPW) form, and its left-hand-side end (LHSE) is shorted to
the ground. The qubits are small in comparison to the wave-
lengths of the CPW’s bosonic modes at their transition fre-
quencies. Thus, these two qubits (a and b) can be consid-
ered as point-like objects. The length of the CPW between
the LHSE and qubit-a’s coupling position is x1, and the length
between qubit-a’s and qubit-b’s coupling positions is x2, as il-
lustrated in Fig. 1. x2 = 2x1 will be considered through out the
following discussions. An auxiliary qubit (c) will be required
for preparing entangled states of qubit-a and qubit-b in Sec-
tion 4. However in this section, let us ignore the existence of
qubit-c.

...
a

cx1

x2

g

b

Fig. 1. The schematic model of two qubits (a and b) coupled to a semi-
infinite waveguide. There is a switchable coupling g between qubit-a and
qubit-b. An auxiliary qubit (c) is tunably coupled to qubit-b, and is only
used for preparing initial entangled states.

If there is no direct coupling g between qubit-a and qubit-
b, the system we consider here is exactly the same as the small
atoms + mirror model discussed in Ref. [22]. We assume that
the transition frequencies of qubit-a and qubit-b are similar,
ωa ≈ ωb, and that the bare coupling strengths between qubit-
a,b and the CPW (the rates describe how fast photon can emit
from qubit-a,b to the CPW without any interference) are the
same, γa = γb ≡ γ . We further consider that the two qubits
have similar intrinsic non-radiative relaxation rate γnr, which
is much smaller than γ . Thus, the master equation of this sys-
tem can be written as[22]

ρ̇ = −i[H,ρ]+Γa𝒟[σa
−]ρ +Γb𝒟[σb

−]ρ

+Γcol

[
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b
++σ

b
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, (1)

where Γa = γ(1+cosφ)+ γnr and Γb = γ(1+cos3φ)+ γnr are
individual relaxation rates of qubit-a and qubit-b, respectively.
Γcol = γ(cosφ + cos2φ) is the collective relaxation rate of the
two qubits. The system Hamiltonian

H =
(

ωa +
γ

2
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)
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z

2
+
(

ωb +
γ

2
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)
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2

+
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(
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)
, (2)

where φ = 2πx2/λ denotes the phase shift between the two
coupling positions of the two qubits, and λ is the wavelength
determined by qubit-a’s transition frequency ωa. σm

−(+) is the
lowering (raising) operator of qubit-m, σm

z represents the Pauli
z-matrix of qubit-m, and 𝒟[A]ρ = AρA† − (1/2){A†A,ρ}.

From the Hamiltonian Eq. (2), one finds that couplings
to the semi-infinite transmission line can induce frequency
shifts δω1 = (γ/2)sinφ , δω2 = (γ/2)sin3φ for the qubits,
and that a qubit–qubit exchange coupling with strength gx =

γ(sinφ + sin2φ)/2 is also induced. Since in a waveguide
QED setup, the length x2 (also x1) is fixed when the chip is
fabricated, therefore the phase shift φ is only dependent on
wavelength λ (which is controlled by the qubit transition fre-
quency). Thus in Fig. 2, δω1, δω2, and gx are plotted as func-
tions of λ . In Fig. 3, the individual and collective relaxation
rates as functions of λ are also plotted.

1.4 1.8 2.2 2.6 3.0
-1.0

-0.5

0

1.0

0.5

λ/x

δw/γ

δw/γ

gx/γ

Fig. 2. Qubit frequency shifts δω1, δω2 and exchange coupling strength
gx versus wavelength λ .

When preparing an entangled initial state of qubit-a and
qubit-b, finite couplings between the two qubits are required,
and zero individual relaxation rate of each qubit is also de-
sired for high state fidelity (the collective relaxation rate may
not necessarily be zero). From Fig. 3 we can find that, only
at λ = 2x2 both individual relaxation rates Γa and Γb are zero
(assuming the intrinsic relaxation rate γnr is negligibly small
here); but from Fig. 2 we also get zero qubit–qubit exchange
coupling gx at this wavelength. Thus we need an extra switch-
able qubit–qubit exchange coupling g, as shown in Fig. 1,
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to help generate high fidelity entangled state. In a super-
conducting waveguide QED system, this switchable exchange
coupling can be realized by using a third qubit as a tunable
coupler.[27]
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Fig. 3. The individual relaxation rates Γa, Γb and the collective relax-
ation rate Γcol versus wavelength λ . The intrinsic relaxation rate γnr = 0
is taken.

3. Dynamics of entanglement
For a bipartite system, Wootters’ concurrence C [28] is

a convenient entanglement measure, especially for X shape
states which retain X form[16] during the evolution governed
by the master equation. Now we focus on a subclass of X
shape states — the Werner state,[29] which is defined as

𝜌W =
1− f

3
𝐼4 +

4 f −1
3

∣∣Ψ−〉〈
Ψ

−∣∣
=

1
3


1− f 0 0 0

0 (1+2 f )/2 (1−4 f )/2 0
0 (1−4 f )/2 (1+2 f )/2 0
0 0 0 1− f

 , (3)

where |Ψ−⟩ = (|01⟩ − |10⟩)/
√

2 represents the Bell singlet
state, f is called fidelity, and 0.25 ≤ f ≤ 1. To solve the mas-
ter equation with initial Werner state, we follow the procedure
described in Ref. [30] (see Appendix A).

In the following calculations, we take the intrinsic non-
radiative relaxation rate γnr = 2π ×0.03 MHz (see Ref. [23]),
and the bare coupling strength between the qubits and the
CPW γ = 2π ×5 MHz.

3.1. No exchange coupling, no collective relaxation

By observing Figs. 2 and 3, one may easily find that the
most trivial wavelength is λ/x2 = 2, at which the qubit–qubit
exchange coupling gx = 0, and the collective relaxation rate
Γcol = 0. In this case, after the initial entangled state is pre-
pared, there is no way to induce extra entanglement, therefore
only ESD can happen.

Figure 4 shows time evolution of the concurrence for that
the qubits are initially in the Werner state, and frequency is

tuned to λ = 2x2. Without qubit–qubit coupling and com-
mon reservoir (collective relaxation), concurrence shows sud-
den death for f ≤ 0.714, which is well known for the Werner
state.[11]
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Fig. 4. Time evolution of the concurrence for initial Werner state 𝜌W at
λ/x2 = 2.

3.2. No exchange coupling, finite collective relaxation

When qubit-a’s and qubit-b’s frequencies are tuned to
λ = 1.5x2, the exchange coupling gx vanishes, and the col-
lective relaxation rate Γcol =−γ =−2π ×5 MHz.

The time evolution of the concurrence for the Werner ini-
tial state is plotted in Fig. 5 for this case. The concurrence ex-
periences sudden death even with f > 0.8, due to the boosted
individual relaxations Γa and Γb. However, because of the ex-
istence of the common reservoir, entanglement revives after
sudden death. The reviviscent concurrence decays slowly for
the rather large individual relaxation rates Γa = 2π×2.53 MHz
and Γb = 2π ×10.03 MHz.
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Fig. 5. Time evolution of the concurrence for initial Werner state 𝜌W at
λ/x2 = 1.5.

3.3. Finite exchange coupling, no collective relaxation

By tuning the qubits’ frequencies to λ = 1.2x2, the ex-
change coupling strength gx ≈ −0.866γ = −2π × 4.33 MHz,
and the collective relaxation rate Γcol = 0.

In this case, after ESD there is an entanglement revival,
as shown in Fig. 6. Unlike the case discussed in Subsec-
tion 3.2, here the reviviscent concurrence decays to zero quite
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fast, even though here the individual relaxation rates Γa =

2π × 7.53 MHz and Γb = 2π × 0.03 MHz are smaller than
those in Subsection 3.2.
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Fig. 6. Time evolution of the concurrence for initial Werner state 𝜌W at
λ/x2 = 1.2.

3.4. Finite exchange coupling, finite collective relaxation

By tuning the qubits’ frequencies slightly far away from
λ = 1.2x2, to e.g., λ = 1.3x2, a regime, in which both the
exchange coupling and the collective relaxation are non-zero
gx ≈−2π×3.08 MHz and Γcol ≈−2π×4.25 MHz, is reached.

The time evolution of the concurrence, as shown in Fig. 7,
is similar to that shown in Fig. 5, even though the individual
relaxation rates Γa ≈ 2π ×5.63 MHz and Γb ≈ 2π ×3.26 MHz
are quite different from those in Subsection 3.2.
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Fig. 7. Time evolution of the concurrence for initial Werner state 𝜌W at
λ/x2 = 1.3.

To be clear, we have tacitly accepted that the frequency
shifts of qubits does not contribute to entanglement. For ex-
ample, at two special points λ/x2 = 1.5 and λ/x2 = 3.0, all
variables are the same except for the frequency shift of qubit-
a, as shown in Figs. 2 and 3. Comparing Fig. 8 with Fig. 5, the
entanglement evolution is exactly the same at these two points,
i.e., the concurrence is independent of the frequency shift of
qubits. Subsequently, we also summarize the time tESD and
tRev of ESD and revivals, respectively, for the above four cases
in Table 1 (considering f = 0.6). By comparing the four cases,
we may make a summary for entanglement revival, a common

reservoir is more important than a qubit–qubit exchange cou-
pling.

Table 1. The individual relaxation rates Γa, Γb, the collective relaxation rate
Γcol, the exchange coupling strength gx, and the entanglement sudden death
time (tESD) as well as the revival time (tRev) versus the wavelength λ/x2
( f = 0.6 is considered).

λ/x2 Γa (MHz) Γb (MHz) Γcol (MHz) gx (MHz) tESD (µs) tRev (µs)

2.0 2π ×0.03 2π ×0.03 0 0 2.31
1.5 2π ×2.53 2π ×10.03 −2π ×5 0 0.01 0.04
1.2 2π ×7.53 2π ×0.03 0 −2π ×4.33 0.08 0.15
1.3 2π ×5.63 2π ×3.26 −2π ×4.25 −2π ×3.08 0.01 0.05
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Fig. 8. Time evolution of the concurrence for initial Werner state 𝜌W with
λ/x2 = 3.0.

4. Procedure for observing ESD and revival in
waveguide QED
Though the Werner state has been frequently used for

studying bipartite entanglement, experimentally generating
such a state, especially with superconducting qubits, is hard.
So far the Werner state has been successfully prepared in op-
tical system.[31] Therefore, here we introduce a new type of X
shape state similar to the Werner state

𝜌PW =
1
4


f/2 0 0 0
0 1+ f i

√
3 f 0

0 − i
√

3 f 3 f/2 0
0 0 0 3(1− f )

 , (4)

and we call it pseudo-Werner (PW) state.

4.1. Preparing pseudo-Werner state

The PW state can be easily generated in our waveguide
QED model system, with an auxiliary qubit (qubit-c in Fig. 1).
We assume that the coupling between qubit-a and qubit-b
(with the strength g), as well as the coupling between qubit-
b and qubit-c (with the strength gbc), have exchange form

𝑋𝑌 = σ−⊗σ++σ+⊗σ−, (5)

and that these couplings are switchable. The procedure for
generating the PW state is as follows.

Initially, the three qubits are in a product state

𝜌1 = 𝜌c ⊗𝜌b ⊗𝜌a, (6)
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in which qubit-a is prepared in a mixed state

𝜌a =

(
f 0
0 1− f

)
, (7)

qubit-b and qubit-c are prepared in their excite state and
ground state, respectively

𝜌b =

(
0 0
0 1

)
, 𝜌c =

(
1 0
0 0

)
. (8)

A method to prepare qubit-a to the mixed state ρa is described
in Appendix B in details.

Secondly, by switching off the coupling between qubit-b
and qubit-c, gbc = 0, as well as tuning qubit-a’s and qubit-b’s
frequencies to let λ/x2 = 2, i.e., gx = Γa = Γb = Γcol = 0 (see
Figs. 2 and 3), only the exchange coupling g between qubit-a
and qubit-b is non-zero. Using this non-zero exchange cou-
pling to generate the evolution

𝜌2 = e
iπ

4 𝐼⊗𝑋𝑌 𝜌1 e
− iπ

4 𝐼⊗𝑋𝑌 , (9)

we get the state

𝜌2 =



0 0 0 0 0 0 0 0
0 f/2 i f/2 0 0 0 0 0
0 − i f/2 f/2 0 0 0 0 0
0 0 0 1− f 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


, (10)

where 𝐼 denotes the single-qubit identity operator.
Then, we switch off the coupling g between qubit-a and

qubit-b, and turn on the coupling gbc between qubit-b and
qubit-c. The non-zero exchange coupling can generate evo-
lution

𝜌3 = e
iπ

6 𝑋𝑌 ⊗𝐼𝜌2 e
− iπ

6 𝑋𝑌 ⊗𝐼 , (11)

and produce a three-qubit state

𝜌3 =



0 0 0 0 0 0 0 0
0 f/2 i(1/4)

√
3 f 0 f/4 0 0 0

0 −i(1/4)
√

3 f 3 f/8 0 −i(1/8)
√

3 f 0 0 0
0 0 0 −(3/4)(−1+ f ) 0 i(1/4)

√
3(−1+ f ) 0 0

0 f/4 i(1/8)
√

3 f 0 f/8 0 0 0
0 0 0 −i(1/4)

√
3(−1+ f ) 0 (1− f )/4 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


. (12)
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Fig. 9. The state infidelities 1− F1 of pseudo-Werner state versus the
purity parameter f for different coupling strengths. |g| = |gbc| = 2π ×
5 MHz, 2π × 10 MHz, and 2π × 20 MHz correspond to the black, red,
and blue lines, respectively.

By partially tracing out the auxiliary qubit-c from ρ3, the
subsystem of qubit-a and qubit-b is finally in the PW state as
Eq. (4). The state infidelity caused by the qubits’ non-radiative
decays can be minimized by choosing large enough coupling
strengths g and gbc, since the larger coupling strengths the
shorter state preparation time. The PW state fidelity can be
defined as[1]

F1 = tr
(√√

ρact𝜌PW
√

ρact

)
, (13)

where ρact is the actual state generated by the procedures de-
scribed above. We calculate the infidelity 1−F1 of the gener-
ated state by taking g = gbc. As shown in Fig. 9, for coupling
strengths |g|= |gbc|> 2π ×10 MHz, the non-radiative decays
induced state infidelity can be smaller than 0.01%.

4.2. Time evolution of entanglement for initial pseudo-
Werner state

Before studying the dynamics of the entanglement for
pseudo-Werner state, let us consider the concurrence of 𝜌PW

itself. For 𝜌PW, the concurrence is simply (see Appendix A)

C = 2max[0,F,G], (14)

where

F =
√

3[2 f −
√

2 f (1− f )]/8, G =−
√

3 f (1+ f )/32. (15)

Since 0.25 ≤ f ≤ 1, obviously G < 0 for all values of f . Thus
the concurrence is determined by F . The solution of the equa-
tion F = 0 is f = 1/3, which means that for f ≤ 1/3 the
pseudo-Werner state is separable. The maximum concurrence
C =

√
3/2 ≈ 0.866 is reached at f = 1.

We then calculate time evolutions of the concurrences for
the PW initial state with the same parameters and wavelengths
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as those in Section 3. The concurrences are plotted in Fig. 10.
Comparing the concurrences in Fig. 10 with those in Figs. 4–
7, we can find that the entanglement dynamics of the PW state
behaves very similar to that of the Werner state. Nevertheless,
the concurrence of PW state has a obvious differences from
Werner state for the case λ/x2 = 1.2, i.e., finite exchange cou-
pling, no collective relaxation. As shown in Fig. 10(c), the

max entanglement of PW state caused by exchange coupling
all exceed 0.2 across all the values of f comparing to the case
of Werner state in Fig. 6. Moreover, comparing to Werner
state, the first time of entanglement revival of PW state is
shorter. Due to the simplicity of preparing the PW state, 𝜌PW

can become an ideal experimental toy for investigating bipar-
tite entanglement.
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Fig. 10. Time evolution of the concurrence for initial pseudo-Werner state 𝜌PW at (a) λ/x2 = 2, (b) λ/x2 = 1.5, (c) λ/x2 = 1.2, and (d) λ/x2 = 1.3.

4.3. Design of waveguide QED

Superconducting qubits’ transition frequencies are in
GHz range. Due to the limitation of bandwidth of the high
performance cryogenic rf components such as low noise cryo-
genic amplifiers and circulators, superconducting qubit read-
out resonator for dispersive measurements is normally de-
signed between 4 GHz and 8 GHz. In this waveguide QED
system, let us assume that the readout resonators for qubit-a
and qubit-b are at about 8 GHz. Then in order to be able to
perform dispersive readout of the qubits, the maximum transi-
tion frequency should not higher than 7 GHz for both qubits.

The qubit frequency dependent wavelength

λ = 2πvph/ωa, (16)

where vph is the phase velocity in the waveguide. We use a
conventional CPW design for the waveguide. Considering that
the substrate is sapphire (εr = 9.8), and that the metal parts of

the CPW are fabricated by aluminum (since the kinetic induc-
tance of aluminum is small), the characteristic impedance Z0

and the phase velocity vph are calculated by Ref. [32].
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Fig. 11. (a) Characteristic impedance Z0 versus vacuum gap width.
(b) Phase velocity vph versus vacuum gap width.
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By fixing the centre conductor width to 20 µm, as shown
in Fig. 11, when the vacuum gap width is 8 µm, the char-
acteristic impedance of the waveguide matches to 50 Ω, and
the phase velocity vph ≈ 1.29017× 108 m/s. As mentioned
above the maximum qubit frequency ωa = 2π × 7 GHz, cor-
responding to a wavelength λ ≈ 18.4 mm. Thus we can de-
sign the distances x1 = 9.2 mm and x2 = 18.4 mm, so that
λ/x2 = 1 (see Figs. 2 and 3) can be reached. For λ/x2 = 3,
the qubit frequency needs to be tuned to ωa ≈ 2π ×2.3 GHz,
which might be too low for a dual-junction transmon qubit,
however, λ/x2 = 2.4 should be feasible at qubit frequency
ωa ≈ 2π ×3 GHz.

5. Conclusion
We have shown the phenomena of ESD and entangle-

ment revival for different X shape initial states under individ-
ual and collective decays utilizing a superconducting waveg-
uide QED system. We find for both the Werner state and the
pseudo-Werner state, the evolution of concurrence is depen-
dent heavily on the wavelength determined by qubits’ transi-
tion frequencies. We later demonstrate a detailed experimental
procedure to observe ESD and revival in the superconducting
waveguide QED system. The results may contribute to further
understanding of the evolution of entanglement in dissipative
quantum systems.

Appendix A: Concurrence calculation for X
shape states

At any time t, the bipartite density matrix has the form

𝜌(t) =


a(t) 0 0 w(t)

0 b(t) z(t) 0
0 z(t)* c(t) 0

w(t)* 0 0 d(t)

 . (A1)

Substituting Eq. (A1) into Eq. (1), we can obtain the following
kinetic equations of the non-zero density matrix elements:

ẇ(t) = −1
2

w(t)[2(γ + γnr)+2i(ωa +ωb)

+γ(cosφ + cos3φ)+ iγ(sinφ + sin3φ)],

ż(t) =
1
2
{−2z(t)(γ + γnr)−2iz(t)(ωa −ωb)

+[2d(t)−b(t)− z(t)− c(t)]γ cosφ

+[2d(t)−b(t)− c(t)]γ cos2φ − z(t)γ cos3φ

+i[b(t)− c(t)− z(t)]γ sinφ

+i[b(t)− c(t)]γ sin2φ + iz(t)γ sin3φ},

ȧ(t) = [b(t)+ c(t)](γ + γnr)+ [c(t)+ z(t)+ z(t)*]γ cosφ

+[z(t)+ z(t)*]γ cos2φ +b(t)γ cos3φ ,

ḃ(t) = (γ + γnr)[d(t)−b(t)]

+{d(t)− 1
2
[z(t)+ z(t)*]}γ cosφ

−1
2
[z(t)+ z(t)*]γ cos2φ −b(t)γ cos3φ

+
1
2

iγ[z(t)− z(t)*](sinφ + sin2φ),

ċ(t) = (γ + γnr)[d(t)− c(t)]

−{c(t)+
1
2
[z(t)+ z(t)*]}γ cosφ

−1
2
[z(t)+ z(t)*]γ cos2φ +d(t)γ cos3φ

−1
2

iγ[z(t)− z(t)*](sinφ + sin2φ),

ḋ(t) = −d(t)[2(γ + γnr)+ γ(cosφ + cos3φ)].

The concurrence is given by

C(ρ) = 2max[0,F,G], (A2)

where

F = |z|−
√

ad, G = |w|−
√

bc.

Appendix B: Generating mixed state
Since normally a superconducting qubit has an intrinsic

non-radiative decay with rate γnr, this intrinsic decay can be
utilized to generate the mixed state

𝜌a =

(
f 0
0 1− f

)
(B1)

of qubit-a. Assuming initially the qubit is on its ground state,
an on-resonance (with the qubit’s transition frequency) Rabi
pulse much longer than 1/γnr drives the qubit into a mixed
state

𝜌m ≈
(

1/2 0
0 1/2

)
. (B2)

We numerically calculate the time evolution of the density
matrix diagonal elements ρgg (the ground state population),
ρee (the excited state population), and the absolute value of
the off-diagonal element ρeg, by taking γnr = 2π × 0.03 MHz
and Rabi frequency Ω = 2π ×30 MHz. As shown in Fig. B1,
a 35 µs long Rabi pulse can drive the qubit to the mixed state
Eq. (B2).

After switching off the Rabi pulse, the off-diagonal den-
sity matrix elements remain zero, while the diagonal element
ρee (ρgg) decays (increases) exponentially. Thus, depending
on how long time to wait after the Rabi pulse, arbitrary fi-
delity factor f ≥ 0.5 can be obtained. For example, f = 0.8
is reached 5 µs after the Rabi pulse, as shown in Fig. B1. Fi-
delity factor f < 0.5 can be realized by simply applying an
extra π-pulse to flip the population.
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Fig. B1. Time evolution of the density matrix elements. The on-
resonance Rabi pulse has a simple square envelope, which is switched
on at t = 0 and switched off at t = 35 µs.

Acknowledgments

Project supported by the Key-Area Research and De-
velopment Program of Guangdong Province of China (Grant
No. 2018B030326001), the National Natural Science Founda-
tion of China (Grant No. 11874065), the Guangdong Provin-
cial Key Laboratory (Grant No. 2019B121203002), the Sci-
ence, Technology and Innovation Commission of Shenzhen
Municipality (Grant No. KYTDPT20181011104202253), and
the Shenzhen Hong Kong Cooperation Zone for Technol-
ogy and Innovation of China (Grant No. HZQB-KCZYB-
2020050).

References
[1] Nielsen M A and Chuang I 2000 Quantum computation and quantum

information (Cambridge: Cambridge University Press) pp. 11–12

[2] Ekert A K 1991 Phys. Rev. Lett. 67 661

[3] Grosshans F, Van Assche G, Wenger J, Brouri R, Cerf N J and Grangier
P 2003 Nature 421 238
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